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Preface

Tue neep for a thorough textbook for Statistical Natural Language Pro-
cessing hardly needs to be argued for in the age of on-line information,
electronic communication and the World Wide Web. Increasingly, busi-
nesses, government agencies and individuals are confronted with large
amounts of text that are critical for working and living, but not well
enough understood to get the enormous value out of them that they po-
tentially hide.

At the same time, the availability of large text corpora has changed
the scientific approach to language in linguistics and cognitive science.
Phenomena that were not detectable or seemed uninteresting in studying
toy domains and individual sentences have moved into the center field of
what is considered important to explain. Whereas as recently as the early
1990s quantitative methods were seen as so inadequate for linguistics
that an important textbook for mathematical linguistics did not cover
them in any way, they are now increasingly seen as crucial for linguistic
theory.

In this book we have tried to achieve a balance between theory and
practice, and between intuition and rigor. We attempt to ground ap-
proaches in theoretical ideas, both mathematical and linguistic, but si-
multaneously we try to not let the material get too dry, and try to show
how theoretical ideas have been used to solve practical problems. To do
this, we first present key concepts in probability theory, statistics, infor-
mation theory, and linguistics in order to give students the foundations
to understand the field and contribute to it. Then we describe the prob-
lems that are addressed in Statistical Natural Language Processing (NLP),
like tagging and disambiguation, and a selection of important work so
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that students are grounded in the advances that have been made and,
having understood the special problems that language poses, can move
the field forward.

When we designed the basic structure of the book, we had to make
a number of decisions about what to include and how to organize the
material. A key criterion was to keep the book to a manageable size. (We
didn’t entirely succeed!) Thus the book is not a complete introduction
to probability theory, information theory, statistics, and the many other
areas of mathematics that are used in Statistical NLP. We have tried to
cover those topics that seem most important in the field, but there will
be many occasions when those teaching from the book will need to use
supplementary materials for a more in-depth coverage of mathematical
foundations that are of particular interest.

We also decided against attempting to present Statistical NLP as homo-
geneous in terms of the mathematical tools and theories that are used.
It is true that a unified underlying mathematical theory would be desir-
able, but such a theory simply does not exist at this point. This has led
to an eclectic mix in some places, but we believe that it is too early to
mandate that a particular approach to ~ue is right and should be given
preference to others.

A perhaps surprising decision is that we do not cover speech recogni-
tion. Speech recognition began as a separate field to NLP, mainly grow-
ing out of electrical engineering departments, with separate conferences
and journals, and many of its own concerns. However, in recent years
there has been increasing convergence and overlap. It was research into
speech recognition that inspired the revival of statistical methods within
NLP, and many of the techniques that we present were developed first for
speech and then spread over into NLP. In particular, work on language
models within speech recognition greatly overlaps with the discussion
of language models in this book. Moreover, one can argue that speech
recognition is the area of language processing that currently is the most
successful and the one that is most widely used in applications. Neverthe-
less, there are a number of practical reasons for excluding the area from
this book: there are already several good textbooks for speech, it is not an
area in which we have worked or are terribly expert, and this book seemed
quite long enough without including speech as well. Additionally, while
there is overlap, there is also considerable separation: a speech recogni-
tion textbook requires thorough coverage of issues in signal analysis and
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acoustic modeling which would not generally be of interest or accessible
to someone from a computer science or NLP background, while in the
reverse direction, most people studying speech would be uninterested in
many of the NLP topics on which we focus.

Other related areas that have a somewhat fuzzy boundary with Statis-
tical NLP are machine learning, text categorization, information retrieval,
and cognitive science. For all of these areas, one can find examples of
work that is not covered and which would fit very well into the book.
It was simply a matter of space that we did not include important con-
cepts, methods and problems like minimum description length, back-
propagation, the Rocchio algorithm, and the psychological and cognitive-
science literature on frequency effects on language processing.

The decisions that were most difficult for us to make are those that
concern the boundary between statistical and non-statistical NLP. We
believe that, when we started the book, there was a clear dividing line
between the two, but this line has become much more fuzzy recently.
An increasing number of non-statistical researchers use corpus evidence
and incorporate quantitative methods. And it is now generally accepted
in Statistical NLP that one needs to start with all the scientific knowledge
that is available about a phenomenon when building a probabilistic or
other model, rather than closing one’s eyes and taking a clean-slate ap-
proach.

Many NLP researchers will therefore question the wisdom of writing a
separate textbook for the statistical side. And the last thing we would
want to do with this textbook is to promote the unfortunate view in
some quarters that linguistic theory and symbolic computational work
are not relevant to Statistical NLP. However, we believe that there is
so much quite complex foundational material to cover that one simply
cannot write a textbook of a manageable size that is a satisfactory and
comprehensive introduction to all of NLP. Again, other good texts al-
ready exist, and we recommend using supplementary material if a more
balanced coverage of statistical and non-statistical methods is desired.

A final remark is in order on the title we have chosen for this book.
Calling the field Statistical Natural Language Processing might seem ques-
tionable to someone who takes their definition of a statistical method
from a standard introduction to statistics. Statistical NLP as we define it
comprises all quantitative approaches to automated language processing,
including probabilistic modeling, information theory, and linear algebra.
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While probability theory is the foundation for formal statistical reason-
ing, we take the basic meaning of the term °‘statistics’ as being broader,
encompassing all quantitative approaches to data (a definition which one
can quickly confirm in almost any dictionary). Although there is thus
some potential for ambiguity, Statistical NLP has been the most widely
used term to refer to non-symbolic and non-logical work on NLP over the
past decade, and we have decided to keep with this term.

Acknowledgments. Over the course of the three years that we were
working on this book, a number of colleagues and friends have made
comments and suggestions on earlier drafts. We would like to express
our gratitude to all of them, in particular, Einat Amitay, Chris Brew,
Thorsten Brants, Andreas Eisele, Michael Ernst, Oren Etzioni, Marc Fried-
man, Eric Gaussier, Eli Hagen,Marti Hearst, Nitin Indurkhya, Michael
Inman, Mark Johnson, Rosie Jones, Tom Kalt, Andy Kehler, Julian Ku-
piec, Michael Littman, Arman Maghbouleh, Amir Najmi, Kris Popat,
Fred Popowich, Geoffrey Sampson, Hadar Shemtov, Scott Stoness, David
Yarowsky, and Jakub Zavrel. We are particularly indebted to Bob Car-
penter, Eugene Charniak, Raymond Mooney, and an anonymous reviewer
for MIT Press, who suggested a large number of improvements, both in
content and exposition, that we feel have greatly increased the overall
quality and usability of the book. We hope that they will sense our grat-
itude when they notice ideas which we have taken from their comments
without proper acknowledgement.

We would like to also thank: Francine Chen, Kris Halvorsen, and Xe-
rox PARC for supporting the second author while writing this book, Jane
Manning for her love and support of the first author, Robert Dale and
Dikran Karagueuzian for advice on book design, and Amy Brand for her
regular help and assistance as our editor.

Feedback. While we have tried hard to make the contents of this book
understandable, comprehensive, and correct, there are doubtless many
places where we could have done better. We welcome feedback to the
authors via email to cmanning@acm.org or hinrich@hotmail.com.

In closing, we can only hope that the availability of a book which col-
lects many of the methods used within Statistical NLP and presents them
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in an accessible fashion will create excitement in potential students, and
help ensure continued rapid progress in the field.

Christopher Manning
Hinrich Schiitze
February 1999
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In ceneraL, this book is written to be suitable for a graduate-level
semester-long course focusing on Statistical NLP. There is actually rather
more material than one could hope to cover in a semester, but that rich-
ness gives ample room for the teacher to pick and choose. It is assumed
that the student has prior programming experience, and has some famil-
iarity with formal languages and symbolic parsing methods. It is also
assumed that the student has a basic grounding in such mathematical
concepts as set theory, logarithms, vectors and matrices, summations,
and integration - we hope nothing more than an adequate high school
education! The student may have already taken a course on symbolic NLP
methods, but a lot of background is not assumed. In the directions of
probability and statistics, and linguistics, we try to briefly summarize all
the necessary background, since in our experience many people wanting
to learn about Statistical NLP methods have no prior knowledge in these
areas (perhaps this will change over time!). Nevertheless, study of sup-
plementary material in these areas is probably necessary for a student
to have an adequate foundation from which to build, and can only be of
value to the prospective researcher.

What is the best way to read this book and teach from it? The book is
organized into four parts: Preliminaries (part I), Words (part 1), Grammar
(part III), and Applications and Techniques (part IV).

Part I lays out the mathematical and linguistic foundation that the other
parts build on. Concepts and techniques introduced here are referred to
throughout the book.

Part II covers word-centered work in Statistical NLP. There is a natu-
ral progression from simple to complex linguistic phenomena in its four



XXXVI

Road Map

chapters on collocations, n-gram models, word sense disambiguation,
and lexical acquisition, but each chapter can also be read on its own.

The four chapters in part III, Markov Models, tagging, probabilistic con-
text free grammars, and probabilistic parsing, build on each other, and so
they are best presented in sequence. However, the tagging chapter can be
read separately with occasional references to the Markov Model chapter.

The topics of part IV are four applications and techniques: statisti-
cal alignment and machine translation, clustering, information retrieval,
and text categorization. Again, these chapters can be treated separately
according to interests and time available, with the few dependencies be-
tween them marked appropriately.

Although we have organized the book with a lot of background and
foundational material in part I, we would not advise going through all of
it carefully at the beginning of a course based on this book. What the
authors have generally done is to review the really essential bits of part I
in about the first 6 hours of a course. This comprises very basic proba-
bility (through section 2.1.8), information theory (through section 2.2.7),
and essential practical knowledge - some of which is contained in chap-
ter 4, and some of which is the particulars of what is available at one’s
own institution. We have generally left the contents of chapter 3 as a
reading assignment for those without much background in linguistics.
Some knowledge of linguistic concepts is needed in many chapters, but
is particularly relevant to chapter 12, and the instructor may wish to re-
view some syntactic concepts at this point. Other material from the early
chapters is then introduced on a “need to know” basis during the course.

The choice of topics in part II was partly driven by a desire to be able to
present accessible and interesting topics early in a course, in particular,
ones which are also a good basis for student programming projects. We
have found collocations (chapter 5), word sense disambiguation (chap-
ter 7), and attachment ambiguities (section 8.3) particularly successful in
this regard. Early introduction of attachment ambiguities is also effec-
tive in showing that there is a role for linguistic concepts and structures
in Statistical NLP. Much of the material in chapter 6 is rather detailed
reference material. People interested in applications like speech or op-
tical character recognition may wish to cover all of it, but if n-gram
language models are not a particular focus of interest, one may only
want to read through section 6.2.3. This is enough to understand the
concept of likelihood, maximum likelihood estimates, a couple of simple
smoothing methods (usually necessary if students are to be building any
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probabilistic models on their own), and good methods for assessing the
performance of systems.

In general, we have attempted to provide ample cross-references so
that, if desired, an instructor can present most chapters independently
with incorporation of prior material where appropriate. In particular, this
is the case for the chapters on collocations, lexical acquisition, tagging,
and information retrieval.

Exercises. There are exercises scattered through or at the end of every
chapter. They vary enormously in difficulty and scope. We have tried to
provide an elementary classification as follows:

* Simple problems that range from text comprehension through to

such things as mathematical manipulations, simple proofs, and
thinking of examples of something.

More substantial problems, many of which involve either program-
ming or corpus investigations. Many would be suitable as an as-
signment to be done over two weeks.

*x » Large, difficult, or open-ended problems. Many would be suitable
as a term project.

Website. Finally, we encourage students and teachers to take advantage
of the material and the references on the companion website. It can be
accessed directly at the URL http://www.sultry.arts.usyd.edu.au/fsnip, or
found through the mrT Press website http:/mitpress.mit.edu, by search-
ing for this book.
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Preliminaries



“Statistical considerations are essential to an understanding of
the operation and development of languages”
(Lyons 1968: 98)

“One’s ability to produce and recognize grammatical utterances
is not based on notions ofstatistical approximation and the
like” (Chomsky 1957: 16)

“You say: the point isn’t the word, but its meaning, and you
think of the meaning as a thing of the same kind as the word,
though also different from the word. Here the word, there the
meaning. The money, and the cow that you can buy with it.
(But contrast: money, and its use.)”

(Wittgenstein 1968, Philosophical Investigations, §120)

“For a large class of cases-though not for all-in which we
employ the word ‘meaning’ it can be defined thus: the meaning
of a word is its use in the language. ”  (Wittgenstein 1968, 943)

“Now isn‘t it queer that I say that the word ‘is’ is used with two
different meanings (as the copula and as the sign of equality),
and should not care to say that its meaning is its use; its use,
that is, as the copula and the sign of equality?”

(Wittgenstein 1968, §561)
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Introduction

Tee am of a linguistic science is to be able to characterize and explain
the multitude of linguistic observations circling around us, in conversa-
tions, writing, and other media. Part of that has to do with the cognitive
side of how humans acquire, produce, and understand language, part
of it has to do with understanding the relationship between linguistic
utterances and the world, and part of it has to do with understanding
the linguistic structures by which language communicates. In order to
approach the last problem, people have proposed that there are rules
which are used to structure linguistic expressions. This basic approach
has a long history that extends back at least 2000 years, but in this cen-
tury the approach became increasingly formal and rigorous as linguists
explored detailed grammars that attempted to describe what were well-
formed versus ill-formed utterances of a language.

