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So all my best is dressing all words new,
Spending again what is already spent.

Shakespeare (Sonnet LXXVI)

All that is straight tells lies, the dwarf murmurred
scornfully. All truths are bent, and time itself is
a circle.

Nietzsche (Zarathustra (II1,2))



Preface

Table of contents

1. Introduction

1.1
1.2
1.3
1.4
1.5
1.6

Cybernetics, control, systems

Relative information

Complexity, organization, entropy without probability
Information and fractals

How we shall proceed

How to read the book

2.  Summary of Information Theory

2.1
2.2
2.3

2.4
2.5
2.6
2.7
2.8

Introduction

Hartley entropy

Shannon entropy

2.3.1  Approach via axiomatic derivation
2.3.2  Approach via the law of large numbers
2.3.3  Conditional entropy

Renyi entropy and structural entropy
Informational divergence

Mutual information

Information and continuous probabilities
Total entropy of discrete random variables
2.8.1 Total Shannon entropy

2.8.2 Total Renyi entropy

xvii

~N O L AW = =

10
10
11
12
12
15
16
18
19
19
21



2.9

2.10

2.11

CONTENTS

The maximum entropy principle

2.9.1 Statement of the principle

2.9.2  On the validity of the maximum entropy principle
Relative information

2.10.1 Natural language and communication

2.10.2 Subjectivity

2.10.3 Equations of the model

2.10.4 On the validity of the model

Concluding remarks

Path Entropies of Non Random Functions

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8

3.9

3.10

Introduction

Path entropies of non-random functions. An outline

Shannon path entropy of continuous functions

Renyi path entropy of continuous functions

Structural path entropy of continuous functions

On the practical meaning of these entropies

Path entropy and encoding problem

On the relations between these entropies

3.8.1 Shannon path entropy and Renyi path entropy

3.8.2 Some properties of structural path entropies of non-
random functions

3.8.3  Entropies of non-random functions and entropies of non-
random variables

Informational divergence between non-random functions

3.9.1 Cross-entropic variance of probability densities

3.9.2  Relation between Kullback cross-entropy and entropy of
non-random functions

3.9.3  Structural cross-entropy of probability densities

Path entropies of non-random multivariate functions

3.10.1 Bi-variate functions f(x,y)

3.10.2 Applications to other generalizations

Path entropies of non-random piecewise continuous functions

3.11.1 Stairwise functions

22
22
22
24
24
24
25
26
27

29
29
29
31
35
36
39
41
42
42

44

45
46
46

48
49
51
51
53
53
53



3.12

3.13

CONTENTS

3.11.2  Piecewise continuous functions

Path entropies of functions defined in the complex plane
3.12.1 Analytic functions

3.12.2 Real-valued functions defined in the complex plane

Concluding remarks

Path Entropies of Random Functions and of Non-Random

Distributed Functions

4.1

4.2

4.3

4.4
4.5
4.6
4.7

Path entropies of random functions

4.1.1  Observation modes of family of functions

4.1.2  Shannon path entropies of random functions

4.1.3  Renyi path entropies of random functions

4.1.4  Structural path entropies of random functions
Applications to stochastic processes

4.2.1 Random path entropies of stochastic processes

4.2.2  Average path entropy of order k

Path entropies of functions indexed by a distributed parameter
4.3.1  Shannon entropy of distributed functions

4.3.2  Renyi path entropy of distributed functions

4.3.3  Structural path entropy of distributed functions

4.3.4  Relations between the path entropies of distributed functions
Path entropies of distributed functions via parallel observation
Path entropies of piecewise continuous distributed functions
Cross-entropic variance of distributed functions

Concluding remarks

Quantum Entropies of Non-Probabilistic Square Matrices

5.1
5.2

5.3

Introduction

Background on quantum mechanical entropy

5.2.1 Basic principles of quantum mechanics

5.2.2  Matrix representation of operators

5.2.3  Density matrix

A maximum entropy approach to entropy of random variables

5.3.1 Preliminary remarks

55
57
57
57
58

60
60
60
61
62
65
67
67
68
69
69
72
76
77
78
79
80
82

83
83
84
84
85
85
87
87



5.4

5.5
5.6

5.7

5.8

5.9

5.10

5.11

5.12

5.13
5.14

CONTENTS

5.3.2 A new set of axioms for entropy of random variables
5.3.3  Shannon entropy via maximum entropy

Quantum entropies of non-probabilistic square matrices

5.4.1 Von Neumann quantum entropy of square matrices
5.4.2 Renyi quantum entropy of square matrices

5.4.3  Structural quantum entropy of square matrices

5.4.4  Application to matrix functions

Some properties of quantum entropies of square matrices
Quantum entropy and complexity

5.6.1  On the practical meaning of quantum entropy

5.6.2  On the definition of complexity

5.6.3  Some illustrative examples

Quantum entropies of distributed matrices

5.7.1  Von Neumann quantum entropy of distributed matrices
5.7.2  Renyi quantum entropy of distributed matrices

5.7.3  Structural quantum entropy of distributed matrices
5.7.4  On the meaning of these entropies

Entropy of random functions via maximum entropy principle
5.8.1  General Approach

5.8.2  Illustrative examples

External quantum entropies of distributed matrices

On the relation between cross-entropy and mutual information
5.10.1 On the definition of cross-entropy

5.10.2 Further comments on the extension via matrix functions
5.10.3 Cross-entropy and mutual information

Quantum divergence of non-probabilistic matrices

5.11.1 Quantum divergence of density matrices

5.11.2  Quantum cross-entropic variance of density matrices

5.11.3 Quantum cross-entropic variance of non-probabilistic matrices

Singular quantum entropies of square matrices

5.12.1 Singular values and singular values decomposition of matrices

5.12.2 Singular quantum entropies of non-probabilistic matrices
Quantum entropies of non-probabilistic operators

Concluding remarks

87

89

90

90

93

94

94

96

99

99
102
102
104
104
106
108
108
109
109
110
113
115
115
118
119
120
120
121
122
123
123
124
125
127



CONTENTS

Complex-Valued Fractional Brownian Motion of Order n. Part I

6.1

6.2

6.3
6.4

6.5

6.6
6.7

6.8

6.9

6.10

Introduction

6.1.1 Purpose of the present chapter

6.1.2  Presentation of the intuitive ideas

Review of some stochastic processes of fractional order

6.2.1 Modelling via derivatives of fractional order

6.2.2 Modelling via mixing independent processes with short-range
dependence

6.2.3  Modelling via Mittag-Leffler function

Complex-valued Gaussian white noise of even order

Brownian motion of even order via rotating Gaussian white noises

6.4.1 Main definitions

6.4.2  Some properties of f(t,2k)

6.4.3  Fokker-Planck equation of f(t,2k)

Brownian motion of odd order and rotating semi-Gaussian white noise

6.5.1 On the modelling of Brownian motion of order two

6.5.2 Complex-valued Brownian motion of order n

Random walk with radial steps in the complex plane

Brownian motion of order n via random walk in the complex plane

6.7.1  Derivation of the model

6.7.2  Relation with the approach via rotating Gaussian white noise

Fractional Brownian motion with complex variance

6.8.1  Derivation of the model

6.8.2 A simplified random walk

Determination of the probability density of b(dt,n)

6.9.1 Generalized semi-Gaussian density of order n

6.9.2  General expression of the probability density of b(dt,n)

6.9.3 C-(fBm)p and semi-Gaussian density of order n

On the fractal nature of the heat equation of order n

6.10.1 Preliminary background

6.10.2 Analysis of a special case

6.10.3 Application to the heat equation

Concluding remarks

129
129
129
130
131
131

132
133
135
136
136
137
138
140
140
140
141
143
143
144
145
145
146
147
147
148
149
151
151
151
153
154



CONTENTS

Complex-Valued Fractional Brownian Motion of Order n. Part II

7.1
7.2

7.3
7.4

7.5

7.6
7.7
7.8

7.9

7.10
7.11
7.12

Introduction

Stability in law of complex-valued Brownian motion of order n
7.2.1  Preliminary background

7.2.2  Application to C-Brownian motion of order n
Central limit theorems of order n

Itd's stochastic integral of order n

7.4.1 Main definitions

7.4.2  Main results

Stochastic differential equations of order n

7.5.1  Definition of the model

7.5.2  On the meaning of the stochastic differential equation
It6's lemma of order n

Basic lemma of Itd's stochastic: calculus of order n
Generalized Fokker-Planck equation

7.8.1  Probability density and complex variable

7.8.2  Fokker-Planck equation of order n

7.8.3  Dynamical equations of the state moments
Relation with Kramers-Moyal expansion

7.9.1 Background on Kramers-Moyal expansion

7.9.2  Relation with complex Brownian motion of order n
Feynman-Kac formula

Dynkin’s formula

Concluding remarks

Information Thermodynamics and Complex-Valued Fractional

Brownian motion of Order n

8.1
8.2

8.3

Introduction

Informational entropy of open systems

8.2.1 Internal and external thermodynamic entropy
8.2.2  Open systems, order, disorder, organization
Maximum entropy principle and self-organization

8.3.1  Self-organization and constraints

156
156
158
158
159
160
164
164
165
168
168
169
170
172
173
173
173
175
175
175
177
177
179
180

182
182
183
183
184
186
186



8.4

8.5

8.6

8.7

8.8

CONTENTS

8.3.2  Application to a modelling of self-organization

Analysis of a system comprising two components

Maximum path entropy principle and Fokker-Planck equation

8.5.1  Background on some results

8.5.2  Maximum path entropy principle

8.5.3  Application to the Fokker-Planck equation

8.5.4  Determination of the Lagrange multipliers
Maximum entropy and complex-valued Brownian motion

8.6.1  Statement of the problem

8.6.2  Alternative to the formulation of the maxent principle

On the practical meaning of the model

8.7.1  Modelling of collisions between n particles
8.7.2  Observation with measurement noises
Heisenberg's principle and quantization principle
8.8.1  Review of the basic assumptions

8.8.2  Relation with Heisenberg's uncertainty principle

Fractals, Path Entropy, and Fractional Fokker-Planck Equation

9.1

9.2
9.3
9.4

9.5
9.6
9.7

Introduction. Preliminary background

9.1.1 Topological entropy of dynamical systems
9.1.2  Kolmogorov entropy

9.1.3 Hausdorff dimension

9.1.4 Liapunov exponent

9.1.5 Monkey model of image entropy

Path entropy and Hausdorff dimension

Path entropy and Liapunov exponent

Path entropy of random functions and fractals

9.4.1  Application to Brownian motion

9.4.2  Application to real-valued fractional Brownian motion

Path entropy of time functions in the complex plane
Path entropy of complex-valued stochastic processes
Path entropy of fractional stochastic processes

9.7.1  Path entropy of fractional Brownian motion

9.7.2  Path entropy of fractional stochastic dynamics

186
187
188
188
190
191
192
196
196
197
199
199
200
201
201
202

205
205
205
206
207
208
208
210
211
215
215
216
217
218
220
220
220



10.

9.8
9.9

9.10

9.11

CONTENTS

Hausdorff dimension and path entropy of fractional white noise
Fractional Fokker-Planck equation and difference of fractional order
9.9.1 Fractional derivatives and fractional differences

9.9.2  Fokker-Planck equation of fractional order

222
223
223
224

On a relation between Fokker-Planck equation of fractional order and heat

equation of order 2n

A new approach to fractional Fokker-Planck equation

Outline of Applications

10.1

10.2

10.3
10.4
10.5

10.6

10.7
10.8

10.9

10.10

Background on stochastic stability

10.1.1 Stochastic Liapunov function

10.1.2 Liapunov stability via Chebychev's inequality
10.1.3 Practical implementation

Stability of fractional stochastic dynamics

10.2.1 Introductory remarks and comments

10.2.2  Stochastic stability via moments equations
Fractional time series in the complex plane

Auto-covariance and complex fractional time series
Stationarity of order n of complex-valued fractional time series
10.5.1 Autocorrelation of order n

10.5.2 More about complex-valued correlation (or order 2)

Autocovariance of order n of linear fractional time series
10.6.1 Autocovariance of order n of (FMA),

10.6.2 Autocovariance of order n of (FAR),

10.6.3 Autocovariance of order n of (FARMA),,

On the invertibility of complex-valued fractional time series

Complex white noise in image processing

10.8.1 Fractals in dynamic vision

10.8.2  Further remarks and comments on the dignificance of the
model

Brightness dynamics and fractional white noise

10.9.1 Definition of the problem

16.9.2 Mean value of the observed brightness function

Solution of the master equation

226
228

230
230
230
231
232
234
234
236
238
239
240
240
241

243
243

243
245
246
247
247

248
250
250
251
252



10.11

10.12

Index

10.13

10.14

CONTENTS

10.10.1 Preliminary background

10.10.2 Simulation technique for the master equation
Master equation of fractional order

10.11.1 Preliminary remarks

10.11.2 How to guess master equation of fractional order?
Stochastic optimal control of order n

10.12.1 Statement of the problem

10.12.2 Stochastic principle of optimality of order n
10.12.3 Application to linear systems with quadratic cost
10.12.4 A variational approach via moment equations
On the presence of fractals in natural sciences

10.13.1 Fractals in physics

10.13.2 Fractals in human systems

Information and fractals dynamics

252
253
254
254
256
257
257
258
259
260
261
261
262
264

267



Preface

Every thought is a throw of dice.
Stéphane Mallarmé

This book is the last one of a trilogy which reports a part of our research work
over nearly thirty years (we discard our non-conventional results in automatic control
theory and applications on the one hand, and fuzzy sets on the other), and its main key
words are Information Theory, Entropy, Maximum Entropy Principle, Linguistics,
Thermodynamics, Quantum Mechanics, Fractals, Fractional Brownian Motion,
Stochastic Differential Equations of Order n, Stochastic Optimal Control, Computer
Vision. Our obsession has been always the same: Shannon's information theory should
play a basic role in the foundations of sciences, but subject to the condition that it be
suitably generalized to allow us to deal with problems which are not necessarily related to
communication engineering. With this objective in mind, two questions are of utmost

importance:
(i) How can we introduce meaning or significance of information in Shannon's

information theory?

(i1) How can we define and/or measure the amount of information involved in a
form or a pattern without using a probabilistic scheme?

It is obligatory to find suitable answers to these problems if we want to apply
Shannon's theory to science with some chance of success. For instance, its use in biology
has been very disappointing, for the very reason that the meaning of information is there
of basic importance, and is not involved in this approach.

Starting from concerns which originated from systems engineering, our first
book Subjectivity, Information, Systems. Introduction to a Theory of Relavistic
Cybernetics (Gordon and Breach, 1986) laid the foundations of a cybernetic theory
which involves explicitly the point of view of the observer. A system S does not have an
absolute definition, and is defined only with respect to an observer R, say (S/R).

But this monograph was only a general model of system structures (something
like the theory of categories in mathematics), and we had to construct a quantitative

framework to obtain more insight in this relativistic feature of systems. This has been
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done in our second monograph Relative Information. Theories and Applications (Springer
Verlag, 1990) in which, by using considerations related to the linguistics of natural
languages, for the first time in the literature, we stated a principle of informational
invariance or of invariance of information, which provided a model of entropy involving
explicitly both syntax and semantics.

The present book displays the results which we obtained in trying to define
information without probability, and which,incidentally, led us to quantum mechanics and
fractals. Indeed, starting from Shannon's theory we defined the entropy of non random
functions and the quantum entropy of non-probabilistic matrices, and then we came
across some connections between these models and fractals. Surprisingly, as in a
photography laboratory, the finishing revealed the hidden presence of the maximum
entropy principle in each film. The relation between the entropy of non-random functions
and fractals drew our attention to the modelling of fractional Brownian motion, and by
using the complex roots of the unity, we found a new model of complex-valued fractional
Brownian motion of order n defined by using a random walk in the complex plane. The
point of importance is that one of the assumptions at the basis of this approach is quite
similar to Heisenberg's principle in quantum mechanics, with prospects that the reader
can guess.

This books arrives at two main conclusions..

The first is that the so called maximum entropy principle can be used as a unified
approach to so many questions, such as the definition of the Shannon entropy of random
variables, the definition of the entropy of non-random functions, the definition of the
quantum entropy of non-probabilistic matrices, the determination of the solution of the
Fokker Planck Kolmogorov equation, the definition of complex-valued fractional
Brownian motion of order n, therefore some prospects in the thermodynamics of systems
involving fractals.

The second conclusion is that the presence of fractals in science should be much
more important than suspected at first glance, and so from the simplicity and
universality of the standard conditions (quantization in magnitude and quantization in
angle) which are required for their generation. Fractals have been identified in an
incredible number of areas (the French Breton coast, mountains, Brownian motion, lung
structure, the lunar geography, the solar spectrum, the brain, the entire vascular system,
hadrons, asteroids, Navier Stokes equations, the stock exchange, ...) and our claim is
that we should expect to find them elsewhere repeatedly. In addition, fractal dimension is
directly related to the entropy of non-random functions, therefore a new framework for

the thermodynamics of fractal structures.



PREFACE XIX

The prequisites which iare necessary for reading and understanding this book is
very elementary. The main definitions of information theory, a basic course in stochastic
processes, the basics of square matrices and differential equations. Basically its
mathematical framework is what is usually scornfully referred to as engineering
mathematics, having in mind that we shall have time later to put all the material in the
context of abstract mathematical spaces (i.e. Hilbert space, the Radon integral, filters,
Wiener measure, Borel measure, cylindrical measure in infinite dimensional spaces, the
probabilistic triple (£2,1,0), martingales, and the like). Here, we want to attract as large a
readearship as possible, and thus the mathematical framework is summarized as far as
possible.

The main contributions of the book are (i) a theory of information of non-random
functions and its applications to random functions, which provides a new concept of the
random path entropy of stochastic processes; (ii) a theory of quantum information for
non-probabilistic square matrices; and (iii) a theory of complex-valued fractional
Brownian motion defined via the limit of a random walk in the complex plane. With many
applications such as, for instance, computer vision, fractals in human systems,
thermodynamics of order n, Fokker-Planck equation of fractional order, stochastic
optimal control of order n.

This book has been written while the author, who is a French citizen from the
West Indies or Caribbean Islands (Guadeloupe) has been teaching in a Canadian
university. All help and support came from outside Canada (mainly the USA, France,
Germany, England and UNESCO). This book was typed on a friendly twelve year old
Macintosh IIsi computer given by a friend instead of throwing it out in his garbage.

Iam very pleased to express my gratitude to Kluwer and to Professor Van der

Merwe for their welcome cooperation.

Montréal, September 1999 Guy Jumarie



Chapter 1

Introduction

Systems are not in Nature, but in Man’s mind
Claude Bernard

1.1. Cybernetics, control, systems

Strictly speaking, "cybernetics" deals with the art of managing (or of
governing), you manage something, say a "system", and very earlier the researches in
cybernetics have been splitted into two parts: namely automatic control theory and
applications on the one hand, and systems science on the other hand. But whilst the
purpose of automatic control is well defined and its results were quite convincing, we
cannot say that it is the same for systems science. As a matter of fact, to the best of our
understanding, the content of this research area has never been exactly defined, or at least,
there is no common agreement about what it should be. In such a manner that, very
earlier, this term turned to be somethink like a bag where one could put anything such as
fuzzy sets, information, artificial intelligence, computer science, graph theory, control,
problems of organization and structure, and the like.

At the beginning, the purpose of "systems science" was quite well defined. One
had to develop a general theory of structures, in order to unite it with a suitable theory of
control later. But by this way, the various theories so constructed were too general, too
formal to be of some use in practical real problems. Most papers on this topics were
verbose papers only.

In a first approach, loosely speaking, a system is a given subset of a given
physical universe. In a second approach, see for instance Ackoff et al [1.1], a system can
be thought of as a set of interrelated elements of a given universe, each of which being
related directly or indirectly to every other element, and furthermore with no subset (or
part) being unrelated to any other subset. Strictly speaking, one would like to build up a
unified theory which would encompass such various components as biological systems,
urban systems, societal systems, economical systems, engineering systems, and so on.
But in order to achieve this goal, we have firstly to identify the common features of these
different systems (if there is any), to be able to construct the theory in terms of the
corresponding variables.

G. Jumarie, Maximum Entropy, Information Without Probability and Complex Fractals
© Springer Science+Business Media Dordrecht 2000



2 CHAPTER 1

Very earlier I have been led to assume that this Ariane's thread would be
information, and I suggested the following axioms.
(A1) A system S alone is meaningless, and it makes sense only with respect to

its environment S with which it exchanges information.
(A2) A system (s E) is defined only with respect to a given observer R, say

(S/R) and (S/R).
(A3) A system is characterized by the amounts of uncertainty H, (S / R) and

H, (S / R) that the observer R has about its internal structure and the internal structure of
its environment, respectively. And the knowledge of R about (s ,E) will evolve in such a

manner that the following equation holds,

H}(S/R)-y*H}(SIR) = constant, (1.1)

where yis a positive constant which depends upon the measurement units.