However, it has become apparent that there is a problem with this con-
ception. Indeed it was noticed early on by Edward Sapir, who summed it
up in his famous quote “All grammars leak” (Sapir 1921: 38). It is just
not possible to provide an exact and complete characterization of well-
formed utterances that cleanly divides them from all other sequences
of words, which are regarded as ill-formed utterances. This is because
people are always stretching and bending the ‘rules’ to meet their com-
municative needs. Nevertheless, it is certainly not the case that the rules
are completely ill-founded. Syntactic rules for a language, such as that a
basic English noun phrase consists of an optional determiner, some num-
ber of adjectives, and then a noun, do capture major patterns within the
language. But somehow we need to make things looser, in accounting for
the creativity of language use.
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This book explores an approach that addresses this problem head on.
Rather than starting off by dividing sentences into grammatical and un-
grammatical ones, we instead ask, “What are the common patterns that
occur in language use?” The major tool which we use to identify these
patterns is counting things, otherwise known as statistics, and so the sci-
entific foundation of the book is found in probability theory. Moreover,
we are not merely going to approach this issue as a scientific question,
but rather we wish to show how statistical models of language are built
and successfully used for many natural language processing (NLP) tasks.
While practical utility is something different from the validity of a the-
ory, the usefulness of statistical models of language tends to confirm
that there is something right about the basic approach.

Adopting a Statistical NLP approach requires mastering a fair number
of theoretical tools, but before we delve into a lot of theory, this chapter
spends a bit of time attempting to situate the approach to natural lan-
guage processing that we pursue in this book within a broader context.
One should first have some idea about why many people are adopting
a statistical approach to natural language processing and of how one
should go about this enterprise. So, in this first chapter, we examine some
of the philosophical themes and leading ideas that motivate a statistical
approach to linguistics and NLP, and then proceed to get our hands dirty
by beginning an exploration of what one can learn by looking at statistics
over texts.

Rationalist and Empiricist Approaches to Language

Some language researchers and many NLP practitioners are perfectly
happy to just work on text without thinking much about the relationship
between the mental representation of language and its manifestation in
written form. Readers sympathetic with this approach may feel like skip-
ping to the practical sections, but even practically-minded people have
to confront the issue of what prior knowledge to try to build into their
model, even if this prior knowledge might be clearly different from what
might be plausibly hypothesized for the brain. This section briefly dis-
cusses the philosophical issues that underlie this question.

Between about 1960 and 1985, most of linguistics, psychology, artifi-
cial intelligence, and natural language processing was completely domi-
nated by a rationalist approach. A rationalist approach is characterized
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by the belief that a significant part of the knowledge in the human mind is
not derived by the senses but is fixed in advance, presumably by genetic
inheritance. Within linguistics, this rationalist position has come to dom-
inate the field due to the widespread acceptance of arguments by Noam
Chomsky for an innate language faculty. Within artificial intelligence,
rationalist beliefs can be seen as supporting the attempt to create intel-
ligent systems by handcoding into them a lot of starting knowledge and
reasoning mechanisms, so as to duplicate what the human brain begins
with.

Chomsky argues for this innate structure because of what he perceives
as a problem of the poverty of the stimulus (e.g., Chomsky 1986: 7). He
suggests that it is difficult to see how children can learn something as
complex as a natural language from the limited input (of variable quality
and interpretability) that they hear during their early years. The rational-
ist approach attempts to dodge this difficult problem by postulating that
the key parts of language are innate - hardwired in the brain at birth as
part of the human genetic inheritance.

An empiricist approach also begins by postulating some cognitive abil-
ities as present in the brain. The difference between the approaches is
therefore not absolute but one of degree. One has to assume some initial
structure in the brain which causes it to prefer certain ways of organiz-
ing and generalizing from sensory inputs to others, as no learning is
possible from a completely blank slate, a tabula rasa. But the thrust of
empiricist approaches is to assume that the mind does not begin with
detailed sets of principles and procedures specific to the various com-
ponents of language and other cognitive domains (for instance, theories
of morphological structure, case marking, and the like). Rather, it is as-
sumed that a baby’s brain begins with general operations for association,
pattern recognition, and generalization, and that these can be applied to
the rich sensory input available to the child to learn the detailed structure
of natural language. Empiricism was dominant in most of the fields men-
tioned above (at least the ones then existing!) between 1920 and 1960,
and is now seeing a resurgence. An empiricist approach to NLP suggests
that we can learn the complicated and extensive structure of language
by specifying an appropriate general language model, and then inducing
the values of parameters by applying statistical, pattern recognition, and
machine learning methods to a large amount of language use.

Generally in Statistical NLP, people cannot actually work from observ-
ing a large amount of language use situated within its context in the
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world. So, instead, people simply use texts, and regard the textual context
as a surrogate for situating language in a real world context. A body of
texts is called a corpus - corpus is simply Latin for ‘body,” and when you
have several such collections of texts, you have corpora. Adopting such
a corpus-based approach, people have pointed to the earlier advocacy of
empiricist ideas by the British linguist J.R. Firth, who coined the slogan
“You shall know a word by the company it keeps” (Firth 1957: 11). How-
ever an empiricist corpus-based approach is perhaps even more clearly
seen in the work of American structuralists (the ‘post-Bloomfieldians’),
particularly Zellig Harris. For example, (Harris 1951) is an attempt to find
discovery procedures by which a language’s structure can be discovered
automatically. While this work had no thoughts to computer implemen-
tation, and is perhaps somewhat computationally naive, we find here also
the idea that a good grammatical description is one that provides a com-
pact representation of a corpus of texts.

It is not appropriate to provide a detailed philosophical treatment of
scientific approaches to language here, but let us note a few more dif-
ferences between rationalist and empiricist approaches. Rationalists and
empiricists are attempting to describe different things. Chomskyan (or
generative) linguistics seeks to describe the language module of the hu-
man mind (the I-language) for which data such as texts (the E-language)
provide only indirect evidence, which can be supplemented by native
speaker intuitions. Empiricist approaches are interested in describing
the E-language as it actually occurs. Chomsky (1965: 3-4) thus makes
a crucial distinction between linguistic competence, which reflects the
knowledge of language structure that is assumed to be in the mind of
a native speaker, and linguistic performance in the world, which is af-
fected by all sorts of things such as memory limitations and distracting
noises in the environment. Generative linguistics has argued that one can
isolate linguistic competence and describe it in isolation, while empiricist
approaches generally reject this notion and want to describe actual use
of language.

This difference underlies much of the recent revival of interest in em-
piricist techniques for computational work. During the second phase of
work in artificial intelligence (roughly 1970-1989, say) people were con-
cerned with the science of the mind, and the best way to address that was
seen as building small systems that attempted to behave intelligently.
This approach identified many key problems and approaches that are
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still with us today, but the work can be criticized on the grounds that it
dealt only with very small (often pejoratively called ‘toy’) problems, and
often did not provide any sort of objective evaluation of the general ef-
ficacy of the methods employed. Recently, people have placed greater
emphasis on engineering practical solutions. Principally, they seek meth-
ods that can work on raw text as it exists in the real world, and objective
comparative evaluations of how well different methods work. This new
emphasis is sometimes reflected in naming the field ‘Language Technol-
ogy’ or ‘Language Engineering’ instead of NLP. As we will discuss below,
such goals have tended to favor Statistical NLP approaches, because they
are better at automatic learning (knowledge induction), better at disam-
biguation, and also have a role in the science of linguistics.

Finally, Chomskyan linguistics, while recognizing certain notions of
competition between principles, depends on categorical principles, which
sentences either do or do not satisfy. In general, the same was true of
American structuralism. But the approach we will pursue in Statistical
NLP draws from the work of Shannon, where the aim is to assign proba-
bilities to linguistic events, so that we can say which sentences are ‘usual’
and ‘unusual’. An upshot of this is that while Chomskyan linguists tend
to concentrate on categorical judgements about very rare types of sen-
tences, Statistical mup practitioners are interested in good descriptions
of the associations and preferences that occur in the totality of language
use. Indeed, they often find that one can get good real world performance
by concentrating on common types of sentences.

1.2 Scientific Content

Many of the applications of the methods that we present in this book have
a quite applied character. Indeed, much of the recent enthusiasm for
statistical methods in natural language processing derives from people
seeing the prospect of statistical methods providing practical solutions
to real problems that have eluded solution using traditional NLP methods.
But if statistical methods were just a practical engineering approach, an
approximation to difficult problems of language that science has not yet
been able to figure out, then their interest to us would be rather limited.
Rather, we would like to emphasize right at the beginning that there are
clear and compelling scientific reasons to be interested in the frequency
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with which linguistic forms are used, in other words, statistics, as one
approaches the study of language.

Questions that linguistics should answer

What questions does the study of language concern itself with? As a start
we would like to answer two basic questions:

= What kinds of things do people say?

» What do these things say/ask/request about the world?

From these two basic questions, attention quickly spreads to issues about
how knowledge of language is acquired by humans, and how they actu-
ally go about generating and understanding sentences in real time. But
let us just concentrate on these two basic questions for now. The first
covers all aspects of the structure of language, while the second deals
with semantics, pragmatics, and discourse - how to connect utterances
with the world. The first question is the bread and butter of corpus lin-
guistics, but the patterns of use of a word can act as a surrogate for deep
understanding, and hence can let us also address the second question
using corpus-based techniques. Nevertheless patterns in corpora more
easily reveal the syntactic structure of a language, and so the majority of
work in Statistical NLP has dealt with the first question of what kinds of
things people say, and so let us begin with it here.

How does traditional (structuralist/generative) linguistics seek to an-
swer this question? It abstracts away from any attempt to describe the
kinds of things that people usually say, and instead seeks to describe
a competence grammar that is said to underlie the language (and which
generative approaches assume to be in the speaker’s head). The extent to
which such theories approach the question of what people say is merely
to suggest that there is a set of sentences - grammatical sentences -
which are licensed by the competence grammar, and then other strings
of words are ungrammatical. This concept of grammaticality is meant to
be judged purely on whether a sentence is structurally well-formed, and
not according to whether it is the kind of thing that people would say
or whether it is semantically anomalous. Chomsky gave Colorless green
ideas sleep furiously as an example of a sentence that is grammatical, al-
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though semantically strange and not the kind of thing you would expect
people to say. Syntactic grammaticality is a categorical binary choice.}

Now, initially, a distinction between grammatical and ungrammatical
sentences does not seem so bad. We immediately notice when a non-
native speaker says something really wrong - something ungrammatical
- and we are able to correct such sentences to grammatical ones. In con-
trast, except when there are bad speech errors, a native speaker normally
produces grammatical sentences. But there are at least two reasons why
we should seek more. Firstly, while maintaining a binary split between
grammatical and ungrammatical sentences may seem plausible in simple
cases, it becomes increasingly far-fetched as we extend our investiga-
tion. Secondly, regardless of this, there are many reasons to be interested
in the frequency with which different sentences and sentence types are
used, and simply dividing sentences into grammatical and ungrammati-
cal sentences gives no information about this. For instance, very often
non-native speakers say or write things that are not in any way syntac-
tically ungrammatical, but just somehow subtly odd. Here’s an example
from a student essay:

In addition to this, she insisted that women were regarded as a different
existence from men unfairly.

We might respond to this passage by saying that we can understand the
message, but it would sound better expressed slightly differently. This
is a statement about the conventionality of certain modes of expression.
But a convention is simply a way in which people frequently express or
do something, even though other ways are in principle possible.

The fact that sentences do not divide neatly into two sets - grammat-
ical and ungrammatical ones - is well known to anyone who has been
in linguistics for a while. For many of the complicated sentences of in-
terest to theoretical linguistics, it is difficult for human beings to decide
whether they are grammatical or not. For example, try your hand at judg-
ing the grammaticality of the following sentences drawn (not at random)

1. Some versions of Chomsky’s 1980s theory, Government-Binding theory (GB), provide a
minor degree of gradedness by suggesting that sentences that disobey some constraints
are only sort of weird while ones that disobey other constraints are truly horrible, but the
formal theory, in GB and elsewhere, provides little support for these notions. Linguists
generally rely on an informal system of stars and question marks for initially grading
sentences (where * (ungrammatical) > ?* >?? > ? (questionable)), but these gradations
are converted into a binary grammatical/ungrammatical distinction when people try to
develop the principles of grammar.
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from (van Riemsdijk and Williams 1986) - a textbook, not even a research
paper - before pecking at the answers in the footnote.?

a. John I believe Sally said Bill believed Sue saw.
b. What did Sally whisper that she had secretly read?
¢. John wants very much for himself to win.

d. (Those are) the books you should read before it becomes difficult to
talk about.

e. (Those are) the books you should read before talking about becomes
difficult.

f. Who did Jo think said John saw him?

g. That a serious discussion could arise here of this topic was quite un-
expected.

h. The boys read Mary’s stories about each other.

We find that most people disagree with more than one of van Riemsdijk
and Williams’s claims about which sentences are grammatical. This re-
sult raises real questions about what, if anything, generative linguistics
is describing.

This difficulty has led to many statements in the linguistics literature
about judgements being difficult, or the facts quite obscure, as if some-
how there is a categorical answer to whether each sentence is grammati-
cal, but it is hard for human beings to work out what that answer is. Yet,
despite these manifest difficulties, most of theoretical linguistics contin-
ues to work in a framework that defines such observations to be out of
the realm of interest (relegating them to performance effects). We be-
lieve that this is unsustainable. On the other hand, it must be noticed
that most simple sentences are either clearly acceptable or unacceptable
and we would want our theory to be able to account for this observation.
Perhaps the right approach is to notice the parallel with other cases of
categorical perception that have been described in the psychological liter-
ature. For instance, although the timing of voicing onset which differenti-
ates a /p/ sound from a /b/ sound is a continuous variable (and its typical

2. Answers: a. OK, b. bad, c. OK, d. OK, e. bad, f. OK, g. OK, h. bad.
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value varies between languages), human beings perceive the results cat-
egorically, and this is why a theory of phonology based on categorical
phonemes is largely viable, despite all the movements and variations in
phonological production occurring in a continuous space. Similarly for
syntax, a categorical theory may suffice for certain purposes. Neverthe-
less, we would argue that the difficulties in giving grammaticality judge-
ments to complex and convoluted sentences show the implausibility of
extending a binary distinction between grammatical and ungrammatical
strings to all areas of language use.