Cave canem. The assumtion (A3) has not been chosen for convenience only, by
merely using an obvious analogy, but rather it has been suggested by a careful analysis of
real systems. Firstly, simple remarks of a physical nature show that, for most real

systems, one has the inequality
H.(S/R) 2 y H/(S/R). (1.2)

Furthermore, our uncertainty H;(S/R)+7yH((S/R) about the system increases
when our information H;(S/R)-yH (S/R) about this same system decreases, therefore

the modelling

(H.(S/R)+y Hy(S/R)(H,(S/R)~yHy(S/R)) = constant. (1.3)

Of course, we could, for instance, select the model

HX(S/R)+y*H}(S/R) = constant, (1.4)

but this equation corresponds to unlearning systems whilst the preceding one (1.1)

describes learning systems. For further details see [1.4].
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1.2. Relative information

It was evident that Shannon information theory could not be successfully used in
the analysis of general systems for the very reason that it does not account for the
meaning, the significance, of information.

Basically, Shannon's theory deals with encoding. We have at hand two
alphabets A = {a/ and B = {B} of which the generic letters are respectively denoted by &
and f3, with the additional condition IAl > Bl (clearly A contains more letters than B); and
we want to use the letters of B to encode those of A. As an illustrative example, the
classical problem is to encode the latin alphabet (a,b,c,..) with the computer alphabet
which contains only the symbols "1" and "0". Shannon's theory analyzes some properties
of this problem, and mainly provides the exact value of the minimum number of letters of
B which are necessary for encoding each letter of A.

Obviously the exchange of information between a system and its environment
can be thought of as an encoding process, but in the general case a system does not read
symbols only as an automaton, but rather refers to linguistic information, that is to say,
information involving both syntax and semantics. A system can use a given amount of
information when and only when this information has some meaning in it. In other
words, a source of information is available, and the system can use it or not, depending
upon the relative significance of this information.

To some extent, the meaning of information is already taken into account by the
probability function involved in the theory, but this is only partly true. Indeed, consider
the following sentence: "The long strive of the workers undermined the economy of the
country". In terms of probability distribution of the letters, this sentence is quite likely,
but from a practical standpoint it is confusing and meaningless. Nevertheless, a reporter
who is (already) acquainted with the general topic of the message will correct it by himself
(to read "the long strike of the workers..."), whilst another reader will not be able to
recover the initial message as it was issued. This prior knowledge (or lack of knowledge)
results in some subjectivity in the observer, and an information theory for general systems
should take account of this feature in order to deal with subjective information.

Starting from remarks suggested by the linguistics of natural languages, we have
been led to describe a language which conveys a message by means of a syntactic space
and a semantic space, and the coupling effects between these two spaces has resulted in a
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modelling of subjective entropy which, incidentally, is expressed by equations of the
special relativity. For further details see Chapter 2.

1.3. Complexity, organization, entropy without probability

Another problem which drew the attention of researchers is the analysis of the
various relations which might exist between complexity, organization, and self-
organization of systems, all being terms, which, once again, are not yet clearly defined.
Systems composed of many subsystems can produce macroscopic spatial, temporal or
functional structures with increasing structure complexities, that is to say, with structures
which require an increasing number of parameters in order to be fully described. This can
be found in fields as different as cosmology, linguistics, communication networks,
sociology, fluid mechanics, paleontology, atmospheric science, and so on.

Problems of complexity and of self-organization have usually been addressed by
using the concept of informational entropy. Entropy is introduced as a statistical concept
applicable to an ensemble, but not to the individual members or events comprising them.
This attraction of the entropic approach came from the evident analogy with
thermodynamics, but using entropy exhibits some flaws.

(i) It is not possible to obain measure of macroscopic entropy by taking the
ensemble average of some microscopic variables (exactly the opposite of what happens
with temperature);

(ii) entropy is related to probability together with uncertainty, and consequently
requires the randomization of the problem under consideration.

Strictly speaking, the first remark above is not wrong, but nevertheless it is
possible to derive at least approximate composition laws for entropy in order to partially
circumvent this drawback [1.5]. As a matter of fact, a system can be characterized either at
the microscopic, mesoscopic, or macroscopic level, and one of the problems of systems
theory is to determine how the microscopic model can provide data on the mesoscopic
one, and in the same way, to determine the kind of relations which might exist between
the mesoscopic model, and, the macroscopic approach. Nevertheless, when one observes
a system from outside, such as a black box, mainly (or perhaps only) the macroscopic
approach is meaningful, in such a manner that entropy is quite relevant.

Entropy is used in organization and self-organization problems mainly via Jaynes
maximum entropy principle [1.2][1.3]. If we want to extend this approach we necessarily
need a generalized model of entropy defined without probability. For instance, a problem
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of interest is the following one: How can we measure the amount of information involved
in a non-random mapping, or a pattern, or a form?

With such a generalization we shall have at hand entropy of random data on the
one hand and entropy of non-random data on the other hand, and one can expect to tackle
self-organization problems with more efficient tools.

By using the maximum conditional entropy principle we obtained a model for
this entropy of non-random functions, and we shall display it in the following. Loosely
speaking, the main feature of the model can be summarized as follows: the density of the
amount of uncertainty involved in a one-dimensional time function x(z) is In|dx(t)/dt|. Or

again, the dynamical equation of information associated with the dynamics

Ax(t) = f(x)At (1.5)
is

U(Ax) = In|f(x)|+U(Ar) (1.6)
where U(Ax) := In|Ax| is the amount of uncertainty involved in Ax.

1.4. Information and fractals

Our definition of the entropy of non-random functions applies to continuously
differentiable functions only, and we have extended it easily to functions which are
differentiable almost anywhere. In quite a natural way we have been led to ask what
happens for functions which are continous everywhere, but are nowhere differentiable,
that is to say, for fractal functions.

A one-dimensional function of time x(¢) is referred to as a fractional (or fractal)

function if it satisfies the condition

[Ax| < (A" , o e(0,1), (1.7)

and, acccording to Mandelbrot [1.6], a fractional stochastic process x(z) is characterized

by the property

Var{Ax} = (A" , ae(0,)) (1.8)

Mandelbrot considered fractional Brownian motion in the form of integral of

Gaussian white noises related to the theory of fractional derivatives; but this model defines
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long range dependence processes. And thus it describes a process which is fundamentally
different from classical Brownian motion.

Thus, one may ask whether one could not derive another model which would
have independent increments. This would allow us to expand a theory parallel to that of
classical Brownian motion by using Levy's ideas, and mainly to develop a new theory of
stochastic differential order of order n, which would be the direct generalization of the
theory of Ito's stochastic differential equations.

In order to achieve this objective, we need a stochastic process which satisfies

the conditions

E{(Axy} = 0, j=12,.n-1, (1.9)
E{|Ax|"} o At (1.10)

and, fortunately, it is provided by the complex roots of unity.
1.5. How we shall proceed?

In the following we shall display the results which we obtained in the
investigation of all these problems.

For the sake of completeness and also for the convenience of the reader, in the
second chapter we shall bear in mind the essentials of information theory. In the third
chapter, we shall see how, by using the maximum conditional entropy principle, one can
meaningfully define the informational entropy of a non-random function. This entropy
will be defined for non-random functions and for non-random distributed functions. In
the fourth chapter, we shall use this concept to derive a new concept of path entropy for
stochastic processes and distributed stochastic processes. We shall refer to the entropy of
a trajectory sample of the process, which is then a random entropy, in such a manner that
the stochastic process will be characterized by a family of random entropies.

In Chapter 5, by using the rationale of Chapter 3, we shall obtain a model for the
entropy of non-probabilistics square matrices, that is to say matrices which do not
necessarily have a meaning in terms of density matrices, as in quantum mechanics. And in
order to emphasize the unified approach so provided by the maximum entropy principle,
we show that, to some extent, the definition of Shannon entropy itself can be obtained as
a consequence of this principle.

The Chapters 6 and 7 deal with complex-valued Brownian motion of fractional
order. We firstly construct this process by means of a Gaussian white noise rotating on
the finite grid defined by the complex roots of unity, and th~» v show how it can be
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obtained as the limit of a random walk in the complex plane, a random walk which is also
defined by the complex roots of unity. And then we examine some of the consequences
of this new model: 1td's stochastic differential equation of order , It6's lemma of order n,
the Kramer Moyal expansion, the Feynman Kac formula, the relation with Heisenberg’s
principle in quantum mechanics. The point of importance is that the assumptions which
are made to construct this complex-valued fractional Brownian motion are very close to
Heisenberg’s principle.

Chapter 8 examines how one can use these results to construct a thermodynamics
in the complex plane. We put in evidence a relation between the maximum entropy
principle and the complex-valued Brownian motion of order n, and one exhibits the
meaning of the latter in terms of collisions of more than two particles.

In the Chapter 9, we shall apply path entropy to (deterministic and stochastic)
dynamical systems. We shall put in evidence an equivalence between the heat equation of
order n and the fractional Fokker Planck equation of order //n, and we shall so arrive in
quite a natural way at a model of the fractional Fokker Planck equation.

Chapter 10, which can be thought of as a conclusion, outlines some prospects of
applications of these theories: the stability of stochastic systems subject to white noises of
order n, fractional time series in the complex plane, computer vision, the solution of the
master equation, optimal control of systems subject to complex-valued fractional white
noises. And lastly we show that, to some extent, the presence of fractional models in
dynamical systems is not too surprising, since they define systems which evolve with loss

of information.
1.6. How to read the book

The book can be considered to comprising two parts which are respectively
Entropy of Non-Random Data (Part I, Chapters 2,3,4) and Complex-Valued Fractional
Brownian Motion (Part II, Chapters 5-10). There is some interference between them, but
they can be considered separately and independently from each other. So various reading
schemes are possible, depending upon the interests of the reader.

(1) scheme (1,2,3,4,5,6,7,8,9,10): the ideal scheme to follows the author ideas.

(ii) scheme (1,2,3) for the reader who is interested in information of non-random
functions only.

(iii) scheme (1,2,4): the reader who is interested in the quantum entropy of non-

probabilistic square matrices.
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(iv) scheme (1,5,6,7,8,9,10): the reader who is interested in complex-valued
fractional Brownian motion only and has time to consider the applications.

(v) scheme (1,5,6,7,8,9): the reader who is interested in complex-valued
fractional Brownian motion only and has no time to consider the applications.

(vi) scheme (1,5): the reader in haste who is interested in the definitions and the
properties of complex-valued fractional Bronian motion, only.

(vii) scheme (1,5,6): complex-valued fractional Brownian motion and
applications to stochastic calculus of order n.

(viii) scheme (1,5,7): the reader who is interested in informational
thennodynamics in the complex plane.