Non-categorical phenomena in language

But beyond the above difficulties in giving grammaticality judgements, if
we peek into the corners of language, we see clear evidence of failures of
categorical assumptions, and circumstances where considerations of fre-
quency of use are essential to understanding language. This suggests that
while a categorical view of language may be sufficient for many purposes,
we must see it as an approximation that also has its limitations (just as
Newtonian physics is good for many purposes but has its limits).?

One source of data on non-categorical phenomena in language is to
look at the history of language change (others are looking at sociolin-
guistic variation and competing hypotheses during language acquisition).
Over time, the words and syntax of a language change. Words will change
their meaning and their part of speech. For instance, English while used
to be exclusively a noun meaning ‘time,” a usage that survives mainly in
a few fixed phrases such as to take a while, but changed to be mainly
used as a complementizer introducing subordinate clauses (While you
were out, ...). It doesn’t make sense to say that categorically until some
day in 1742 while was only a noun and then it became a complementizer
- even if this claim is only being made for certain speakers rather than
the speech community as a whole. Rather, one would expect a gradual
change. One hypothesis is that if the frequency of use of a word in vari-
ous contexts gradually changes so that it departs from the typical profile
of use of words in the category to which it formerly belonged, and rather
its profile of use comes to more resemble words of another category, then

3. Readers not familiar with linguistics and NLP may have trouble understanding this
section and may wish to skip it, but to return to it after reading chapter 3. The historical
examples include various archaic spellings - the standardization of English spelling is a
relatively modern phenomenon. Reading them aloud is often helpful for decoding them.
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it will come to be reanalyzed as a word of that different category. During
the period of change, one would expect to see evidence of noncategorical
behavior.

Blending of parts of speech: near

At first blush it appears that the word near can be used either as an
adjective as in (1.3a) or as a preposition (1.3b):

a. We will review that decision in the near future.
b. He lives near the station.

Evidence for near as an adjective includes its position between a deter-
miner and noun as in (1.3a)- a classic adjective position - and the fact
that it can form an adverb by adding -ly: We nearly lost. Evidence for
near as a preposition includes that it can head the locative phrase com-
plements of verbs like live as in (1.3b) - a classic role for prepositions, and
that such a phrase can be modified by right, which is normally restricted
to modifying prepositional phrases: He lives right near the station (cf. He
swam right across the lake vs. ??That’s a right red cur). So far, though,
this data is not that surprising: many words in English seem to have
multiple parts of speech. For example, many words are both nouns and
verbs, such as play: They saw a play vs. They play lacrosse on Thursdays.
But the interesting thing is that near can simultaneously show adjective
properties and preposition properties, and thus appears to behave as a
category blend. This happens in sentences like:

a. He has never been nearer the center of the financial establishment.
b. We live nearer the water than you thought.

Realization in the comparative form (nearer) is a hallmark of adjectives
(and adverbs). Other categories do not form comparatives and superla-
tives.* On the other hand, grammatical theory tells us that adjectives and
nouns do not take direct objects, hence we have to insert prepositions

4. The thoughtful reader might note that some prepositions do have related forms ending
in -er which are perhaps related to comparatives (upper, downer, inner, outer), but we note
that none of these prepositions have a superlative that is formed in analogy to regular
adjectival superlatives, as near does (that is, nearest), and that none of these other forms
in -er can be used in preposition-like uses. We cannot say: *John lives inner Sydney than
Fred.
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after adjectives and say unsure of his beliefs or convenient for people
who work long hours. In this sense nearer is behaving like a preposition
by heading a locative phrase and taking a direct object. Thus in these
sentences nearer is simultaneously showing properties of adjectives and
prepositions that are not available to the other category. Hence it is ex-
hibiting a blended status somewhere between these two parts of speech,
which are normally taken as categorically distinct.

Language change: kind of and sort of

New uses for the word sequences kind of and sort of present a convincing
example of how different frequencies of use in certain constructions can
lead to what is apparently categorical change. In modern English, the
expressions sort of and kind of have at least two distinct uses. In one, sort
or kind functions as a noun with of as a following preposition introducing
a prepositional phrase, as in sentences such as What sort of animal made
these trucks? But there is another usage in which these expressions can
best be thought of as degree modifiers, akin to somewhat or slightly:

a. We are kind of hungry.
b. He sort of understood what was going on.

We can tell that kind/sort of is not behaving as a normal noun preposition
sequence here because it is appearing in contexts - such as between the
subject noun phrase and the verb - where normally one cannot insert a
noun-preposition sequence (for example, one cannot say *He wvariety of
understood what was going on).

Historically, kind and sort were clearly nouns. Among other things,
they could be preceded by a determiner and followed by a PP:

a. A nette sent in to the see, and of alle kind of fishis gedrynge. [1382]
b. I knowe that sorte of men ryght well. [ 15601

Unambiguous degree modifier uses did not appear until the nineteenth
century:

a. I kind of love you, Sal-I vow. [1804]

b. It sort 0’ stirs one up to hear about old times. [1833]
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It does not appear that this new construction was borrowed from another
language. Rather it appears to be a language internal development. How
could this innovation have come about?

A plausible hypothesis is to notice that when we have kind/sort of pre-
ceding an adjective, then it is actually ambiguous between these two read-
ings:

a. [np a [kind] [pp of [Npdense rock]]]
b. Inp a [ap [MoD kind of] dense] rock]

And what one finds is that between the sixteenth and the nineteenth
century, there was a significant rise in the use of kind/sort of in this
[Det {sort/kind} of AdjP N] frame:

a. Their finest and best, is a kind of course red cloth. [c. 1600]

b. But in such questions as the present, a hundred contradictory views
may preserve a kind of imperfect analogy. [1743]

(Note that course is here a variant spelling of coarse.) In this environment,
sort/kind of fills a slot that could be occupied by a noun head followed
by a preposition, but it also fills a slot that could be occupied by a de-
gree modifier (with a different syntactic structure). As this usage became
more common, kind/sort of was more commonly being used in a typical
degree modifier slot; in other words, it grew to look syntactically more
like a degree modifier. Moreover, the semantics of these particular nouns
was such that they could easily be thought of as degree modifiers. This
frequency change seems to have driven a change in syntactic category,
and in time the use of kind/sort of was extended to other contexts such
as modifying verb phrases.

The general point here is that while language change can be sudden
(due to either external or internal factors), it is generally gradual. The
details of gradual change can only be made sense of by examining fre-
quencies of use and being sensitive to varying strengths of relationships,
and this type of modeling requires statistical, as opposed to categorical,
observations.

Although there have only been a few attempts to use Statistical NLP for
explaining complex linguistic phenomena, what is exciting about the sub-
ject matter of this book from the point of view of theoretical linguistics
is that this new way of looking at language may be able to account for
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things such as non-categorical phenomena and language change much
better than anything existing today.

Language and cognition as probabilistic phenomena

A more radical argument for probability as part of a scientific under-
standing of language is that human cognition is probabilistic and that
language must therefore be probabilistic too since it is an integral part
of cognition. A frequent response to our previous examples of non-
categorical phenomena in language is that they are marginal and rare.
Most sentences are either clearly grammatical or clearly ungrammatical.
And most of the time, words are used in only one part of speech, without
blending. But if language and cognition as a whole are best explained
probabilistically, then probability theory must be a central part of an ex-
planatory theory of language.

The argument for a probabilistic approach to cognition is that we live
in a world filled with uncertainty and incomplete information. To be able
to interact successfully with the world, we need to be able to deal with
this type of information. Suppose you want to determine whether it is
safe to wade through a river. You see that the water is flowing slowly, so
probably it won’t drag you away. You are pretty certain that no piranhas
or alligators live in this area. You integrate all this information in eval-
uating how safe it is to cross the river. Now, if someone tells you, “the
water is only knee-deep if you walk towards that tall tree over there”, then
this linguistic information will be just one more source of information to
incorporate. Processing the words, forming an idea of the overall mean-
ing of the sentence, and weighing it in making a decision is no different
in principle from looking at the current, forming an idea of the speed
of the water, and taking this sensory information into account. So the
gist of this argument is that the cognitive processes used for language
are identical or at least very similar to those used for processing other
forms of sensory input and other forms of knowledge. These cognitive
processes are best formalized as probabilistic processes or at least by
means of some quantitative framework that can handle uncertainty and
incomplete information.

The facts of language often look quite different depending on whether
or not one is sympathetic to an important role for quantitative meth-
ods in linguistics. A famous example is Chomsky’s dictum that probabil-
ity theory is inappropriate for formalizing the notion of grammaticality.
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He argued that computing the probability of sentences from a corpus
of utterances would assign the same low probability to all unattested
sentences, grammatical and ungrammatical ones alike, and hence not ac-
count for linguistic productivity (Chomsky 195 7: 16). This argument only
makes sense if one has a bias against probabilistic representation of con-
cepts in general. Consider the cognitive representation of the concept
tall. Suppose you see a man who is seven feet tall and it is the first per-
son you’ve ever seen of that height. You will easily recognize this person
as a tall man, not as an uncategorizable man. Similarly, it will be easy
for you to recognize a person of another unattested height, say four feet,
as definitely not tall. In this book, we will look at probabilistic models
that can easily learn and represent this type of regularity and make the
right judgement for unattested examples. Indeed, a major part of Statis-
tical NLP is deriving good probability estimates for unseen events. The
premise that all unattested instances will be treated alike in a probabilis-
tic framework does not hold.

We believe that much of the skepticism towards probabilistic mod-
els for language (and for cognition in general) stems from the fact that
the well-known early probabilistic models (developed in the 1940s and
1950s) are extremely simplistic. Because these simplistic models clearly
do not do justice to the complexity of human language, it is easy to view
probabilistic models in general as inadequate. One of the insights we
hope to promote in this book is that complex probabilistic models can be
as explanatory as complex non-probabilistic models - but with the added
advantage that they can explain phenomena that involve the type of un-
certainty and incompleteness that is so pervasive in cognition in general
and in language in particular.

These issues relate to the treatment of semantics in Statistical NLP.
We mentioned earlier that most existing work in Statistical NLP has con-
centrated on the lower levels of grammatical processing, and people have
sometimes expressed skepticism as to whether statistical approaches can
ever deal with meaning. But the difficulty in answering this question is
mainly in defining what ‘meaning’ is! It is often useful in practice if ‘mean-
ing’ is viewed as symbolic expressions in some language, such as when
translating English into a database query language like SQL. This sort
of translation can certainly be done using a Statistical NLP system (we
discuss the process of translation in chapter 73). But from a Statistical
NLP perspective, it is more natural to think of meaning as residing in
the distribution of contexts over which words and utterances are used.
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Philosophically, this brings us close to the position adopted in the later
writings of Wittgenstein (that is, Wittgenstein 1968), where the mean-
useTeEorRYOF  ing of a word is defined by the circumstances of its use (a use theory of

MEANING  peaning) - see the quotations at the beginning of the chapter. Under this
conception, much of Statistical NLP research directly tackles questions of
meaning.

1.3 The Ambiguity of Language: Why NLP Is Difficult

An NLP system needs to determine something of the structure of text -
normally at least enough that it can answer “Who did what to whom?”
Conventional parsing systems try to answer this question only in terms
of possible structures that could be deemed grammatical for some choice
of words of a certain category. For example, given a reasonable grammar,
a standard NLP system will say that sentence (1.10) has 3 syntactic anal-
yses, often called parses:

(1.10)  Our company is training workers.
The three differing parses might be represented as in (1.11):

(1.11) a. S

/\
NP VP

A/\

Our company Aux VP

| T
is Vv NP

>
training workers
b. S

/\
NP VP

A /\
Our company V NP

training workers
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C. S
/\
NP VP
e T T T
Our company V NP
| /\
is  AdjP N
T !

training workers

There is (a), the one humans perceive, where is training is the verb group,
and two others with is as the main verb: in (b) the rest is a gerund (cf. Our
problem is training workers), while in (¢) training modifies workers (cf.
Those are training wheels). The last two parses are semantically anoma-
lous, but in most current systems semantic analysis is done only after
syntactic analysis (if at all). This means that, as sentences get longer and
grammars get more comprehensive, such ambiguities lead to a terrible
multiplication of parses. For instance, Martin et al. (1987) report their
system giving 455 parses for the sentence in (1.12):

List the sales of the products produced in 1973 with the products pro-
duced in 1972.

Therefore, a practical NLP system must be good at making disambigua-
tion decisions of word sense, word category, syntactic structure, and
semantic scope. But the goal of maximizing coverage while minimiz-
ing resultant ambiguity is fundamentally inconsistent with symbolic NLP
systems, where extending the coverage of the grammar to obscure con-
structions simply increases the number of undesired parses for common
sentences and vice versa. Furthermore, experience with Al approaches to
parsing and disambiguation, which seek models with deep understand-
ing, has shown that hand-coded syntactic constraints and preference
rules are time consuming to build, do not scale up well, and are brit-
tle in the face of the extensive use of metaphor in language (Lakoff 1987).
For instance a traditional approach is to use selectional restrictions, and
say, for example, that a verb like swallow requires an animate being as its
subject and a physical object as its object. But such a restriction would
disallow common and straightforward metaphorical extensions of the us-
age of swallow such as these:

5. See also Church and Patil (1982) for similar examples.
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a. I swallowed his story, hook, line, and sinker.
b. The supernova swallowed the planet.

Disambiguation strategies that rely on manual rule creation and hand-
tuning produce a knowledge acquisition bottleneck, and still perform
poorly when evaluated on naturally occurring text.

A Statistical NLP approach seeks to solve these problems by automat-
ically learning lexical and structural preferences from corpora. Rather
than parsing solely using syntactic categories, such as part of speech la-
bels, we recognize that there is a lot of information in the relationships
between words, that is, which words tend to group with each other. This
collocational knowledge can be exploited as a window onto deeper se-
mantic relationships. In particular, the use of statistical models offers
a good solution to the ambiguity problem: statistical models are robust,
generalize well, and behave gracefully in the presence of errors and new
data. Thus Statistical NLP methods have led the way in providing suc-
cessful disambiguation in large scale systems using naturally occurring
text. Moreover, the parameters of Statistical NLP models can often be esti-
mated automatically from text corpora, and this possibility of automatic
learning not only reduces the human effort in producing NLP systems, but
raises interesting scientific issues regarding human language acquisition.

1.4 Dirty Hands

1.4.1 Lexical resources

LEXICAL RESOURCES

BROWN CORPUS

BALANCED CORPUS

So much for motivation. How does one actually proceed? Well, first of all,
one needs to get one’s hands on some lexical resources: machine-readable
text, dictionaries, thesauri, and also tools for processing them. We will
briefly introduce a few important ones here since we will be referring
to them throughout the book. You can consult the website for more
information on how to actually get your hands on them.

The Brown corpus is probably the most widely known corpus. It is
a tagged corpus of about a million words that was put together at Brown
university in the 1960s and 1970s. It is a balanced corpus. That is, an
attempt was made to make the corpus a representative sample of Amer-
ican English at the time. Genres covered are press reportage, fiction,
scientific text, legal text, and many others. Unfortunately, one has to pay
to obtain the Brown corpus, but it is relatively inexpensive for research
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purposes. Many institutions with NLP research have a copy available, so
ask around. The Lancaster-Oslo-Bergen (LOB) corpus was built as a British
English replication of the Brown corpus.

The Susanne corpus is a 130,000 word subset of the Brown corpus,
which has the advantage of being freely available. It is also annotated
with information on the syntactic structure of sentences - the Brown cor-
pus only disambiguates on a word-for-word basis. A larger corpus of
syntactically annotated (or parsed) sentences is the Penn Treebank. The
text is from the Wall Street Journal. It is more widely used, but not avail-
able for free.

The Canadian Hansards, the proceedings of the Canadian parliament,
are the best known example of a bilingual corpus, a corpus that contains
parallel texts in two or more languages that are translations of each other.
Such parallel texts are important for statistical machine translation and
other cross-lingual NLP work. The Hansards are another resource that
one has to pay for.

In addition to texts, we also need dictionaries. WordNet is an electronic
dictionary of English. Words are organized into a hierarchy. Each node
consists of a synset of words with identical (or close to identical) mean-
ings. There are also some other relations between words that are defined,
such as meronymy or part-whole relations. WordNet is free and can be
downloaded from the internet.
¥ More details on corpora can be found in chapter 4.

Word counts

Once we have downloaded some text, there are a number of quite inter-
esting issues in its low-level representation, classification, and process-
ing. Indeed, so many that chapter 4 is devoted to these questions. But
for the moment, let us suppose that our text is being represented as a
list of words. For the investigation in this section, we will be using Mark
Twain’s Tom Sawyer.

There are some obvious first questions to ask. What are the most com-
mon words in the text? The answer is shown in table 1.1. Notice how
this list is dominated by the little words of English which have important
grammatical roles, and which are usually referred to as function words,
such as determiners, prepositions, and complementizers. The one really
exceptional word in the list is Tom whose frequency clearly reflects the
text that we chose. This is an important point. In general the results one
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Word  Freq. Use
the 3332 determiner (article)

and 2972 conjunction

a 1775 determiner

to 1725 preposition, verbal infinitive marker
of 1440 preposition

was 1161 auxiliary verb

it 1027 (personal/expletive) pronoun
in 906 preposition

that 877 complementizer, demonstrative
he 877 (personal) pronoun

I 783 (personal) pronoun

his 772 (possessive) pronoun

you 686 (personal) pronoun

Tom 679 proper noun

with 642 preposition

Table 1.1  Common words in Tom Sawyer.

gets depends on the corpus or sample used. People use large and var-
ied samples to try to avoid anomalies like this, but in general the goal of
using a truly ‘representative’ sample of all of English usage is something
of a chimera, and the corpus will reflect the materials from which it was
constructed. For example, if it includes material from linguistics research
papers, then words like ergativity, causativize, and lexicalist may well oc-
cur, but otherwise they are unlikely to be in the corpus at all, no matter
how large it is.

How many words are there in the text? This question can be interpreted
in two ways. The question about the sheer length of the text is distin-
guished by asking how many word tokens there are. There are 71,370.
So this is a very small corpus by any standards, just big enough to illus-
trate a few basic points. Although Tom Sawyer is a reasonable length
novel, it is somewhat less than half a megabyte of online text, and for
broad coverage statistical grammars we will often seek collections of text
that are orders of magnitude larger. How many different words, or in
other words, how many word types appear in the text? There are 8,018.
This is actually quite a small number for a text its size, and presumably
reflects the fact that Tom Sawyer is written in a colloquial style for chil-
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Word  Frequency of

Frequency Frequency
1 3993

2 1292

3 664

4 410

5 243

6 199

7 172

8 131

9 82

10 91
11-50 540
51-100 99
> 100 102

Table 1.2 Frequency of frequencies of word types in Tom Sawyer.

dren (for instance, a sample of newswire the same size contained slightly
over 11,000 word types). In general in this way one can talk about to-
kens, individual occurrences of something, and types, the different things
present. One can also calculate the ratio of tokens to types, which is sim-
ply the average frequency with which each type is used. For Tom Sawyer,
it is 8.9.9

The above statistics tell us that words in the corpus occur ‘on average’
about 9 times each. But one of the greatest problems in Statistical NLP
is that word types have a very uneven distribution. Table 1.2 shows how
many word types occur with a certain frequency. Some words are very
common, occurring over 700 times and therefore individually account-
ing for over 1% of the words in the novel (there are 12 such words in
table 1.1). Overall, the most common 100 words account for slightly over
half (50.9%) of the word tokens in the text. On the other extreme, note
that almost half (49.8%) of the word types occur only once in the corpus.
Such words are referred to as hapax legomena, Greek for ‘read only once.’
Even beyond these words, note that the vast majority of word types oc-

6. This ratio is not a valid measure of something like ‘text complexity’ just by itself, since
the value varies with the size of the text. For a valid comparison, one needs to normalize
the lengths of the texts, such as by calculating the measure over windows of 1,000 words.
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cur extremely infrequently: over 90% of the word types occur 10 times or
less. Nevertheless, very rare words make up a considerable proportion of
the text: 12% of the text is words that occur 3 times or less.

Such simple text counts as these can have a use in applications such
as cryptography, or to give some sort of indication of style or author-
ship. But such primitive statistics on the distribution of words in a text
are hardly terribly linguistically significant. So towards the end of the
chapter we will begin to explore a research avenue that has slightly more
linguistic interest. But these primitive text statistics already tell us the
reason that Statistical NLP is difficult: it is hard to predict much about
the behavior of words that you never or barely ever observed in your cor-
pus. One might initially think that these problems would just go away
when one uses a larger corpus, but this hope is not borne out: rather,
lots of words that we do not see at all in Tom Sawyer will occur - once or
twice - in a large corpus. The existence of this long tail of rare words is
the basis for the most celebrated early result in corpus linguistics, Zipf’s
law, which we will discuss next.

1.4.3 Zipf's laws

RANK

In his book Human Behavior and the Principle of Least Effort, Zipf argues
that he has found a unifying principle, the Principle of Least Effort, which
underlies essentially the entire human condition (the book even includes
some questionable remarks on human sexuality!). The Principle of Least
Effort argues that people will act so as to minimize their probable average
rate of work (i.e., not only to minimize the work that they would have to
do immediately, but taking due consideration of future work that might
result from doing work poorly in the short term). The evidence for this
theory is certain empirical laws that Zipf uncovered, and his presentation
of these laws begins where his own research began, in uncovering certain
statistical distributions in language. We will not comment on his general
theory here, but will mention some of his empirical language laws.

The famous law: Zipf’s law

If we count up how often each word (type) of a language occurs in a large
corpus, and then list the words in order of their frequency of occurrence,
we can explore the relationship between the frequency of a word f and
its position in the list, known as its rank r. Zipf’s law says that:
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Word Freq. Rank f-r Word Freq. Rank f-r
() (r) ) (r)
the 3332 | 3332 turned 51 200 10200
and 2972 2 5944 you’ll 30 300 9000
a 1775 3 5235 name 21 400 8400
he 877 10 8770 comes 16 500 8000
but 410 20 8400 group 13 600 7800
be 294 30 8820 lead 11 700 7700
there 222 40 8880 friends 10 800 8000
one 172 50 8600 begin 9 900 8100
about 158 60 9480 family § 1000 8000
more 138 70 9660 brushed 4 2000 8000
never 124 80 9920 sins 23000 6000
Oh 116 90 10440 Could 24000 8000
two 104 100 10400 Applausive I 8000 8000
Table /.3 Empirical evaluation of Zipf’s law on Tom Sawyer.
foc 2

»
or, in other words:

There is a constant k such that . r =k

For example, this says that the 50™ most common word should occur
with three times the frequency of the 150%™ most common word. This
relationship between frequency and rank appears first to have been no-
ticed by Estoup (1916), but was widely publicized by Zipf and continues
to bear his name. We will regard this result not actually as a law, but as a
roughly accurate characterization of certain empirical facts.

Table 1.3 shows an empirical evaluation of Zipf’s law on the basis of
Tom Sawyer. Here, Zipf’s law is shown to approximately hold, but we
note that it is quite a bit off for the three highest frequency words, and
further that the product f . r tends to bulge a little for words of rank
around 100, a slight bulge which can also be noted in many of Zipf’s
own studies. Nevertheless, Zipf’s law is useful as a rough description of
the frequency distribution of words in human languages: there are a few
very common words, a middling number of medium frequency words,
and many low frequency words. Zipf saw in this a deep significance.
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According to his theory both the speaker and the hearer are trying to
minimize their effort. The speaker’s effort is conserved by having a small
vocabulary of common words and the hearer’s effort is lessened by hav-
ing a large vocabulary of individually rarer words (so that messages are
less ambiguous). The maximally economical compromise between these
competing needs is argued to be the kind of reciprocal relationship be-
tween frequency and rank that appears in the data supporting Zipf’s law.
However, for us, the main upshot of Zipf’s law is the practical problem
that for most words our data about their use will be exceedingly sparse.
Only for a few words will we have lots of examples.

The validity and possibilities for the derivation of Zipf’s law is studied
extensively by Mandelbrot (1954). While studies of larger corpora some-
times show a closer match to Zipf’s predictions than our examples here,
Mandelbrot (1954: 12) also notes that “bien que la formule de Zipf donne
I’allure générale des courbes, clle en represente trésmal les details [al-
though Zipf’s formula gives the general shape of the curves, it is very
bad in reflecting the details].” Figure 1.1 shows a rank-frequency plot of
the words in one corpus (the Brown corpus) on doubly logarithmic axes.
Zipf’s law predicts that this graph should be a straight line with slope — 1.
Mandelbrot noted that the line is often a bad fit, especially for low and
high ranks. In our example, the line is too low for most low ranks and
too high for ranks greater than 10,000.

To achieve a closer fit to the empirical distribution of words, Mandel-
brot derives the following more general relationship between rank and
frequency:

f=P(r+p) 8 or logf =1logP - Blog(r+ p)

Here P, B and p are parameters of a text, that collectively measure the
richness of the text’s use of words. There is still a hyperbolic distribu-
tion between rank and frequency, as in the original equation (1.14). If
this formula is graphed on doubly logarithmic axes, then for large values
of r, it closely approximates a straight line descending with slope —B,
just as Zipf’s law. However, by appropriate setting of the other parame-
ters, one can model a curve where the predicted frequency of the most
frequent words is lower, while thereafter there is a bulge in the curve:
just as we saw in the case of Tom Sawyer. The graph in figure 1.2 shows
that Mandelbrot’s formula is indeed a better fit than Zipf’s law for our
corpus. The slight bulge in the upper left corner and the larger slope
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Figure 1.1 Zipf’s law. The graph shows rank on the X-axis versus frequency
on the Y-axis, using logarithmic scales. The points correspond to the ranks
and frequencies of the words in one corpus (the Brown corpus). The line is the
relationship between rank and frequency predicted by Zipf for k = 100,000, that
is f x r = 100,000.

of B=1.15 model the lowest and highest ranks better than the line in
figure 1.1 predicted by Zipf.