(ix) scheme (1,2,5,8): reader who is interested on the relations between entropy
of non-random functions and complex fractals.

Warning to the reader. As in computer programming, in all the book the
variables are locally defined only, and their meaning may change from one chapter to

another.

References

1. ACKOFF, R.L. and EMERY, F.E.; On Purposeful Systems, Tavistock, London, 1972
.2. JAYNES, E.T.; Information theory and statistical mechanics, Physical Review, Vol 106,
p 620-630, 1957
1.3. JAYNES, E.T.; Information theory and statistical mechanics, Physical Review, Vol 108,
pp171-190, 1957

1.4 JUMARIE, G.; Subjectivity, Information, Systems. Introduction to a Theory of Relativistic
Cybernetics, Gordon and Breach, London, New York, 1986

1.5. JUMARIE, G.; Composition laws for entropy and temperature in tree-like graphs, Math.
Comput. Modelling, Vol 18, No 5, pp 107-118, 1993

1.6. MANDELBROT B.B.; The Fractal Geometry of Nature, W.H. Freeman, New York, 1977,
reprint, Plenum Publishing, New York, 1992

1.7 WEINER, N.; Cybernetics, 2nd edition, John Wiley, New York, 1961



Chapter 2

Summary of Information Theory

As far as the laws of mathematics refer to reality they are
not certain, and as far as they are certain they donot refer
to reality.

Einstein

2.1. Introduction

In the present chapter, for the convenience of the reader, we shall briefly call to
mind the essentials of (Shannon) information theory. The three sections which follow deal
with Hartley entropy, Shannon entropy, Renyi entropy, and the so called structural
entropy of order s, for discrete probability distributions. One then defines informational
divergence (or relative entropy or cross-entropy), again in the special case of discrete
probabilities. All these concepts are formally extended to continuous probability densities.
There is a gap between the entropy of discrete probabilities and the entropy of continuous
probabilities, in the sense that the latter cannot be considered as the limiting value of the
former (when the discretising span tends to zero). One shows how the concept of total
entropy of discrete random variables, which we introduced recently, can circumvent this
difficulty and unify the two theories. Next, we comment on the maximum entropy
principle. And finally, for the sake of completeness, we outline the so called theory of

relative information which we proposed a few years ago.
2.2. Hartley entropy

Consider a random experiment « which provides the random issues Aj,
Ay,...,Ap with the respective probabilities p(A;) =:p;, p(Az) =: pa, ..., P(Am) =: Pm, D1
+py + ...+ py =1 (the symbol =: means that the right side is defined by the left side
whilst := means that the left side is defined by the right ). We shall shorten the notation to
the form « = (p;,py,...,pm). Assume that we are going to carry out this experiment c.
Can we guess in advance which outcome A; will be so obtained? In information theory
the expression entropy of & refers to the (or a) quantitative measure which characterises

the degree of difficulty of this prediction. In other words, it defines the amount of
uncertainty involved in .

G. Jumarie, Maximum Entropy, Information Withoutr Probability and Complex Fractals
© Springer Science+Business Media Dordrecht 2000
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DEFINITION 2.1 Following Hartley [2.2], the entropy Hy( o) of the random

experiment ¢ is defined by the expression
Hy(a) = Inm, 2.1

where the natural logarithm is chosen for convenience only, and is not compulsory at
all.m

This expression can be obtained as a result of the following properties which a
suitable measure of uncertainty should satisfy:

(A1) The entropy is a function f{m) of m only.

(A2) f{m) is an increasing function of m.

(A3) f{m) should satisfy the equation fim.n) = flm) + f(n).

2.3. Shannon entropy

2.3.1. Approach via axiomatic derivation
DEFINITION 2.2. Following Shannon [2.13],[2.14], the entropy H(¢) of the

random experiment ¢ is defined by the expression

Ho) = —ip,lnp, . 8 (2.2)

i=1

This expression can be obtained by using the following set of desiderata that a
measure of information should likely satisfy.

(B1) H(a) is a function U(p},py,...,pm) of the probability distribution.

(B2) When p; = ps =...= pp = I/m, U is an increasing function of m.

(B3) Assume that a given outcome can be considered as a sequence of the two
events A,,.; and A,,; then the complete uncertainty U should be the weighted combination
of the partial uncertainties involved in the distributions (p;,p2,....Pm-1+Pm) and (ppm-1/
(Pm-1+Pm) » Pm/(Pm-1+Pm)) respectively. For instance, in the case of three events, one

should have the equality

U(py.pyspy) = U(p.,pz+p3)+(pz+p3)U(—p—2—,LJ (2.3)
1250 2N 2l 2
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2.3.2. Approach via the law of large numbers

The expression of the Shannon entropy can be also obtained as the result of a
counting procedure combined with the law of large numbers. To this end, we shall
consider the following problem.

PROBLEM. Assume that ¢ is a generic symbol which randomly takes the
values A1,A,...,A,, with the respective probabilities p; py,...,p,,. We want to encode the
sequences Ol 0lp...ay of N such symbols, say, the N-length sequences, assuming that
they are mutually independent (from the stochastic standpoint); and to this end we need to
determine the number M of all possible sequences which are most likely to occur.

As an example, o can be a bit which takes on the values 0 and 1 with the
respective probabilities p; and p,, and we want to determine the number M of likely N-
length sequences.

Solution. (i) First of all, we shall assume that each one of these N-length
sequences occurs with the same probability //M.

(ii) According to the law of large numbers, for N large enough, the N-sequences

which will occur with maximum likelihood are those in which A; appears N; = p;N times

for every i, in such a manner that, as result, one can write the equality

1 ~ NN N
g =P PP (2.4)
= p . e, (2.5)

therefore we obtain the estimate

M =M™, (2.6)

which explicitly involves the entropy H(a).
It may be of interest to recall the following basic properties.
(i) The (Shannon) entropy satisfies the inequality

H(a)20, (2.7

and the equality holds when and only when the issue of & does not involve uncertainty,
what amounts to say that & is a non random event.

(ii) H( ) achieves its maximum value /nm when and only when p; = p; =...= p,,
= [/m.
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(iii) When orand f§ are two mutually independent random experiments, then the
amount of uncertainty H( o, f§) involved in the pair (¢, f) satisfies the equality

H(a,f) = H@)+H(Q) . (2.8)

2.3.3. Conditional entropy
When the experiments ¢ and B above are not mutually independent the equation

(2.8) may be re-written in terms of the conditional entropy. To this end, we proceed as

follows.
(1) Assume again that o yields the issues Aj, Aj,...,A,, with the probabilities

p(A,') = Di i= ],2,...,m.
(ii) Assume that for each A;, i = 1,2,...,m, B provides the results Bj;, j = 1,...,n
with the respective probabilities p(B;;) which define the entropies

HPA) = —ip(Bﬁ)lnp(Bﬁ), i=1,2,..,m - (2.9)
j=1

(iii) DEFINITION 2.3. Define the conditional entropy H(Blot)of P given o by

the expression
H(fla) = ip(A,.)H(ﬁ[A,) u (2.10)

(iv) Then the entropy H( o, 3) of the pair (o, ) satisfies the equality

H(e,f) = H(o)+H(pla)- (2.11)
2.4. Renyi entropy and structural entropy

Shannon entropy has been extended in an incredible number of so-called

generalized entropies, and we shall herein only mention the Renyi entropy and the

structural entropy which can be of valuable help in some applications.
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DEFINITION 2.4. The Renyi entropy of order s of the random experiment « is
defined by the expression [2.11],[2.12]

Hy (o) = lenZ,p;", §20, s#1 (2.12)
- i=1

with the convention
00 =1, seR.m (2.13)

Hp (o) achieves its maximum value In m when p| = p, =...=p,, = 1/m; and

moreover one has the following inequalities, i.e.

0 < Hy (@) < H@), s>l (2.14)
0 < H@) < Hp(x), 0<sdl, (2.15)

in such a manner that if we consider Shannon emtropy H() as being the absolute
(physical) amount of uncertainty involved in & then Hg (&) could be used as a measure
of uncertainty in the presence of subjectivity, that is to say with coupling effects between
symbols and meanings [2.8].

In addition, one has the following relations,

limH, (@) = H(@) as s—0, (2.16)

and
Hp (a,B) = Hy(@)+H, (p), (2.17)

provided that o and  are mutually independent.

DEFINITION 2.5. Following Havrda and Charvat [2,3] the structural entropy
of order s of the random experiment « is defined by the expresion

-1
HCV_\,(a) = ?I]_ﬁ—, s20, s#1.1 (218)
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The constant e is selected here mainly to be consistent with the natural logarithm
involved in Shannon entropy; but if instead, H(¢) is defined by a logarithm to the base q,

then we shall subsitute al-S for e1-S in equation (2.18).
Hc () is positive or zero, and satisfies the condition

lim H. () = H@) as s—1. (2.19)
But here, in contrast to the Shannon entropy and the Renyi entropy, one has

H. (a,p) # Hc (a)+H(B), (2.20)

even when o and f are mutually independent. More explicitly, the joint structural

entropy can be written in the form
HC..\‘(a’ﬁ) = HC,\(a)-'—zpl‘HC,\(ﬁlA:) ’ (221)
i=1

where H (B [A;) is the conditional structural entropy of B given A, i.e.

2 p(BjA)-1
Hc (BlA) = e, (2.22)
e -1
with p( B, 1A, ) denoting the conditional probability of the issue B;j of 8 given A;.

One can verify that

IN

He(B), s=1 (2.23)

zp:HC,x(ﬂlAi)
i=1

v

H.(B), s<1 . (2.24)

in such a manner that one has the inequalities

HC,.\'(a’B) < HC,.\'(a) + HC,.\'(ﬁ)’ s21 ’ (2.25)
He(a.f) 2 Hc()+H: (B), s<1 . (2.26)
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which qualify the structural entropy as a valuable candidate to deal with information in the

presence of subjectivity.
2.5. Informational divergence

DEFINITION 2.6. Kullback divergence. Let {p;} and {q;}, i = 1,2,....m
denote two complete probability distribution (i.e. X p; = X g; = I). Their cross-entropy or

relative entropy or divergence H(q,p) is defined by the expression (Kullback [2.16])
Higp) = Ygmhi. ® (227)
i=1 D

H(q,p) satisfies the condition H(g,p) 20, and the equality holds when and only
when p; = g; for all i.