If we take B=1 and p = 0 then Mandelbrot’s formula simplifies to
the one given by Zipf (see exercise 1.3). Based on data similar to the cor-
pora we just looked at, Mandelbrot argues that Zipf’s simpler formula
just is not true in general: “lorsque Zipf essayait de représenter tout par
cette loi, il essayait d’habiller tout le monde avec des vétements d’une
seule taille [when Zipf tried to represent everything by this (i.e., his) law,
he tried to dress everyone with clothes of a single cut]. Nevertheless,
Mandelbrot sees the importance of Zipf’s work as stressing that there are
often phenomena in the world that are not suitably modeled by Gaussian
(normal) distributions, that is, ‘bell curves,” but by hyperbolic distribu-
tions - a fact discovered earlier in the domain of economics by Pareto.
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Figure 1.2 Mandelbrot’s formula. The graph shows rank on the X-axis versus
frequency on the Y-axis, using logarithmic scales. The points correspond to the
ranks and frequencies of the words in one corpus (the Brown corpus). The line is
the relationship between rank and frequency predicted by Mandelbrot’s formula
for P=10°4,B=1.15, p=100.

Other laws

References to Zipf’s law in the Statistical NLP literature invariably refer
to the above law, but Zipf actually proposed a number of other empirical
laws relating to language which were also taken to illustrate the Principle
of Least Effort. At least two others are of some interest to the concerns
of Statistical NLP. One is the suggestion that the number of meanings
of a word is correlated with its frequency. Again, Zipf argues that con-
servation of speaker effort would prefer there to be only one word with
all meanings while conservation of hearer effort would prefer each mean-
ing to be expressed by a different word. Assuming that these forces are
equally strong, Zipf argues that the number of meanings m of a word
obeys the law:

moc\/?’
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or, given the previous law, that:

m oc ﬁ

Zipf finds empirical support for this result (in his study, words of fre-
quency rank about 10,000 average about 2.1 meanings, words of rank
about 5000 average about 3 meanings, and words of rank about 2000
average about 4.6 meanings).

A second result concerns the tendency of content words to clump. For
a word one can measure the number of lines or pages between each oc-
currence of the word in a text, and then calculate the frequency F of
different interval sizes I. For words of frequency at most 24 in a 260,000
word corpus, Zipf found that the number of intervals of a certain size
was inversely related to the interval size (F oc 7P, where p varied be-
tween about 1 and 1.3 in Zipf’s studies). In other words, most of the time
content words occur near another occurrence of the same word.
¥ The topic of word senses is discussed in chapter 7, while the clumping
of content words is discussed in section 15.3.

Other laws of Zipf’s include that there is an inverse relationship be-
tween the frequency of words and their length, that the greater the fre-
quency of a word or morpheme, the greater the number of different per-
mutations (roughly, compounds and morphologically complex forms) it
will be used in, and yet further laws covering historical change and the
frequency of phonemes.

The significance of power laws

As a final remark on Zipf’s law, we note that there is a debate on how
surprising and interesting Zipf’s law and ‘power laws’ in general are as
a description of natural phenomena. It has been argued that randomly
generated text exhibits Zipf’s law (Li 1992). To show this, we construct
a generator that randomly prodnces characters from the 26 letters of the
alphabet and the blank (that is, each of these 27 symbols has an equal
chance of being generated next). Simplifying slightly, the probability of a
word of length n being generated is (%)n%: the probability of generating
a non-blank character n times and the blank after that. One can show
that the words generated by such a generator obey a power law of the
form Mandelbrot suggested. The key insights are (i) that there are 26
times more words of length n + 1 than length n, and (ii) that there is a
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constant ratio by which words of length n are more frequent than words
of length n + 1. These two opposing trends combine into the regularity
of Mandelbrot’s law. See exercise 1.4.

There is in fact a broad class of probability distributions that obey
power laws when the same procedure is applied to them that is used to
compute the Zipf distribution: first counting events, then ranking them
according to their frequency (Ginter et al. 1996). Seen from this angle,
Zipf’s law seems less valuable as a characterization of language. But the
basic insight remains: what makes frequency-based approaches to lan-
guage hard is that almost all words are rare. Zipf’s law is a good way to
encapsulate this insight.

1.4.4 Collocations

COLLOCATION

Lexicographers and linguists (although rarely those of a generative bent)
have long been interested in collocations. A collocation is any turn of
phrase or accepted usage where somehow the whole is perceived to have
an existence beyond the sum of the parts. Collocations include com-
pounds (disk drive), phrasal verbs (make up), and other stock phrases
(bacon and eggs). They often have a specialized meaning or are idiomatic,
but they need not be. For example, at the time of writing, a favorite ex-
pression of bureaucrats in Australia is international best practice. Now
there appears to be nothing idiomatic about this expression; it is simply
two adjectives modifying a noun in a productive and semantically com-
positional way. But, nevertheless, the frequent use of this phrase as a
fixed expression accompanied by certain connotations justifies regarding
it as a collocation. Indeed, any expression that people repeat because
they have heard others using it is a candidate for a collocation.
¥ Collocations are discussed in detail in chapter 5. We see later on that
collocations are important in areas of Statistical NLP such as machine
translation (chapter 13) and information retrieval (chapter 15). In ma-
chine translation, a word may be translated differently according to the
collocation it occurs in. An information retrieval system may want to
index only ‘interesting’ phrases, that is, those that are collocations.
Lexicographers are also interested in collocations both because they
show frequent ways in which a word is used, and because they are mul-
tiword units which have an independent existence and probably should
appear in a dictionary. They also have theoretical interest: to the extent
that most of language use is people reusing phrases and constructions
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Frequency Word 1 Word 2

80871 of the
58841 in the
26430 to the
21842 on the
21839 for the

18568 and the
16121  that the

15630 at the
15494  to be
13899 in a
13689  of a
13361 by the

13183 with the
12622  from the
11428 New York

10007 he said
9775 as a
9231 is a
8753 has been
8573 for a

Table /1.4 Commonest bigram collocations in the New York Times.

that they have heard, this serves to de-emphasize the Chomskyan focus
on the creativity of language use, and to give more strength to some-
thing like a Hallidayan approach that considers language to be insepara-
ble from its pragmatic and social context.

Now collocations may be several words long (such as international best
practice) or they may be discontinuous (such as make [something] up), but
let us restrict ourselves to the simplest case and wonder how we can au-
tomatically identify contiguous two word collocations. It was mentioned
above that collocations tend to be frequent usages. So the first idea to try
might be simply to find the most common two word sequences in a text.
That is fairly easily done, and, for a corpus of text from the New York
Times (see page 153), the results are shown in table 1.4. Unfortunately,
this method does not seem to succeed very well at capturing the collo-
cations present in the text. It is not surprising that these pairs of words
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(normally referred to as bigrams) occur commonly. They simply rep-
resent common syntactic constructions involving individually extremely
common words. One problem is that we are not normalizing for the fre-
quency of the words that make up the collocation. Given that the, of; and
in are extremely common words, and that the syntax of prepositional
and noun phrases means that a determiner commonly follows a preposi-
tion, we should expect to commonly see of the and in the. But that does
not make these word sequences collocations. An obvious next step is to
somehow take into account the frequency of each of the words. We will
look at methods that do this in chapter 5.

A modification that might be less obvious, but which is very effective,
is to filter the collocations and remove those that have parts of speech
(or syntactic categories) that are rarely associated with interesting collo-
cations. There simply are no interesting collocations that have a preposi-
tion as the first word and an article as the second word. The two most fre-
quent patterns for two word collocations are “adjective noun” and “noun
noun” (the latter are called noun-noun compounds). Table 1.5 shows
which bigrams are selected from the corpus if we only keep adjective-
noun and noun-noun bigrams. Almost all of them seem to be phrases
that we would want to list in a dictionary - with some exceptions like last
year and next year.

Our excursion into ‘collocation discovery’ illustrates the back and forth
in Statistical NLP between modeling and data analysis. Our initial model
was that a collocation is simply a frequent bigram. We analyzed the re-
sults we got based on this model, identified problems and then came
up with a refined model (collocation = frequent bigram with a particular
part-of-speech pattern). This model needs further refinement because of
bigrams like next year that are selected incorrectly. Still, we will leave
our investigation of collocations for now, and continue it in chapter 5.

1.4.5 Concordances

KEY WORD IN
CONTEXT

As a final illustration of data exploration, suppose we are interested in
the syntactic frames in which verbs appear. People have researched how
to get a computer to find these frames automatically, but we can also just
use the computer as a tool to find appropriate data. For such purposes,
people often use a Key Word In Context (KWIC) concordancing program
which produces displays of data such as the one in figure 1.3. In such
a display, all occurrences of the word of interest are lined up beneath
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Frequency Word 1 Word 2 Part-of-speech pattern
11487 New York AN
7261 United States AN
5412 Los Angeles NN
3301 last year AN
3191 Saudi Arabia NN
2699 last week AN
2514 vice president AN
2378 Persian Gulf AN
2161 San Francisco NN
2106 President Bush NN
2001 Middle East AN
1942 Saddam Hussein NN
1867 Soviet Union AN
1850 White House AN
1633 United Nations AN
1337 York City NN
1328 oil prices NN
1210 next year AN
1074 chief executive AN
1073 real estate AN

Table 1.5 Frequent bigrams after filtering. The most frequent bigrams in the

New York Times after applying a part-of-speech filter.

could find a target. The librarian
elights in. The young lady teachers
ingly. The young gentlemen teachers
seeming vexation). The Tittle girls
n various ways, and the Tittle boys
t genuwyne?" Tom Tifted his 1ip and
is 1ittle finger for a pen. Then he
ow's face was haggard, and his eyes
not overlook the fact that Tom even
own. Two or three glimmering lights
ird flash turned night into day and
that grew about their feet. And it
he first thing his aunt said to him
p from her Tethargy of distress and
ent a new burst of grief from Becky
shudder quiver all through him. He

"showed off" - running hither and thither w
"showed off" - bending sweetly over pupils

"showed off" with small scoldings and other
“showed off" in various ways, and the 1ittl
"showed off" with such diligence that the a
showed the vacancy. “Well, all right," sai
showed Huckleberry how to make an H and an
showed the fear that was upon him. When he
showed a marked aversion to these inquests
showed where it Tay, peacefully sleeping,

showed every little grass-blade, separate

showed three white, startled faces, too. A
showed him that he had brought his sorrows
showed good interest in the proceedings. S
showed Tom that the thing in his mind had

showed Huck the fragment of candle-wick pe

Figure 1.3 Key Word In Context (KWIC) display for the word showed.
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NP agent showed off (PP{with/inlmanner)
NPCOntent
CPlthat]content
NPagen: showed (NP ecipient) VPlinf]content
how VP[inf]content
CP[wherelcontent
NP agen: showed NP[ interest] PP(inlcontent
NP agent showed NP[aversion] PP[to]content

Figure 1.4 Syntactic frames for showed in Tom Sawyer.

one another, with surrounding context shown on both sides. Commonly,
KWIC programs allow you to sort the matches by left or right context.
However, if we are interested in syntactic frames, rather than particu-
lar words, such sorting is of limited use. The data shows occurrences
of the word showed within the novel Torn Sawyer. There are 5 uses of
showed off (actually all within one paragraph of the text), each in dou-
ble quotes, perhaps because it was a neologism at the time, or perhaps
because Twain considered the expression slang. All of these uses are in-
transitive, although some take prepositional phrase modifiers. Beyond
these, there are four straightforward transitive verb uses with just a
direct object (6, 8, 11, 12) - although there are interesting differences
between them with 8 being nonagentive, and 12 illustrating a sense of
‘cause to be visible.” There is one ditransitive use which adds the person
being shown (16). Three examples make who was shown the object NP
and express the content either as a that-clause (13, 15) or as a non-finite
question-form complement clause (7). One other example has a finite
question-form complement clause (10) but omits mention of the person
who is shown. Finally two examples have an NP object followed by a
prepositional phrase and are quite idiomatic constructions (9, 14): show
an aversion PP[to] and show an interest PP[in]. But note that while quite
idiomatic, they are not completely frozen forms, since in both cases the
object noun is productively modified to make a more complex NP. We
could systematize the patterns we have found as in figure 1.4.

Collecting information like this about patterns of occurrence of verbs
can be useful not only for purposes such as dictionaries for learners of
foreign languages, but for use in guiding statistical parsers. A substantial
part of the work in Statistical NLP consists (or should consist!) of poring
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over large amounts of data, like concordance lines and lists of candidates
for collocations. At the outset of a project this is done to understand the
important phenomena, later to refine the initial modeling, and finally to
evaluate what was achieved.

1.5 Further Reading

BIAS

GRAMMATICALITY

GRAMMATICALIZA-
TION

Chomsky (1965: 47ff, 1980: 234ff, 1986) discusses the distinction be-
tween rationalist and empiricist approaches to language, and presents ar-
guments for the rationalist position. A recent detailed response to these
arguments from an ‘empiricist’ is (Sampson 1997). For people from a gen-
erative (computational) linguistics background wondering what Statisti-
cal NLP can do for them, and how it relates to their traditional concerns,
Abney (1996b) is a good place to start. The observation that there must
be a preference for certain kinds of generalizations in order to bootstrap
induction was pointed out in the machine learning literature by Mitchell
(1980), who termed the preference bias. The work of Firth is highly in-
fluential within certain strands of the British corpus linguistics tradition,
and is thoroughly covered in (Stubbs 1996). References from within the
Statistical NLP community perhaps originate in work from AT&T, see for
instance (Church and Mercer 1993: 1). The Hallidayan approach to lan-
guage is presented in (Halliday 1994).

Thorough discussions of grammaticality judgements in linguistics are
found in (Schiitze 1996) and (Cowart 1997). Cowart argues for making
use of the judgements of a population of speakers, which is quite com-
patible with the approach of this book, and rather against the Chomskyan
approach of exploring the grammar of a single speaker. A good entry
point to the literature on categorical perception is (Harnad 1987).