On a practical (physical) standpoint H(q,p) measures the deviation between the
two probability distributions in the information-theoretic framework. Strictly speaking,
from a theoretical standpoint, one could select any distance to measure this deviation, for

instance

i

. 12
d(g,p) = [4(‘],‘“17,-)2} > (2.28)

but H(q,p) has meanings in terms of information that d(q,p) has not.
DEFINITION 2.7. Renyi divergence. The parallel of H(q,p) in terms of Renyi
entropy is defined by the expression [2.18]

s—1
Hy (q,p) = —]]—anq{i] u (2.29)

H(q,p) is consistent with Shannon entropy, Hg s(¢,p) is consistent with Renyi

entropy and in addition one has the limit

lim H, (¢g,p) = H(g,p) as s—>1 . (2.30)
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2.6. Mutual information

The problem of defining mutual information can be stated as follows. Consider
the two random experiments o and 3 of sub-section 2.2.3. The pair (o, ) yields the
outcome (A; B;) with the probability ry, i = 1,2,...,m, j=1,2,...,n. When o and 3 are
independent one has the equality r;; = p;gj. In contrast, when r;; # p;q; then « and 3 are
not mutually independent, and in terms of information we shall say that « (resp. )
involves information about f (resp. ¢f). How can we measure this amount of information?

DEFINITION 2.8. Shannon mutual information or transinformation. Following
Shannon, the amount of mutual information (e, 8) provided by o about f is defined by

the expression
Ia,) = H(B)-H(flo)- ™ 2.31)

As a result of the equalities

H(e,p) = H(a)+H(flox): (2.32)
= H(B)+H(c|B) - (2.33)

the amount of information provided by o about 3 is equal to the amount of information
involved in B about a, I(e,B) = I(B, o), therefore the expression of mutual information
which is used instead of information (alone).

Important remark . Many authors refer to H(3) as a measure of information, but
this is a bit confusing. Stricly speaking, by its definition, the entropy H(p) is firstly a
measure of uncertainty, but according to (2.31), it is also the maximum value of the
mutual information I( ¢, 3), therefore one is used to saying that H(f}) is the maximum
value of the amount of information involved in f.

DEFINITION 2.9. Renyi mutual information. A simple calculation allows us
to re-write I(§, o) in the form

IBa) = Y rin—L, (2.34)

which clearly is the Kullback divergence

I(B,0) = H(r,gp) . (2.35)
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This remark suggests using the Renyi divergence Hg ((r,gp) to define the Renyi

mutual information in the form
s=1
1 m,n ’;
L, (Bo) = —I——In > [—LJ ; (2.36)

which provides the equality
L (Bo) = Iy,(c. )M (2.37)

On the definition of structural mutual information. Havrda and Charvat did not
define the concept of mutual information associated with their structural entropy, and this
is probably because they had not the corresponding (structural) divergence. We herein
suggest two possible alternative which could be of some help in the applications.

(i) As a consequence of the equation (2.21) we generalize the (Shannon)
conditional entropy H( [3|a) in the form

> piH(plA)

He (Bla) = H—r (2.38)
p
i=1
therefore the first model of structural mutual information
I..(Bo) = H. (B -H.(fle) - (2.39)

(ii) Another approach is to re-write the Shannon mutual information in the form
I(B,) = H()+H(P)-H(a.p),

and to generalize this expression to obtain

I (a.p) = Hc/(o)+H (B)-Hc(o,p). (2.40)
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2.7. Information and continuous probabilities

All the preceding formulae can be formally duplicated to deal with probability
density functions, and the corresponding results can be summarized as follows.
Let X € ® denote a continuous random variable with the probability density

p(x); its Shannon entropy is

HX) = - jﬁ p(x)In p(x)dx, (2.41)

its Renyi entropy of order s is

HR‘_‘(X) = —-lnj p'(x)dx, s>0, s#1 , (2.42)
and its structural entropy of order s is
[ Pdx-1

H (X) = &4, 520, s#1 . (2.43)

e -1

Given two probability densities p(x) and g(x) defined on R, their Kullback
cross-entropy and their Renyi cross-entropy are respectively given by the expressions

H(gp) = jq(x)ln%dx (2.44)
and
H,.(q.p) =———an q(x )[qﬁx;] dx, s20, s#1 . (2.45)

Next, consider the random variables X € % and Y € R with the respective
densities p(x) and g(y) and the joint density r(x,y). The conditional entropy H(Y1X) is
defined by the expression

H(Y|X) = [ p(oH(Y|x)dx, (2.46)

with

H(Ylx) - J'm 4.(y)Ing, (y)dy (2.47)
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where gy(y) is the conditional probability density of ¥ given that X = x.

With these notations, the Shannon mutual information /(Y,X) and the Renyi
mutual Ig (X,Y) are respectively

1Y,X) = H®Y)-H(Y|X) (2.48)
= [ ZED gy (2.49)
p(x)q(y)
and |
[00X) = -——n fw’("’y)[;%] dudy 2.50)

In the present reminder, for the sake of brevity, we have formally generalized the
definitions related to discrete probabilities, but it is important to point out that the entropy
of continuous probabilities is not the limiting form of the entropy of discrete probabilities
when the discretizing span (of approximation) tends to zero, and it is exactly this remark
which led us to introduce the following concept of total entropy.

2.8. Total entropy of discrete random variables

2.8.1. Total Shannon entropy
Preliminary notations. Let Xe X denote a discrete random variable which takes
on the values xj,x,...,x,, with the respective probabilities p;,p,...,pm. Define the

interval lengths h; = I,...,m by the expressions

h = x,-x, (2.51)
X; + X, X; + X,
h — i i+l i l—], t=2,..,m—1
; 5 > , (2.52)
hm =Xy T Xy (253)

With these notations, we have the following
DEFINITION 2.10. The total Shannon entropy H.(X) of the discrete random

variable above is defined by the expression [2.12],[2.14]
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H(X) = —Zpiln%- (2.54)
i=1 T
which yields
lim H,(X) = H(X) as maxh 10.-® (2.55)

Theoretical derivation . The intuitive meaning of equation (2.54) is that the
abscissa x; of the point M; is not exactly known, and as a result, we shall assume that M;
is running on the interval L; with the uncertainty In h;.

On a theoretical standpoint, H,(X) can be obtained as a consequence of the
following set of desiderata [2.14].

(C1) H,(X) is a function x[(p1,h1).(p2,h2),....(Pm,hm)], of ‘which the value
should not be modified by any permutation on the set {(p1,h1),(p2,h2)s.., (P Fim)}-

(C2) x(.) is continuous with respect to p; and h;, for every i, except possibly at
h;=0.

(C3) x(.) is an increasing function of 4; for every i.

(C4) Let ¢(p1,p2,---Pm) denote the Shannon entropy H(X) of X; then the

following condition is satisfied,
2P D,(P D) (P D] = (P Pyoees P) - (2.56)

(C5) Let {(ql,hl'),(qz,Ié),...,(qm,h;)}denote the parameters of another random

variable Y which is independent of X, one then has the equality
x[(plql,’hh{),---,(pfq,-,hih,’),n-,(pmqn,hmhn’ ]
= APk (P 1]+ 20011, (9,0 1)] - (2.57)

Alternative set of desiderata. An alternative set of axioms which can be used to
obtain the mathematical expression of He(X) is the following one.

(D1), (D2), (D3) similar to (C1), (C2), (C3) respectively.
(D4) The following functional equation is satisfied, that is

Pk (P )] = 2P+ Py Dy (Pys ), (DB +
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) P D,
+(p + pz)pr] s ,hl}[p] oy h'zﬂ . (2.58)

Application. This total entropy has not been introduced just to make

mathematics, but rather it is relevant whenever we want to take account of the spatial
representation of the random variable, and, for instance, it will be of special interest in
pattern recognition.

2.8.2. Total Renyi entropy
Here, for the sake of simplicity, we shall consider a uniform interval length
defined by the expression

B o= lim 2t

as k7T +oo (2.59)

DEFINITION 2.11. The total Renyi entropy of the discrete random variable X
above, is defined by the expression

H, (X) = L (ﬁ) h, s20, s#]1, (2.60)
i 1-s S\h
which yields
lim Hy (X) = Hp,(X) as hi0.H (2.61)

Theoretical derivation. This definition can be obtained as a result of the
following set of desiderata.

(ED) H; (X) is a function 6(p;,p2,...,pmsh) of which the value should not be
modified by any permutation on the set {p;,ps,....Pm/.

(E2) 6(.) is continuous with respect to p;,pa,...,p,, and h, except possibly at h =

(E3) 6(.) is an increasing function of A.
(E4) The following relation is satisfied, that is
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0(p,,Pysees Dy ) +
+0(q,, 955+ 9,30) . (2.62)

O(Piqys-s PG>+ Pmlns 1)

Here again, this total Renyi entropy will be relevant whenever we shall have to
take account of the spatial representation of the random variable.

2.9. The maximum entropy principle

2.9.1. Statement of the principle

PROBLEM. Suppose we know that a system has a set of possible states x;, i =
1,2,...,m ,with unknown probabilities p(x;), and we learn that the distribution p satisfies
some constraints, for instance given values of some expectations X;p(x;)f(x;), or the range
of variation of these values. Suppose that we need to define a distribution p* which is, in
some sense, the best estimate of p given these constraints. How should we proceed to
determine p*?

MAXIMUM ENTROPY PRINCIPLE. According to the maximum entropy
principle (first proposed by Jaynes [2.4,2.5]), of all the family of distributions which
satisfy these constraints we should select that one with the largest (Shannon) entropy. R

This principle has been successfully applied to an incredible variety of fields
such as statistical mechanics and thermodynamics, statistics, reliability estimation, traffic
network, queuing theory and computer system modelling, pattern recognition, image
processing, system simulation, production line decision making, computer memory
reference patterns, system modularity, group behaviour, stock market analysis, general
probabilistic problem solving and spectral analysis (see for instance [2.21] for an
extensive bibliography). More recently, Haken [2.1] took it as the basic principle of a
macroscopic approach to complex systems, and we used it to solve the Fokker-Planck
equation [2.13] and the conditional probability density partial differential equation which
occurs in nonlinear filtering of Markov processes [2.15].

Possibly the most popular (and somewhat surprizing) result which is provided
by this principle is the following. Assume that all we know about a probability density
p(x) is its mean y and its standard deviation o; then as the best estimate p*(x) of p(x), we

should select the density of the Gaussian (or normal) law.

2.9.2. On the validity of the maximum entropy principle
Physical arguments. As so stated by Jaynes, the "maxent principle" is truly a
principle, and all we can expect is to have sound arguments to support it. One of them is
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its striking similarity with the second law of thermodynamics, in accordance with the
thermodynamic entropy S of an isolated system is a non-decreasing function of time (with
the convention that any amount of heat energy received by the system is positive). As a
matter of fact, S will first increase, and then will achieve a constant value which
corresponds to the equilibrium state of the system.

Assume now that we refer to the Boltzmann equation
S = kH (2.63)

(where k is the so-called Boltzmann constant) to identify S with H, in which case H turns
out to be the informational entropy associated with the structural definition of the system;
then, according to the second thermodynamic principle, H is non-decreasing.

The relation with Jaynes maximum entropy principle is then transparent. If we
assume that the sought probability distribution p together with the given mathematical
constraints define an isolated system, then it is quite reasonable to consider more
especially the probability distribution which characterizes the equilibrium position of this
system.

Mathematical arguments. Recently Shore and Johnson [2.21] proposed an
axiomatic derivation of the maximum entropy principle, which assumes that reasonable
methods of inductive inference should lead to consistent results when there are different
ways of taking the same information into account. They proved that this principle is quite
correct in the following sense: maximizing any function but entropy will lead to
inconsistency unless this function and the entropy have identical maxima. Loosely
speaking, their axioms read as follows:

(1) Uniqueness. The result should be unique.

(i1) Invariance. The choice of co-ordinate system should not matter.

(iii)System independence. It should not matter whether one accounts for
independent information about independent systems separately in terms of different
densities or together in terms of joint density.

(iv) Subset independence. It should not matter whether one treats an independent
subset of system states in terms of a separate conditional density or in terms of the full
system density.

Nevertheless, Uffink [2.22],[2.23] made an excellent criticism of this paper, and
he showed that a possible way of circumventing the problems so involved in this
approach could be to apply the maximum entropy principle to the Renyi entropy. But then
if we make s tends to the unity in the result so obtained.....



24 CHAPTER 2

In the next section we shall describe the main elements of a theory of relative
information which .we proposed a few years ago to take account .of subjectivity in

communication.

2.10. Relative information

2.10.1. Natural language and communication

Any natural language can be.considered as defined by a set Q := {a} of
symbols (one can call them words to fix our thoughts) with a generic element denoted by
o, and a set 2' := {a} of objects, or meanings, of which a generic element is a.The
internal structure of 2 is governed by the syntax of this natural language whilst the
structure of £2' defines the semantics of the latter. There is a correspondence between the
elements of £2and those of £2' which defines a function in the mathematical sense of this
term. This function might be a one-to-one mapping, but in most cases it is a multi-valued
mapping: a word may have several meanings. The relation between word and meaning is
referred to as a lexem: in linguistics: loosely speaking, a lexem is a word taken with a
given meaning. Formally, a natural language is a mapping of the syntactic space €2 on the
set of subsets of the semantic space £2'; and with this formal definition, it is possible to
define the equivalence of natural languages by using a commutative diagram similar to the
basic diagram of the category theory.

2.10.2. Subjectivity

We shall consider, as being a result of subjectivity, the capability that an
observer has of interpreting, via reference to a prior internal model, the message which he
is receiving; and to recover its content, in such a manner that the meaning which he
ascribes it is not the observed meaning as received, but rather what the observer thinks it
should be.

In this way, a human being can correct a message which involves transmission
errors, but it can also ascribe a wrong sense to a message which is however correctly
transmitted. Nevertheless, according to common experience, positive subjectivity (that is
to say that one which corrects correctly) works in such a manner that uncertainty
decreases when information increases, and conversely, uncertainty increases when
information decreases. This property is the basis of our model.
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2.10.3. Equations of the model

In the following the symbol H(.) refers to Shannon entropy.

DEFINITION 2.12 We shall say that the amount of information involved in the
natural language L:Q — Q’, is defined by H(a)+H(c¢). B

DEFINITION 2.13 In a like manner, we shall assume that the amount of
information involved in the same natural language L : Q — Q' is equal to H(a) - H(c). B

For natural language one generally has H(a) 2 H(x).

In the presence of subjectivity the observer R does not measure the actual
entropies H(a) and H(a) but rather the subjective entropies H(alR) and H(alR),which
depend explicitly upon him. In order to write the variation equation of these subjective

entropies, we introduce the quantities

oX(L) = H*a)-HY(a), (2.64)

and
o*(LR) = H*(alR)- H*(0R), (2.65)

which are suggested by the identity
=y = (x=y)xty). (2.66)

and we propose the following principle.

PRINCIPLE OF OBSERVATION WITH INFORMATIONAL INVARIANCE.
Assume that a message, expressed by means of the natural language L:Q — Q’, is
received and read by an observer R with some subjectivity. Then, in a large number of
cases, this subjectivity will work in such a manner that uncertainty and information vary

in opposite ways, which is defined by the invariance condition
o’ (L) = o*(LR)- ® (2.67)

As aresult, there exists a constant u, (R ) which depends upon both ¢ and R, such that

H(|R) = p(u,)|H(@)+u,H ()] (2.68)
H(aR) = p(u,)[H(a)+uH()], (2.69)
pu) = 1=k (2.70)

For further information on this theory see the Refs [2.6] to[2.12] and[2.14]
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2.10.4. On the validity of the model

In order to define the domain of validity of the model it is important to have in
mind that the equations (2.68) and (2.69) are straightforward consequences of the
invariance equation (2.67).

Indeed, it can be taken for granted without restriction that informaion and
uncertainty vary in opposite ways, and it is exactly the modelling (2.67) of this property
which provides the expressions (2.68) and (2.69) of the subjective entropies. Our
assumption is that this discrimination between information and uncertainty is owed mainly
to the prior internal model which the observer has about the message, which is referred
to as his subjectivity, and which works necessarily on both syntax and semantics, that is
to say on the natural language itself as a whole.

As a result, in order to describe this feedback between syntax and semantics we
need a concept of global information and a concept of global uncertainty related to the
natural language itself, hence the definitions 2.12 and 2.13, which are very simple and
direct, and perhaps are the most natural.

It is clear that any other model which might be selected for describing the
variation of the pair information, uncertainty would yield new equations different from the
Lorentz equations, but then this would necessarily imply new assumtions which should
be stated clearly.

The generalization of any theory in natural sciences should, of course, contain
known results as a special case, but in addition it should explain and discover new
phenomena to be observed later. Well obviously, here in our problem of modelling
subjectivity, it is not easy to comply with these requirements, but nevertheless, the general
purpose of the approach, loosely speaking, should be the same.

(1) When u = 0 equations (2.65) and (2.66) turn into be identities.

(i1) Assume that
H() = p'H@), p'>1, (2.711)
then equations (2.68) and (2.69) yield respectively

H(R) = p(+u,p)H(x) (2.72)

H(aR) = p(l+%"}]H(a), 2.73)
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In other words H(a| R) and H(al R) can be meaningfully identified with Renyi

entropy. Or again, we herein have a framework which would allow us to determine the
value of parameter s in the definition of Renyi entropy.

Let us rewrite the equation (2.68) in the form

—Z plng = - pz plnp, — puaZp,H(a)- (2.74)

We then have the equality
Ing;, = plnp, +pu,H(a), (2.75)
which provides
g = p! exp{puH(a)}. (2.76)

We obtained this expression in 1987 [2.11]. At that time we referred to {g;} as a
fuzzy-subjective probability distribution, and we suggested to considering it as an
alternative to the modelling of the possibility distribution {g;}. Later, the same
transformation was re-discovered by another well known author in systems science and
fuzzy sets, who used a so-called "information preserving transformation".

It is clear that the "information preserving transformation" and the "observation
with informational invariance" are not different.

2.11. Concluding remarks

As we mentionned in the introductory section of this chapter, our main purpose
has been only to recall some elements of information theory, and more especially the
background which is required for the following. '

The reader who is fully acquainted with the topic could be a bit surprised that we
have found room for the structural entropy which, on the surface, is not so useful in the
literature. The reason is that, owing to its properties, this entropy could be of valuable

help in dealing with information in the presence of subjectivity.
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Chapter 3

Path Entropies of Non-Random Functions

Material remains and form vanishes.
Pierre de Ronsard (Elégies)

3.1. Introduction

The present chapter is of paramount importance, and is so for two reasons. On
the one hand it displays one of the main contributions of the book, and on the other hand,
the argument which is used herein to obtain this result will be useful later when we try to
derive a model of the quantum entropy of non-probabilistic matrices.

How can we measure the amount of information involved in a non-random or
deterministic function? In order to answer this question we shall generalize Shannon
information theory, and we shall show that the entropies introduced in the second chapter
have their counterparts in terms of the information of deterministic functions. The point of
importance is that the expressions so obtained are not new definitions made for
convenience only, but rather are direct consequences of a rationale which is already
transparent in Shannon theory itself. In the next section we shall carefully explain the
latter, and then, starting from this generalizing procedure, we shall obtain various
expressions for entropy of non-random continuous functions. We shall apply these
definitions to non-random piecewise continuous functions, and finally we shall define a
measure of the informational divergence between npn-random functions.

The reader who is interested mainly in the substance of the chapter can read
carefully the next section 3.2, and then directly refer to the definitions of these entropies,

omitting proofs and comments.
3.2. Path entropies of non-random functions. An outline.

Let X and X’ denote two random variables with the respective (Shannon)
entropies H(X) and H(X'), and with the joint entropy H(X,X'). This joint entropy is
some functional of their joint probability density to be made precise later, e.g., Shannon

or Renyi entropy. In any case we have the relation

G. Jumarie, Maximum Entropy, Information Without Probability and Complex Fractals
© Springer Science+Business Media Dordrecht 2000
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H(X,X') £ HX)+HX"), 3.1)

where the equality holds when, and only when X and X' are mutually independent. We
may therefore think of H(X') as

HX) = m?.)x[H(X,X')—-H(X)], 3.2)

with p(x) denoting the probability density of X, subject to the condition
HX) = h, 3.3)

where h is a constant. One may think of (3.2) as a means of defining H(X’) and it actually

does not depend on the constant 4 in (3.3), since one has the equality
max H(X,X") = HX)+H(X’') . (3.4)

Here X and X' play symmetrical roles; as a result H(X') can be defined exactly
like H(X), and using (3.2) to define it appears to be unnecessarily complicated.

However, we shall consider instances where X and X' do not play such
symmetrical roles. We assume that X is still a random variable of which the entropy H(X)
is defined in the usual way. We assume further that we have some plausible definitions of
H(X,X') but none for H(X'). Then (3.2) will be used to define H(X'). Unlike the case
of X' being a random variable, however, the result will generally depend upon the
constant A in (3.3).

We shall firstly apply this method to Shannon entropy of continuous random

variable, namely

HX) = - LR p(x)In p(x)dx (3.5)
and then to Renyi entropy of order s,

Hp (X) = ﬁ]njﬁp‘(x)dx, s>0, s#1 (3.6)
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The relation (3.2) will be used to define the entropy of some deterministic (or
non random) continuously differentiable functions f{.). Assuming that ¥ = f{X) we shall
interpret H(Y) as the joint entropy H(X,f(.)) of X and the function f{.), and use (3.2) to
define the entropy of f{.).