Lauer (199Sb: ch. 3) advocates an approach involving probability dis-
tributions over meanings. See the Further Reading of chapter 12 for ref-
erences to other Statistical NLP work that involves mapping to semantic
representations.

The discussion of kind/sort of is based on Tabor (1994), which should
be consulted for the sources of the citations used. Tabor provides a con-
nectionist model which shows how the syntactic change discussed can be
caused by changing frequencies of use. A lot of interesting recent work
on gradual syntactic change can be found in the literature on grammati-
calization (Hopper and Traugott 1993).
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Two proponents of an important role for probabilistic mechanisms in
cognition are Anderson (1983, 1990) and Suppes (1984). Sce (Oaksford
and Chater 1998) for a recent collection describing different cognitive
architectures, including connectionism. The view that language is best
explained as a cognitive phenomenon is the central tenet of cognitive
linguistics (Lakoff 1987; Langacker 1987, 19911, but many cognitive lin-
guists would not endorse probability theory as a formalization of cogni-
tive linguistics. See also (Schutze 1997).

The novel Tom Sawyer is available in the public domain on the internet,
currently from sources including the Virginia Electronic Text Center (see
the website).

Zipf’s work began with (Zipf 1929), his doctoral thesis. His two major
books are (Zipf 1935) and (Zipf 1949). It is interesting to note that Zipf
was reviewed harshly by linguists in his day (see, for instance, (Kent 1930)
and (Prokosch 1933)). In part these criticisms correctly focussed on the
grandiosity of Zipf’s claims (Kent (1930: 88) writes: “problems of phonol-
ogy and morphology are not to be solved en masse by one grand general
formula”), but they also reflected, even then, a certain ambivalence to the
application of statistical methods in linguistics. Nevertheless, prominent
American structuralists, such as Martin Joos and Morris Swadesh, did be-
come involved in data collection for statistical studies, with Joos (1936)
emphasizing that the question of whether to use statistical methods in
linguistics should be evaluated separately from Zipf’s particular claims.

As well as (Mandelbrot 1954), Mandelbrot’s investigation of Zipf’s law
is summarized in (Mandelbrot 1983) - see especially chapters 38, 40,
and 42. Mandelbrot attributes the direction of his life’s work (leading
to his well known work on fractals and the Mandelbrot set) to reading a
review of (Zipf 1949).

Concordances were first constructed by hand for important literary and
religious works. Computer concordancing began in the late 1950s for the
purposes of categorizing and indexing article titles and abstracts. Luhn
(1960) developed the first computer concordancer and coined the term
KwWIC.

1.6 Exercises

Exercise 1.1 [** Requires some knowledge of linguistics]

Try to think of some other cases of noncategorical phenomena in language, per-
haps related to language change. For starters, look at the following pairs of
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sentences, and try to work out the problems they raise. (Could these problems
be solved simply by assigning the words to two categories, or is there evidence
of mixed categoriality?)

a. On the weekend the children had fun.

b. That’s the funnest thing we’ve done all holidays.

e

Do you get much email at work?
b. This morning I had emails from five clients, all complaining.

Exercise 1.2 [+ Probably best attempted after reading chapter 41

Replicate some of the results of section 1.4 on some other piece of text. (Alter-
natively, you could use the same text that we did so that you can check your
work easily. In this case, you should only expect results similar to ours, since
the exact numbers depend on various details of what is treated as a word, how
case distinctions are treated, etc.)

Exercise 1.3 [*]

Show that Mandelbrot’s law simplifies to Zipf’s law for B=1 and p = 0.

Exercise 1.4 [**]
Construct a table like table 1.3 for the random character generator described
above on page 29 (which generates the letters a through z and blank with equal
probability of 1/ 27).

Exercise 1.5 [% ]
Think about ways of identifying collocations that might be better than the meth-
ods used in this chapter.

Exercise 1.6 [* *]
If you succeeded in the above exercise, try the method out and see how well it
appears to perform.

Exercise 1.7 [*«]

Write a program to produce KWIC displays from a text file. Have the user be able
to select the word of interest and the size of the surrounding context.



“In 1786, I found, that in Germany they were engaged in a
species of political inquiry, to which they had given the name of
Statistics; and though I apply a different idea to that word, for
by Statistical is meant in Germany, an inquiry for the purpose
of ascertaining the political strength of a country, or questions
respecting matters of state; whereas, the idea I annex to the
term, is an inquiry into the state of a country, for the purpose
of ascertaining the quantum of happiness enjoyed by its
inhabitants, and the means of its future improvement; yet, as
I thought that a new word might attract more public attention,
I resolved on adopting it. ”

(Sir J. Sinclair Statist. Acc. Scot. XX. App. p. xiii, 1798)






Mathematical Foundations

THIs CcHAPTER presents some introductory material on probability and
information theory, while the next chapter presents some essential know-
ledge of linguistics. A thorough knowledge of one or more of the fields of
probability and statistics, information theory, and linguistics is desirable,
and perhaps even necessary, for doing original research in the field of Sta-
tistical NLP. We cannot provide a thorough well-motivated introduction to
each of these three fields within this book, but nevertheless, we attempt
to summarize enough material to allow understanding of everything that
follows in the book. We do however assume knowledge of parsing, ei-
ther from a computer science or computational linguistics perspective.
We also assume a reasonable knowledge of mathematical symbols and
techniques, perhaps roughly to the level of a first year undergraduate
course, including the basics of such topics as: set theory, functions and
relations, summations, polynomials, calculus, vectors and matrices, and
logarithms. Mathematical notations that we use are summarized in the
Table of Notations.

If you are familiar with one of the areas covered in these two chap-
ters, then you should probably just skim the corresponding section. If
you’re not familiar with a topic, we think it is probably best to try to
read through each section, but you will probably need to reread sections
when the techniques in them are put to use. These chapters don’t say
much about applications - they present the preparatory theory for what
follows.
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2 Mathematical Foundations

Elementary Probability Theory

This section sketches the essentials of probability theory necessary to
understand the rest of this book.

Probability spaces

Probability theory deals with predicting how likely it is that something
will happen. For example, if one tosses three coins, how likely is it that
they will all come up heads? Although our eventual aim is to look at
language, we begin with some examples with coins and dice, since their
behavior is simpler and more straightforward.

The notion of the likelihood of something is formalized through the
concept of an experiment (or trial) - the process by which an observation
is made. In this technical sense, tossing three coins is an experiment.
All that is crucial is that the experimental protocol is well defined. We
assume a collection of basic outcomes (or sample points) for our experi-
ment, the sample space (2. Sample spaces may either be discrete, having at
most a countably infinite number of basic outcomes, or continuous, hav-
ing an uncountable number of basic outcomes (for example, measuring a
person’s height). For language applications and in this introduction, we
will mainly deal with discrete sample spaces which only contain a finite
number of basic outcomes. Let an event A be a subset of 2. For example,
in the coin experiment, the first coin being a head, and the second and
third coming down tails is one basic outcome, while any result of one
head and two tails is an example of an event. Note also that € represents
the certain event, the space of all possible experimental outcomes, and
0 represents the impossible event. We say that an experimental outcome
must be an event. The foundations of probability theory depend on the
set of events F forming a o-field - a set with a maximal element ) and
arbitrary complements and unions. These requirements are trivially sat-
isfied by making the set of events, the event space, the power set of the
sample space (that is, the set of all subsets of the sample space, often
written 27F).

Probabilities are numbers between O and 1, where O indicates impos-
sibility and 1 certainty. A probability function (also known as a prob-
ability distribution) distributes a probability mass of 1 throughout the
sample space 2. Formally, a discrete probability function is any function
P: F—[0,1] such that:
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m P(Q)=1

s Countable additivity: For disjoint sets Aje F (i.e., AjnAg =0 for
J#K)

P(Q Aj) = i (A))

We call P(A) the probability of the event A. These axioms say that an
event that encompasses, say, three distinct possibilities must have a
probability that is the sum of the probabilities of each possibility, and
that since an experiment must have some basic outcome as its result,
the probability of that is 1. Using basic set theory, we can derive from
these axioms a set of further properties of probability functions; see ex-
ercise 2.1.

A well-founded probability space consists of a sample space €2, a a-field
of events ‘F, and a probability function P. In Statistical NLP applications,
we always seek to properly define such a probability space for our mod-
els. Otherwise, the numbers we use are merely ad hoc scaling factors, and
there is no mathematical theory to help us. In practice, though, corners
often have been, and continue to be, cut.

Example 1: A fair coin is tossed 3 times. What is the chance of 2 heads’?

Solution: The experimental protocol is clear. The sample space is:
={HHH,HHT,HTH, HTT, THH, THT, TTH, TTT}

Each of the basic outcomes in Q is equally likely, and thus has probability
1/8. A situation where each basic outcome is equally likely is called a
uniform distribution. In a finite sample space with equiprobable basic
outcomes, P(A) = % (where [A[ is the number of elements in a set A).

The event of interest is:
A ={HHT, HTH, THH)

So:

1Al _3
P(A)= Q] 8
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Figure 2.1 A diagram illustrating the calculation of conditional probabil-
ity P(A|B). Once we know that the outcome is in B, the probability of A becomes
P(An B)/P(B).

Conditional probability and independence

Sometimes we have partial knowledge about the outcome of an experi-
ment and that naturally influences what experimental outcomes are pos-
sible. We capture this knowledge through the notion of conditional proba-
bility. This is the updated probability of an event given some knowledge.
The probability of an event before we consider our additional knowledge
is called the prior probability of the event, while the new probability that
results from using our additional knowledge is referred to as the pos-
terior probability of the event. Returning to example 1 (the chance of
getting 2 heads when tossing 3 coins), if the first coin has been tossed
and is a head, then of the 4 remaining possible basic outcomes, 2 result
in 2 heads, and so the probability of getting 2 heads now becomes % The
conditional probability of an event A given that an event B has occurred
(P(B)> 0) is:

P(ANB)

~P(B)

Even if P(B) = 0 we have that:
P(AnB) = P(B)P(A|B) = P(A)P(B|A) [The multiplication rule]

P(A|B)

We can do the conditionalization either way because set intersection is
symmetric (A n B= BnA). One can easily visualize this result by looking
at the diagram in figure 2.1.
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The generalization of this rule to multiple events is a central result that
will be used throughout this book, the chain rule:

P(A1N...0 An) = P(A])P(A2|ADP(A3lA1 N Az) -+« P(Ap ]S A

¥ The chain rule is used in many places in Statistical NLP, such as working
out the properties of Markov models in chapter 9.

Two events A, B are independent of each other if P(AnB)=P(A)P(B).
Unless P(B) = 0 this is equivalent to saying that P(A) = P(A|B) (i.e.,
knowing that B is the case does not affect the probability of A). This
equivalence follows trivially from the chain rule. Otherwise events are
dependent. We can also say that A and B are conditionally independent
given C when P(AN B|C)=P(A|C)P(BIC).

Bayes’ theorem

Bayes’ theorem lets us swap the order of dependence between events.
That is, it lets us calculate P(B|A) in terms of P(A|B). This is useful when
the former quantity is difficult to determine. It is a central tool that we
will use again and again, but it is a trivial consequence of the definition of
conditional probability and the chain rule introduced in equations (2.2)
and (2.3):

P(BNnA) _ P(A|B)P(B)

P(B|A) =

(BA) P(A) P(A)

The righthand side denominator P(A) can be viewed as a normalizing
constant, Something that ensures that we have a probability function. If
we are simply interested in which event out of some set is most likely
given A, we can ignore it. Since the denominator is the same in all cases,
we have that:

P(A|B)P(B)
argmax ———— = argmaxP(A|B)P(B)

©8 P(A) t
However, we can also evaluate the denominator by recalling that:
P(AnB) = P(A|B)P(B)

P(A nB) = P(A|B)P(B)
So we have:
P(A) = P(AnB)+P(ANnB) [additivity]

= P(A|B)P(B) + P(A|B)P(B)
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B and B serve to split the set A into two disjoint parts (one possibly
empty), and so we can evaluate the conditional probability on each, and
then sum, using additivity. More generally, if we have some group of sets
B; that partition A, that is, if A cuU;B; and the B; are disjoint, then:

(2.7) P(A) =) P(A|B)P(B))

(2.8)

This gives us the following equivalent but more elaborated version of
Bayes’ theorem:

Bayes’ theorem: If A cU;B;, P(A) >0, and BinB; = 0 for i # j then:

P(A|Bj)P(Bj) _ P(A‘Bj)P(Bj)
P(A) Y1 P(A|B;)P(B;)

P(BjlA) =

Example 2: Suppose one is interested in a rare syntactic construction,
perhaps parasitic gaps, which occurs on average once in 100,000 sen-
tences. Joe Linguist has developed a complicated pattern matcher that
attempts to identify sentences with parasitic gaps. It’s pretty good, but
it’s not perfect: if a sentence has a parasitic gap, it will say so with proba-
bility 0.95, if it doesn’t, it will wrongly say it does with probability 0.005.
Suppose the test says that a sentence contains a parasitic gap. What is
the probability that this is true?

Solution: Let G be the event of the sentence having a parasitic gap, and
let T be the event of the test being positive. We want to determine:

P(TIG)P(G)
P(TIG)P(G) + P(T|G)P(G)
0.95 x 0.00001
0.95 x 0.00001 + 0.005 x 0.99999

Here we use having the construction or not as the partition in the de-
nominator. Although Joe’s test seems quite reliable, we find that using it
won’t help as much as one might have hoped. On average, only 1 in every
500 sentences that the test identifies will actually contain a parasitic gap.
This poor result comes about because the prior probability of a sentence
containing a parasitic gap is so low.

¥ Bayes’ theorem is central to the noisy channel model described in sec-
tion 22.4.

P(GIT)

~ 0.002
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First Second die

die 2 3 4 5 6l

6 7 8 9 10 11 12

5 6 7 8 9 10 11

4 5 6 7 8 9 10

3 4 5 6 7 8 9

2 3 4 5 6 7 8

| 2 3 4 5 6 7

X 2 3 4 5 67 8 9 10 n 12

p(X =x) [ T 105 | 15 1 1 I
36 18 12 3 3616 36 9 12 18 36

Figure 2.2 A random variable X for the sum of two dice. Entries in the body
of the table show the value of X given the underlying basic outcomes, while the
bottom two rows show the pmf p(x).

Random variables

A random variable is simply a function X: Q —R" (commonly with n=1I),
where R is the set of real numbers. Rather than having to work with some
irregular event space which differs with every problem we look at, a ran-
dom variable allows us to talk about the probabilities of numerical values
that are related to the event space. We think of an abstract stochastic pro-
cess that generates numbers with a certain probability distribution. (The
word stochastic simply means ‘probabilistic’ or ‘randomly generated,” but
is especially commonly used when referring to a sequence of results as-
sumed to be generated by some underlying probability distribution.)

A discrete random variable is a function X: Q— S where S is a count-
able subset of R.If X:Q —{0,1}, then X is called an indicator random
variable or a Bernoulli trial.

Example 3:  Suppose the events are those that result from tossing two
dice. Then we could define a discrete random variable X that is the sum
of their faces: § =1{2,...,12}, as indicated in figure 2.2.

Because a random variable has a numeric range, we can often do math-
ematics more easily by working with the values of a random variable,
rather than directly with events. In particular we can define the probabil-
ity mass function (pmf) for a random variable X, which gives the proba-
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bility that the random variable has different numeric values:
pmf p(x) = p{X =x)=P(Ax) where A, = {weQ: X(w) = x}

We will write pmfs with a lowercase roman letter (even when they are vari-
ables). If a random variable X is distributed according to the pmf p(x),
then we will write X ~ p(x).

Note that p(x) > 0 at only a countable number of points (to satisfy the
stochastic constraint on probabilities), say {x;:i €N}, while p(x) = 0
elsewhere. For a discrete random variable, we have that:

Spxi) = D P(Ay) = P(Q) =1

Conversely, any function satisfying these constraints can be regarded as
a mass function.

v Random variables are used throughout the introduction to information
theory in section 2.2.

Expectation and variance

The expectation is the mean or average of a random variable.
If X is a random variable with a pmf p(x) such that >, |x| p(x) <o
then the expectation is:

(2.10) E(X) = > xp(x)

(2.11)

Example 4: If rolling one die and Y is the value on its face, then:

6

6
EY) = > yp(y) = %Z

y=1 y=1

N(»—*

This is the expected average found by totaling up a large number of
throws of the die, and dividing by the number of throws.

IfY ~ p(y) is a random variable, any function g(Y) defines a new
random variable. If E(g(Y)) is defined, then:

E(g(Y) =29 p(y)
Y
For instance, by letting g be a linear function g(Y) = aY + b, we see that

E(g(Y))=aE(Y)+ b. We also have that E(X +Y) = E(X) + E(Y) and if X
and Y are independent, then E(XY)= E(X)E(Y).
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The variance of a random variable is a measure of whether the values
of the random variable tend to be consistent over trials or to vary a lot.
One measures it by finding out how much on average the variable’s values
deviate from the variable’s expectation:

(2.12) Vvar(X) = E((X - E(X))?)

STANDARD DEVIATION

= E(X?%) - E2(X)

The commonly used standard deviation of a variable is the square root of
the variance. When talking about a particular distribution or set of data,
the mean is commonly denoted as u, the variance as o2, and the standard
deviation is hence written as o.

Example 5: What is the expectation and variance for the random vari-
able introduced in example 3, the sum of the numbers on two dice?

Solution: For the expectation, we can use the result in example 4, and
the formula for combining expectations in (or below) equation (2.11):

E(X) = E(Y +Y) = EY) + E(Y) = 3% + 3%: 7

The variance is given by:

Var(X) = E((X - E(X))?) = 3 p(x) (x= E(X))? = 5%
X

Because the results for rolling two dice are concentrated around 7, the
variance of this distribution is less than for an ‘ll-sided die,” which re-
turns a uniform distribution over the numbers 2-12. For such a uniformly
distributed random variable U, we find that Var(U) = 10.

v Calculating expectations is central to Information Theory, as we will
see in section 2.2. Variances are used in section 5.2.

2.1.6 Notation

In these sections, we have distinguished between P as a probability func-
tion and p as the probability mass function of a random variable. How-
ever, the notations P (-) and p(-) do not always refer to the same function.
Any time that we are talking about a different probability space, then we
are talking about a different function. Sometimes we will denote these
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different functions with subscripts on the function to make it clear what
we are talking about, but in general people just write P and rely on con-
text and the names of the variables that are arguments to the function to
disambiguate. It is important to realize that one equation is often refer-
ring to several different probability functions, all ambiguously referred
to as P.

Joint and conditional distributions

Often we define many random variables over a sample space giving us a
joint (or multivariate) probability distribution. The joint probability mass
function for two discrete random variables X, Y is:

Px,y)=P(X=x,Y=y)

Related to a joint pmf are marginal pmfs, which total up the probability
masses for the values of each variable separately:

px(x) = > p(x,y)  Py(¥) =D px,y)
Y X

In general the marginal mass functions do not determine the joint mass
function. But if X and Y are independent, then p(x,y)=px(x)py(¥).
For example, for the probability of getting two sixes from rolling two
dice, since these events are independent, we can compute that:

1 1

p( Z=6)=p(Y =6)p(Z=6) = o X =75
There are analogous results for joint distributions and probabilities for
the intersection of events. So we can define a conditional pmf in terms of

the joint distribution:

p(x,y)
py ()

and deduce a chain rule in terms of random variables, for instance:

pxy(Xly) = for y such that py(y)>0

pw,x,y,z) =P WP(xIW)X YIW,X)p(zlw,x,y)

Determining P

So far we have just been assuming a probability function P and giving it
the obvious definition for simple examples with coins and dice. But what
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do we do when dealing with language? What do we say about the proba-
bility of a sentence like The cow chewed its cud? In general, for language
events, unlike dice, P is unknown. This means we have to estimate P. We
do this by looking at evidence about what P must be like based on a sam-
ple of data. The proportion of times a certain outcome occurs is called
the relative frequency of the outcome. If C(u) is the number of times
an outcome u occurs in N trials then % is the relative frequency of u.
The relative frequency is often denoted f,. Empirically, if one performs
a large number of trials, the relative frequency tends to stabilize around
some number. That this number exists provides a basis for letting us
calculate probability estimates.

Techniques for how this can be done are a major topic of this book, par-
ticularly covered in chapter 6. Common to most of these techniques is
to estimate P by assuming that some phenomenon in language is accept-
ably modeled by one of the well-known families of distributions (such as
the binomial or normal distribution), which have been widely studied in
statistics. In particular a binomial distribution can sometimes be used
as an acceptable model of linguistic events. We introduce a couple of
families of distributions in the next subsection. This is referred to as a
parametric approach and has a couple of advantages. It means we have
an explicit probabilistic model of the process by which the data was gen-
erated, and determining a particular probability distribution within the
family only requires the specification of a few parameters, since most of
the nature of the curve is fixed in advance. Since only a few parameters
need to be determined, the amount of training data required is not great,
and one can calculate how much training data is sufficient to make good
probability estimates.

But, some parts of language (such as the distributions of words in
newspaper articles in a particular topic category) are irregular enough
that this approach can run into problems. For example, if we assume
our data is binomially distributed, but in fact the data looks nothing like
a binomial distribution, then our probability estimates might be wildly
wrong.

For such cases, one can use methods that make no assumptions about
the underlying distribution of the data, or will work reasonably well for
a wide variety of different distributions. This is referred to as a non-
parametric or distribution-free approach. If we simply empirically esti-
mate P by counting a large number of random events (giving us a discrete
distribution, though we might produce a continuous distribution from
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such data by interpolation, assuming only that the estimated probability
density function should be a fairly smooth curve), then this is a non-
parametric method. However, empirical counts often need to be modified
or smoothed to deal with the deficiencies of our limited training data, a
topic discussed in chapter 6. Such smoothing techniques usually assume
a certain underlying distribution, and so we are then back in the world of
parametric methods. The disadvantage of nonparametric methods is that
we give our system less prior information about how the data are gener-
ated, so a great deal of training data is usually needed to compensate for
this.

¥ Non-parametric methods are used in automatic classification when the
underlying distribution of the data is unknown. One such method, necar-
est neighbor classification, is introduced in section 16.4 for text catego-
rization.

2.1.9 Standard distributions

DISTRIBUTION

PARAMETEKS

BINOMIAL
DISTRIBUTION

Certain probability mass functions crop up commonly in practice. In
particular, one commonly finds the same basic form of a function, but
just with different constants employed. Statisticians have long studied
these families of functions. They refer to the family of functions as a
gistribution and to the numbers that define the different members of the
family as parameters. Parameters are constants when one is talking about
a particular pmf, but variables when one is looking at the family. When
writing out the arguments of a distribution, it is usual to separate the
random variable arguments from the parameters with a semicolon ;). In
this section, we just briefly introduce the idea of distributions with one
example each of a discrete distribution (the binomial distribution), and a
continuous distribution (the normal distribution).

Discrete distributions: The binomial distribution

A binomial distribution results when one has a series of trials with only
two outcomes (i.e., Bernoulli trials), each trial being independent from all
the others. Repeatedly tossing a (possibly unfair) coin is the prototypical
example of something with a binomial distribution. Now when looking at
linguistic corpora, it is never the case that the next sentence is truly inde-
pendent of the previous one, so use of a binomial distribution is always
an approximation. Nevertheless, for many purposes, the dependency be-
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tween words falls off fairly quickly and we can assume independence. In
any situation where one is counting whether something is present or ab-
sent, or has a certain property or not, and one is ignoring the possibility
of dependencies between one trial and the next, one is at least implic-
itly using a binomial distribution, so this distribution actually crops up
quite commonly in Statistical NLP applications. Examples include: look-
ing through a corpus to find an estimate of the percent of sentences in
English that have the word the in them or finding out how commonly
a verb is used transitively by looking through a corpus for instances of a
certain verb and noting whether each use is transitive or not.

The family of binomial distributions gives the number r of successes
out of n trials given that the probability of success in any trial is p:

n!

(2.13) b(r; n,p) = npr(lfp)”*f where n_ " _ 0<r<n
rQ or

MULTINOMIAL
DISTRIBUTION

(n —nrr!

The term (f) counts the number of different possibilities for choosing
v objects out of n, not considering the order in which they are chosen.
Examples of some binomial distributions are shown in figure 2.3. The bi-

nomial distribution has an expectation of np and a variance of np(1 —p).

Example 6: Let R have as value the number of heads in n tosses of a
(possibly weighted) coin, where the probability of a head is p.
Then we have the binomial distribution:

p(R=r)=b(r;n,p)

(The proof of this is by counting: each basic outcome with r heads and
n —r tails has probability h"(1—h)""", and there are <f’> of them.)

¥ The binomial distribution turns up in various places in the book, such
as when counting n-grams in chapter 6, and for hypothesis testing in
section 8.2.

v The generalization of a binomial trial to the case where each of the tri-
als has more than two basic outcomes is called a multinomial experiment,
and is modeled by the multinomial distribution. A zcroth order n-gram
model of the type we discuss in chapter 6 is a straightforward example
of a multinomial distribution.

¥ Another discrete distribution that we discuss and use in this book is the
Poisson distribution (section 15.3.1). Section 5.3 discusses the Bernoulli
distribution, which is simply the special case of the binomial distribution
where there is only one trial. That is, we calculate b(r;1, p).
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Figure 2.3 Two examples of binomial distributions: b(r;10,0.7) and
b(r; 10,0.1).

Continuous distributions: The normal distribution

So far we have looked only at discrete probability distributions and
discrete random variables, but many things, such as measurements of
heights and lengths, are best understood as having a continuous domain,
over the real numbers R. In this book, we do not outline the mathematics
of continuous distributions. Suffice it to say that there are generally anal-
ogous results, except with points becoming intervals, and sums becoming
integrals. However, we will occasionally have need to refer to continuous
probability distributions, so we will give one example here: the normal
distribution, which is central to all work in probability and statistics.

For many things in the world, such as the heights or IQs of people,
one gets a distribution that is known in the media as a bell curve, but
which is referred to in statistics as a normal distribution. Some normal
distribution curves are shown in figure 2.4. The values of the graphed
functions, probability density functions (pdf), do not directly give the
probabilities of the points along the x-axis (indeed, the probability of a
point is always O for a continuous distribution). Rather the probability
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Figure 24 Example normal distribution curves: n(x;0, 1) and n(x;1.5,2).

of a result within a certain interval on the x-axis is given by the area
delimited by that region, the x-axis and the function curve.

The normal distribution has two parameters for the mean p, and the
standard deviation ¢, and the curve is given by:

. = —-(x-p?/(20?)

n(x; y, a) \/Z_TFO'e

The curve where p= 0 and o = 1 is referred to as the standard normal
distribution. A few figures for areas under this curve are given in the
appendix.