In the following we shall generalize to the n-dimensional case. Therefore, we
consider a function f:R" — R", x = f(x), but no change in notation will result. The
variables now denote n-dimensional vectors while f(x) is the Jacobian determinant of
).

We shall furthermore assume that we consider only some domain 2 of %" to
which X belongs. If X is defined outside of 2, then we shall normalize its probability

density according to

N ACN , (3.7)
ana(x)dx

plx) =
where pg(x) is the original probability density of X. The dependence on €2 of the entropy
just defined will be emphasized by the notation H(f(.);Q2).

Notice that we take the entropy of continuous random variable as a point of
departure, instead of the familiar discrete variable. We shall see later how one can derive
the entropy of a discrete function from that of a continuous one.

The maximization involved in the equation (3.2) will be carried out by using the
conventional Lagrange multipliers method. The constraints are then the condition (3.3)

and the additional condition

[ peyax = 1. (3.8)

3.3. Shannon path entropy of continuous functions

PROPOSITION 3.1. Let f:R" > R", x> f(x), denote a continuously
differentiable function of which the Jacobian determinant is denoted by f(x); then a
measure H.(f(.);L2) of the amount of uncertainty it involves on the domain 2, and
which furthermore is fully consistent with the Shannon entropy of a random variable, is
the S-path entropy (S holds for Shannon) of order c e X, defined by the expression
[3.7,3.9]
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H(f(5Q) = J ol nl s oldx

o [l

(3.9

Proof. (i) Let Xe Qc R" and X’ € R be two random vectors, and let p(x)
denote the probability density of X. The Shannon entropy of the pair (X,X') satisfies the
equation

HX,X) = HX)+HX'X) ,

(3.10)
where H(X'IX) is the conditional entropy of X' given X, that is

H(XX) = [ p()HXX = x)dx -

(3.11)

(ii) Assume that the random n-vectors X and Y are dependent via the equation Y

= f(X), where f(.) is a continuously differentiable function; then according to a basic
result of information theory one has the equality

HY) =

H(XO) + [ p(o)In|f (x)d - (3.12)

(iii) Analogously with equation (3.10) we are thus led to write the entropic
equation

HY) = H(X, f()Q)
= HX)+H(f();QX), (3.13)
and to define the conditional entropy of f{.) on £2 given X, by the expression
H(f(:QX) = [ pGoln|f (oldx . (3.14)

(iv) This being so, it is well known that the equation ((3.10) yields
HX,X) =

H(X)+H(X'),

(3.15)
when and only when X and X' are mutually independent, therefore one has the inequality
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H(X’]X) < HX)
As a result, we can write the equality
HX) = max H(X'X), (3.16)
p(x
subject to the condition
H(X) = constant 3.17)

(v) Analogously with this remark, we shall define the entropy of the function f{.)
on 2 by the relation

H(f();Q) = max H(f():QX),

given the constraint (3.17). We should express that the quantity
jﬂ p(o)[In|f(x)| + A+ pln p(x)]dx ,

where the Lagrange multipliers A and p are associated with the constraint (3.8) and

(3.17) respectively, is extremal. We then have the necessary optimality condition
In|f'(x)|+ A+ y[lnp(x)+1] = 0,

hence
PO = |G exp[-(1+ (Al )]
The constraint (3.8) obviously yields

lFeo (3.18)

PO =
[ Lo ax
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In order to determine the constant g, we shall refer to the constraint (3.17),

clearly
jﬂ p(X)Inp(x)dx = —h,

or

[P e n| /ol

InK(u)+ = h

nK(u) KD (3.19)
where K(ut) is equal to

K = [ e dx. (3.20)

The constant y then appears as an implicit function of A. Letting -I/u = ¢ and
substituting the expression (3.18) for p(x) into (3.14) provides the result.

DEFINITION 3.1. We shall refer to H(f{.);2) := H;(f(.);2), ¢ = 1, as to the
Shannon path entropy or S-path entropy of the function f{.) on the domain Q.H

We use the term of path entropy instead of entropy to emphasize the property
that, to some extent, the entropy so obtained can be thought of as a measure of the
uncertainty involved in the graph (x,f(x)) generated by the function on the domain
considered. In other words, we have here a first approach to entropy of forms.

Remark that when f{x) is the (cumulative) distribution function F(x) of the one
dimensional random variable (X,p(x)) (clearly F(x)= j; p(&)dE)), then we have the

equality

H(F();R) = -HX), (3.21)

which shows that entropy and path entropy have opposite signs. We shall come back on
this property later (see subsection 3.8.3).
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3.4. Renyi path entropy of continuous functions

PROPOSITION 3.2. Consider the non-random R"— R" function of
proposition 3.1, equation (3.9); then a measure HR s(f(.);£,u) of the amount of
uncertainty it involves on the domain £2, and which furthermore is fully consistent with

Renyi entropy of the random variables, is the generalized R-path entropy (R holds for
Renyi) of order s >0, defined by the expression

Hp (f():82u)

L Jolutls '(")rﬂ)'%"If 'fx)r_xd" (3.22)
I=s jﬂ(u +| f'(x)r'-")ﬁdx

where u denotes a non negative real valued parameter:u >0 B
Proof. (i) First of all, we bear in mind that the Renyi entropy of ¥ = f(X) is
given by the expression

1 .
Ho (V) = ——In [ pOolf (ol . (3.23)

(ii) This being so, we apply the method discussed in Section 3.2 to the Renyi
entropy as defined by the equation (3.6). The quantity to be maximized now reads

(3.24)

-"( ) ’ l—xdx
e GOQ = max i a7 W@
f r0) 1—s sz.\(x)dx

subject to the constraint (3.8) together with

JQ p'(x)dx = constant

We then maximize the Lagrangian

[ [Pl eol™ +up (0 +v podx -
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where u and v are two constants, hence

14

s(u +|f'(x)]l_“')

P =

These constants are such that the right side term above is positive, therefore

e
S(u'f'lf/(x)ll_x) o . (325)

v

px) = |-

If we restrict ourselves to v < 0 and assume that u > 0, then substituting (3.25) for p(x)

into (3.24) yields the result.
Notice that Hp s(f(.);£2,v) can be rewritten in the form

Hy f(f():Q.u)

L L o as 626

l—S , =1 ':—\ ,
[ (1l oo™l ol
Useful Special Case. Assume that u = 0, then the equation (3.22) yields the

expression

L el

(3.27)
1-s jﬂ|f’(x)|dx

Hp (f():) = -

which will be referred to as the Renyi path entropy of order s of f{.) on £2.
3.5. Structural path entropy of continuous functions

PROPOSITION 3.3. Consider the non-random R"— R" function of
Proposition 3.1, equation 3.9. A measure H¢, s(f(.);R,u) of the amount of uncertainty it
involves on the domain Q, which furthermore is fully consistent with the structural
entropy of random variables, is the generalized structural path entropy (or C-path entropy)
of order s 20 defined as
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He (f():Q,u)

AR '(")l]_x)'%"(lf ()™~ 1)dx l (3.28)

= , u=20’

SRR N CRTES ) P

Proof. (i) We refer to the equation (2.19) which defines conditional structural
entropy, and we notice that when X € R" and Y € R" are two mutually independent
continuous random variables we have the equality

He (X,Y) = He(X)+Hc (D p'(x)dx, (3.29)

where p(x) is the probability density of X.
When X and Y are not independent, we may have

H. (X,Y) < HC.‘(X)+HC'.V(Y)'[%" p'(x)dx, (3.30)

’

or on the contrary

H. (X,)Y) =2 H,(X)+ HC“\.(Y)J‘W p'(x)dx,, (3.31)

and as a result, one may think of H. (Y) as

H. (X,Y)-H; (X)

H. (Y) = optimum : (3.32)
' J p'(x)dx
.
subject to the condition
H. (X) = constant. (3.33)

(ii) Next, assume that X and Y are related by the equation Y = f{(X), where f(X)
is a continuously differentiable function; then a simple transformation of variables yields
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[P elf ) "dx -1

He (Y) = e (3.34)
(iii) Analogously with the equation (2.19), we shall write
HC,.\'(Y) = HC,\(X’f()»Q)a
= He (X)+ | p'(OHc,(f():Qx)dx, (3.35)
and we are so led to define Hc 5(f{.);£2) by the expression
. j p'()H, (f();Qx)dx
H. (f(.);Q) = optimum 2 . , (3.36)
| [op'
Q
subject to the condition (3.33).
(iv) The quantity to be optimized now reads
H. (Y)-H. (X
He, () = optimum 2o~ Hes0) (3.37)
PO J p'(x)dx
Q
F)™ =1)p* (x)dx
= optimum Iﬂ(l l ' ) (3.38)
PO JQ p'(x)dx

subject to the constraint (3.8) together with (3.33). We then optimize the Lagrangian
’ I-s s 5
Ll -)pr@+ur@+apol

where A and [ denote the multipliers, hence

— 1 )
s(u—1+|f"(x) ™)

P =

These constants should be such that ps‘l(x) is positive, and thus we have

P = |=3{u-1elrel)[ (3.39)
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If we restrict ourselves to negative values for A, then substituting (3.39) into
(3.38) yields the result, with u := pu - 1.

3.6. On the practical meaning of these entropies

(1) One can show that

lim H,(f(.);Q) In|f'(x)], as cT+eo (3.40)

and

lim H,(f(.);Q) In|f'(x), as cd-c, (3.41)

where |f’(x)|,, and |f’(x)|, are respectively the maximum value and the minimum

value of If(x)] on Q.

(ii) It is by now recognized that when a human being is observing a (human)
face, for instance, his eyes examine successively each point of this pattern f(x) by using a
scanning distribution frequency p(x), and, furthermore, it appears that the cortex scans the
salient features of the picture, such that angles, for instance, with higher density (see for
instance [3.12]), and as a result, according to the equation (3.9), we can assume that this

scanning distribution is

prox) = % - (342
X
Q

The value ¢ = 0 defines a uniform scanning distribution, while large values of ¢
characterize scanning processes concentrated on the sharp features of the picture.

For a given ¢, p,.(x) thus appears as the scanning distribution which provides
the maximum amount of information about f{.).

(iii) The Shannon entropy of an incomplete probability distribution on €2, that is
to say such that Jﬂ p(x)dx <1 can be mathematically obtained in the form (see for

instance [3.1])

- jﬂ p(x)In p(x)dx

H(X) =
0 Lp(x)dx

(3.43)
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and it appears that the expression of H(f{.);£2) is quite consistent with this result.