While it is much better to refer to such a curve as a ‘normal distribution’
than as a ‘bell curve,” if you really want to fit into the Statistical NLP or
pattern recognition communities, you should instead learn to refer to
these functions as Gaussians, and to remark things like, ‘Maybe we could
model that using 3 Gaussians’ at appropriate moments.!

1. Carl Friedrich Gauss was the first to use normal curves to model experimental data,
using them to model the errors made by astronomers and surveyors in repeated measure-
ments of the same quantity, but the normal curve was discovered by Abraham de Moivre.
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In much of statistics, the discrete binomial distribution is approxi-
mated by the continuous normal distribution - one can see the basic
similarity in the shapes of the curves by comparing figures 2.3 and 2.4.
Such an approximation is acceptable when both basic outcomes have a
reasonable probability of occurring or the amount of data is very large
(roughly, when np(1-p)> 5). But, in natural language, events like oc-
currences of the phrase shade tree mechanics are so rare, that even if you
have a huge amount of text, there will be a significant difference between
the appropriate binomial curve and the approximating normal curve, and
so use of normal approximations can be unwise.

v Gaussians are often used in clustering, as discussed in chapter 14. In
particular, here we have only discussed the one-dimensional or univariate
normal distribution, while we present there the generalization to many
dimensions (the multivariate normal distribution).

¥ Other continuous distributions discussed in this book are the hyper-
bolic distributions discussed in section 1.4.3, and the t distribution used
for hypothesis testing in section 5.3.

Bayesian statistics

So far, we have presented a brief introduction to orthodox frequentist
statistics. Not everyone is agreed on the right philosophical foundations
for statistics, and the main rival is a Bayesian approach to statistics. Ac-
tually, the Bayesians even argue among themselves, but we are not going
to dwell on the philosophical issues here. We want to just briefly intro-
duce the Bayesian approach because Bayesian methods are very useful in
Statistical NLP, and we will come across them in later chapters.

Bayesian updating

Suppose one takes a coin and tosses it 10 times, and gets 8 heads. Then
from a frequentist point of view, the result is that this coin comes down
heads 8 times out of 10. This is what is called the maximum likelihood es-
timate, as discussed further in section 62.1. However, if one has looked
the coin over, and there doesn’t seem anything wrong with it, one would
be very reluctant to accept this estimate. Rather, one would tend to think
that the coin would come down equally head and tails over the long run,
and getting 8 heads out of 10 is just the kind of thing that happens some-
times given a small sample. In other words one has a prior belief that
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influences one’s beliefs even in the face of apparent evidence against it.
Bayesian statistics measure degrees of belief, and are calculated by start-
ing with prior beliefs and updating them in the face of evidence, by use
of Bayes’ theorem.

For example, let pu,, be the model’that asserts P(head)=m. Let s be
a particular sequence of observations yielding i heads and j tails. Then,
for any m,0 <mx< 1:

P(slum) = m'(1-m)/
From a frequentist point of view, we wish to find the MLE:

argmaxP(s|um)
m

To do this, we can differentiate the above polynomial, and find its max-
imum, which fortunately gives the intuitive answer of #, or 0.8 for the
case of 8 heads and 2 tails.

But now suppose that one wants to quantify one’s belief that the coin
is probably a regular, fair one. One can do that by assuming a prior
probability distribution over how likely it is that different models u,, are
true. Since one would want most of the probability mass close to %, one
might use something like a Gaussian distribution centered on %, but since
polynomials are the only things we can remember how to differentiate, let

us instead assume that one’s prior belief is modeled by the distribution:
P(um) = 6m(1 - m)

This polynomial was chosen because its distribution is centered on
and, conveniently, the area under the curve between 0 and 1 is 1.

When one sees an observation sequence s one wants to know one’s new
belief in the fairness of the coin. One can calculate this from (2.15) and
(2.16) by Bayes’ theorem:

P(s|tm) P (um)
P(s)
mi(1-m)/ X 6m(1 - m)
P(s)

o)

2. By a model we mean whatever theoretical edifices we construct to explain something
in the world. A probabilistic model might comprise the specification of a distribution
and certain parameter values. Thus, we are introducing some notational sloppiness in
equation (2.15), since previously we were conditioning on an event, that is, a subset of the
event space, and now we are conditioning on a model, but we will allow ourselves that
freedom.
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6mi+1 (1 _ m)j+1
P(s)
Now P(s) is the prior probability of s. Let us assume for the moment
that it does not depend on um, and therefore that we can ignore it while
finding the m that maximizes this equation. If we then differentiate the

numerator so as find its maximum, we can determine that for the case of
8 heads and 2 tails:

3
argmax P (um|s) = 2
m

Because our prior was weak (the polynomial is a quite flat curve centered
over %), we have moved a long way in the direction of believing that the
coin is biased, but the important point is that we haven’t moved all the
way to 0.8. If we had assumed a stronger prior, we would have moved a
smaller distance from % (See exercise 2.8.)

But what do we make of the denominator P(s)? Well, since we have
just seen s, one might conclude that this is 1, but that is not what it
means. Rather, it is the marginal probability which is obtained by adding
up all the P(s|um,) weighted by the probability of pm, as we saw earlier in
equation (2.8). For the continuous case, we have the integral:

1
P(s) - L P(s|ttm) P () A

1
= em'* (1 —-m)/"1dm
1o

This just happens to be an instance of the beta integral, another contin-
uous distribution well-studied by statisticians, and so we can look up a
book to find out that:
P(s) = 6(i-'f‘1).!(j + 1)!

(i+j+3)
But the important point is that the denominator is just a normalization
factor, which ensures that what we calculate for P(pmls) in (2.17) is ac-
tually a probability function.

In the general case where data come in sequentially and we can reason-
ably assume independence between them, we start off with an a priori
probability distribution, and when a new datum comes in, we can update
our beliefs by calculating the maximum of the a posteriori distribution,
what is sometimes referred to as the MAP probability. This then becomes
the new prior, and the process repeats on each new datum. This process
is referred to as Bayesian updating.
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Bayesian decision theory

But there is another thing that we can do with this new approach: use it
to evaluate which model or family of models better explains some data.
Suppose that we did not actually see the sequence of coin tosses but just
heard the results shouted out over the fence. Now it may be the case, as
we have assumed so far, that the results reported truly reflect the results
of tossing a single, possibly weighted coin. This is the theory u, which is
a family of models, with a parameter representing the weighting of the
coin. But an alternative theory is that at each step someone is tossing
two fair coins, and calling out “tails” if both of them come down tails,
and heads otherwise. Let us call this new theory v. According to v, ifs is
a particular observed sequence of i heads and j tails, then:

o= (3) (3

Note that one of these theories has a free parameter (the weighting
of the coin m), while the other has no parameters. Let us assume that,
a priori, both of these theories are equally likely, for instance:

1
P (u ) = P(V) = E
We can now attempt to work out which theory is more likely given the
data we have seen. We use Bayes’ theorem again, and write down:

_ P(sln)P(p) _ P(s|v)P(v)
= —P(s) P(vi|s) = —P(s)

The potentially confusing point here is that we have made a quick
change in our notation. The quantity we are now describing as P(s|u)
is the quantity that we wrote as just P(s) in (2.19) - since at that time we
were assuming that theory pm was true and we were just trying to deter-
mine m, whereas what we are now writing as P(s) is the prior probability
of s, not knowing whether p is true or not. With that gotten straight,
we can calculate the likelihood ratio between these two models. The P(s)
terms in the denominators cancel, and we can work out the rest using
equations (2.19),(2.20), and (2.21):

P(uls)

P(uls) _ P(s|p)P(p)
P(vi|s) P(s|v)P(v)
6(i+1)!(!'+1)!

(i+j+30

()@
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10 Results Reported 20 Results Reported

Heads Tails Likelihood ratio Heads Tails Likelihood ratio
0 10 4.03 x 10* 0 20 1.30 x 1010
| 9 2444.23 2 18 2.07 x 107
2 8 244.42 4 16 1.34 x 10°
3 7 36.21 6 14 2307.06
4 6 7.54 8 12 87.89
5 5 2.16 10 10 6.89
6 4 0.84 12 8 1.09
7 3 0.45 14 6 0.35
8 2 0.36 16 4 0.25
9 | 0.37 18 2 0.48
10 0 0.68 20 0 3.74

Table 2.1 Likelihood ratios between two theories. The left three columns are
for a sequence s of 10 pieces of data, and the right three columns for a sequence
of 20 pieces of data.

If this ratio is greater than 1, we should prefer u, and otherwise we should
prefer v (or commonly people take the log of this ratio and see if that
value is greater than or less than zero).

We can calculate this ratio for different combinations of heads and
tails. Table 2.1 shows likelihood values for sequences of 10 and 20 re-
sults. If there are few heads, then the likelihood ratio is greater than one,
and the possibly weighted coin theory wins, since it is never strongly in-
compatible with any data (because of its free parameter). On the other
hand, if the distribution is roughly what we’d expect according to the two
fair coins theory (a lot more heads than tails) then the likelihood ratio is
smaller than one, and the simpler two fair coins theory wins. As the
quantity of data available becomes greater, the ratio of heads needs to
be nearer % in order for the two fair coins model to win. If these are the
only two theories under consideration, and we choose the one that wins
in such a likelihood ratio, then we have made what is called the Bayes
optimal decision.
¥ If there are more theories, we can compare them all and decide on the
most likely one in the same general manner. An example of this and
more general discussion of Bayesian decision theory can be found in our
discussion of word sense disambiguation in section 7.2.1.
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21.11 Exercises

(2.23)

(2.24)

(2.25)

Exercise 2.1 [*]

This exercise indicates the kind of facility with set theory needed for this book,
and summarizes a few useful results in probability theory. Use set theory and
the axioms defining a probability function to show that:

a.P(AuB)=P(A) + P(B) -P(AnB) [the addition rule]
b. P(0) = 0

c. P(A) = 1 -P(A)

dAcsB= P(A) < P(B)

e. P(B-A) = P(B) —-P(An B)

Exercise 2.2 [*]

Assume the following sample space:
Q = {is-noun, has-plural-s, is-adjective, is-verb]
and the function f:2%— [0, 1] with the following values:

X f(x)
{ is-noun } 0.45
{ has-plural-s } 0.2
{ is-adjective }  0.25
{ is-verb } 0.3

Can f be extended to all of 22 such that it is a well-formed probability distribu-
tion? If not, how would you model these data probabilistically?

Exercise 2.3 [*]

Compute the probability of the event ‘A period occurs after a three-letter word
and this period indicates an abbreviation (not an end-of-sentence marker),” as-
suming the following probabilities.

P(is-abbreviation] three-letter-word) = 0.8
P(three-letter-word) = 0.0003

Exercise 2.4 [*]
Are X and Y as defined in the following table independently distributed?
X 0 0 | |

Y 0 1 0 |
p(X=x,Y=y) 032 0.08 048 0.12
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Exercise 2.5 [*]

In example 5, we worked out the expectation of the sum of two dice in terms
of the expectation of rolling one die. Show that one gets the same result if one
calculates the expectation for two dice directly.

Exercise 2.6 [* ]

Consider the set of grades you have received for courses taken in the last two
years. Convert them to an appropriate numerical scale. What is the appropriate
distribution for modeling them?

Exercise 2.7 [**]

Find a linguistic phenomenon that the binomial distribution is a good model for.
What is your best estimate for the parameter p?

Exercise 2.8 [**]

For i =8 and j = 2, confirm that the maximum of equation (2.15) is at 0.8,
and that the maximum of equation (2.17) is 0.75. Suppose our prior belief had
instead been captured by the equation:

P(um) = 30m?(1—m)?

What then would the war probability be after seeing a particular sequence of 8
heads and 2 tails? (Assume the theory u,, and a prior belief that the coin is fair.)

Essential Information Theory

The field of information theory was developed in the 1940s by Claude
Shannon, with the initial exposition reported in (Shannon 1948). Shannon
was interested in the problem of maximizing the amount of information
that you can transmit over an imperfect communication channel such as
a noisy phone line (though actually many of his concerns stemmed from
codebreaking in World War II). For any source of ‘information’ and any
‘communication channel,” Shannon wanted to be able to determine theo-
retical maxima for (i) data compression - which turns out to be given by
the Entropy H (or more fundamentally, by the Kolmogorov complexity K),
and (ii) the transmission rate - which is given by the Channel Capac-
ity C. Until Shannon, people had assumed that necessarily, if you send
your message at a higher speed, then more errors must occur during the
transmission. But Shannon showed that providing that you transmit the
information in your message at a slower rate than the Channel Capacity,
then you can make the probability of errors in the transmission of your
message as small as you would like.
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Entropy

Let p(x) be the probability mass function of a random variable X, over a
discrete set of symbols (or alphabet) X:

px) = P(X=%x), x€X

For example, if we toss two coins and count the number of heads, we
have a random variable: p(0)=1/4,p(1)=1/2, p(2) = 1/4.

The entropy (or self-information) is the average uncertainty of a single
random variable:

Entropy H(p) = H(X) = - > p(x)log, p(x)

XeX
Entropy measures the amount of information in a random variable. It is
normally measured in bits (hence the log to the base 2), but using any
other base yields only a linear scaling of results. For the rest of this
book, an unadorned log should be read as log to the base 2. Also, for this
definition to make sense, we define 0 log 0 = 0.

Example 7:  Suppose you are reporting the result of rolling an 8-sided
die. Then the entropy is:
8

8
, 1 .
H(X) = -2 p(i) logp(i) = —Zglog% = -log —flg = log8 = 3 bits
i-1

i=1
This result is what we would expect. Entropy, the amoun