(iv) Notice that Ho(f(.),;£2) depends upon [f(x)l only (it does not refer to f(x)
itself), and this result merely pictures the well known claim according to which
information originates from variation of form (see for instance [3.6] and [3.14]). Well
obviously the same remark applies to the Renyi entropy H (f(.);€2).

(v) The value of ¢ is defined by the value of the constant in the constraint (3.17),
and ¢ = 0 corresponds to the maximum entropy of X, that is to say, to the uniform
distribution if we assume that €2 is bounded.

| (vi) We bear in mind that Renyi entropy can be of valuable help in some practical
instances. Firstly, sometimes, depending upon the problem, it may be more practical than
the Shannon entropy, in such a manner that it could be interesting to use it, and then to let
s tends to the unity in the result so obtained. Secondly, it may be selected as a measure of
information in the presence of faulty observation. Indeed, consider the measure ¥ = X +
W, where X and W are two independent Gaussian variables N( ,u,()')z() and N(O,o-ﬁl), X

is the observed variable, and W is a disturbing noise. It is well known that

1 ol
HY) = H(X)+§ln[l+F). (3.44)

X

On the other hand, when s is close to the unity one has the approximation
1
Hy (X) = HX)=—(s=D+ol(s=1)?, (3.45)

where of.) denotes Landau's symbol. As a result, if we make the identification Hg ((X) =
H(Y), we obtain the identification

2
s = 1—1n(1+9%) . (3.46)

X

(vii) After a careful examination the reader will be convinced that the above
entropies are different from the Kolmogorov entropy of maps [3.11] which is a measure
of information instead of uncertainty, from the Liapunov exponent (see for instance [3.3]
or [3.13]) and from the entropy of curves as defined recently by Dupain, Kamae and
Mendes France [3.2] (see chapter 9 for further details).
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(viii) Notice that, for bounded £2, the Renyi entropy of order zero is defined by

the expression

[ 17l

T (3.47)
Jge

HR,o(f(-);Q,u) = In

which explicitly involves the total variation jﬂl f/(x)|dx of f{.) on Q.

3.7. Path entropy and encoding problem

In the case when f{x) is the (cumulative) distribution function F(x) of the random
variable X, we have the equality (3.21) which we re-write below for the convenience of

the reader,
H/(F();,R) = -HX).

This relation might look like surprising on the surface, but as a matter of fact, it is already
transparent in one of the encoding techniques suggested by Shannon himself.
The basic idea of this method is as follows. We write the letters x;, i = 1,2,...,N,

of the alphabet under consideration in the order of decreasing probabilities,
P2 p,2 .2 py(we bear in mind that pr(X=x;)=p;, and we consider the sums
B,P,..., P, defined by the expressions

P = 0, (3.48)

P = p+p,+..+py , i=12,.,N. (3.49)

One then has the multiple inequalities F, < P, <... < P, and one can consider
the N numbers {P,,Pz,...,PN} as being an original alphabet which is in a one-to-one
correspondence with the sequence of the initial alphabet {x;}. We then have to encode the
P-alphabet, that is to say , we have to associate a sequence of bits with each number P;, in

such a manner that no mistake be possible in the corresponding identification procedure.
In other words, encoding the sequence {x;} amounts to encode the sequence {P;} and the

amount of information so involved should be the same, at least in absolute value.
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The fact that H,(F(.);R) is negative should not be disturbing at all and this is
merely due to the fact that one has the inequality P, <1, for every i, in such a manner that
P can be writen in the form

P = a2"'+a,27+. . +a2" +.. (3.50)

3.8. On the relations between these entropies

3.8.1. Shannon path entropy and Renyi path entropy
It is well known that for a random variable X Hg ¢(X) converges to H(X) when

s tends to the unity, and, at first glance, one should expect to have a similar property with
the entropy of non random functions. In this way, we can state:
PROPOSITION 3.4. The following property holds, that is

lim Hp (f();€,u) = H )y, (f();2) as s—>1.1 (3.51)

Proof. We refer to the expression (3.26) of the Renyi entropy of non-random
functions which we re-write in the form

L [ V()

H, (f(.:Q, = - .
L) Q,u) 1—s _[QD(f')dx

(3.52)

(i) When s is close to the unity, we have the following Taylor approximations,

1717 = 1+(s=Dn|f]+o((s - 1)%), (3.53)
IF1° = |F1(1+s=DIn|f1) +o((s = 1)) (3.54)

(ii) The equality (3.53) provides

L+df ™ =q +u)(1 + wlnb"o,
1+u

hence

(1 + u|f".\‘—| )\;4 = (1 + u)l—»\_\ exp{_]j_s ln(l + (s— Bu ln|f’|)}

1+
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Ry u
1+u)i=s ———1In|f’
(14 u)i exp{ o |f |}

43

n

n

(1+ )i f 7o (3.55)

(iii) Combining (3.54) and (3.55) yields

> 1
N(f) = (+w)"|fr+(s-Din|f))s

while (3.55) provides
=
D(f) = (L+u)=|f]i.

(iv) We finally obtain the approximation

Hp (f():;Q,u)
J £l
[+« In| f'|dx
= —Lln I+ (s— 1) |, (3.56)
1 -5 J;Jf"mdx
whence the result.
Comments. (i) In the special case of u = 0 the relation (3.51) provides
lim H, (f(.);Q) = H(f(.);Q) as s—1 (3.57)
which is exactly the counterpart of (2.14).
(ii) The relation (3.51) suggests the identification ¢ = 1/(1+u), or
u = (I-¢)lc (3.58)
therefore
] -
H, (f():Qu) = H,m( f(.);Q,-—C—C). (3.59)
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(iii) According to (3.59) the Renyi entropy which is associated with a uniform
scanning distribution (i.e. ¢ = 0) is defined by u = oo, that is to say, in the special case

when €2 is bounded one has

I-s de

Q

(3.60)

Hp (f();€,00)

(iv) As an application of this expression (3.60) assume that f{x) is the
(cumulative) distribution function F(x) (i.e., F'(x) = p(x) ) defined on the finite interval
x € [a,b] C R, one has the entropy

1 1 -
Ho (FOfabh=) = ——in [E [1po -dx], (3.61)

and the opposite of this expression can be considered as a new measure of the amount of

uncertainty defined by the associated random variable X.

3.8.2. Some properties of structural entropy of non-random
functions
(i) The relation between structural entropy and Shannon entropy of non random
functions is illustrated by the following result:
PROPOSITION 3.5. One has the following equality, that is:

lim He (f();Q2u) = H ,,,(f()Q) as s—>1 1A (3.62)

Proof. The proof is similar to the proof of Proposition 3.4, and starts with the

following Taylor's approximation,

=
e ()

177 =1 = 1+d=-9)n|f]+o(s— 1)),

ﬁm((s—l)z),

I

(1+u‘1|f'

&1 = l-s+o((s—1)?).
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(ii) A special useful case. As a consequence of the equation (3.62) we shall
ascribe a special interest to the value u = 0 in the expression of Hc ((f(.);€2, u) and we

shall refer to the structural entropy of order s in the form

1P (el - 1)a

_ : (3.63)
e -1 [l ax

HC,.\'(f(');Q,u) =

[ Jlr ool

_ 1. (3.64)
e =1 [ |f(of'dx

(iii) Relation with Renyi entropy of non-random functions.
The relation between Renyi entropy and structural entropy of random variables is
quite clear by their definitions and one can write directly

H, (f()iQu) = l—i;ln [(e™ ~1)H, +1]. (3.65)

The equations (3.27) and (3.64) provide a similar relation for path entropies of
non random functions, and we have

Hp (f():Q2) = ﬁln [(e""' - I)Hc_x(f(.);Q) + 1], (3.66)

3.8.3. Entropies of non-random functions and entropies of
random variables
Assume that f(x) is the cumulative distribution F(x) of the probability density
p(x); then one has the equality

H(F();R) = -H(X). (3.67)

In other words, H(X) and H(F(.); ) vary in opposite ways. One of them is
maximum when the other achieves its minimum value; and it is quite right, so there is no
inconsistency at all. For instance if p(x) is the uniform distribution then H(X) is a
maximum, but the uncertainty involved in F(x), which is then a straightline, is minimum!

The same remark holds for Renyi entropy via the equation
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Hp (f(:R) = —Hp,(X) . (3.68)
For the structural entropy one has the relation

1 1 _
e =1 Jm p'(x)dx

H (F(;®) = 1 (3.69)

which shows that here again these two entropies vary in opposite ways.
3.9. Informational divergence between non-random functions

3.9.1. Cross-entropic variance of probability densities
Assume that we want to compare two probability densities p(x) and g(x) (from
the informational standpoint) on the domain Q < %™ in such a manner that we have

fﬂ p(x)dx <1 and jnq(x) <al.

We cannot utilize the integral (2,41) which defines Kullback cross-entropy
H(q,p) since then the corresponding expression may have negative values, and thus we
need an alternative. A possible approach is the following:

DEFINITION 3.2. A measure of the informational divergence between the
probability densities p(x) and g(x) on the domain €2, which, furthermore, can be thought

of as an extension of Kullback cross-entropy, is provided by the cross-entropic variance

or the relative entropic variance

[_aom’[q(01 p(x)]ax
[ atxdx

04(q,p;Q) =

2
i [_aGom{q0)/ p(x))dx - (3.70)

[ g

According to Schwarz inequality one has 0-,21 (g, ;) > 0, and the equality holds

when and only when there exists a positive constant k such that

q(x) = kp(x). _ 3.71)
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The value of k is defined by the equation

[Lamdx = k[ pexyds - (3.72)

In the special case when =R", k has necessarily the unit value in such a
manner that O'f,(q, p;Q) and H(g,p) are more or less equivalent.

Remarks and commemts. (i) According to the equation (3.71), the cross-entropic
variance can be thought of as a measure of similarity on the domain £2..
(ii) The cross-entropic variance is related to the so-called Fisher information as

follows.
Consider the probability density p(x,8), where 6 is an external parameter,
xeR",0 €O CR, and define the set [, = {x e R": p(x,0) > 0}. The amount of

Fischer information involved in p(x, ) about the value of @ is the quantity

2
1.(p,0) = an [a%ln p(x,e)] p(x,0)dx. (3.73)

We then have the relation

oy(p(.0),p(.0+AB;E,) = I.(p,0)AH). (3.74)

Indeed on making the substitution g(x) < p(x,0), p(x) < p(x,0 + AB) in the
equation (3.67) yields

0%(p(.0).p(.0+A6): E,)

8 2
| ,
I p(x,e)[ 5P 9)} dx
2 2
~(A6) [ [ p;(x,e)dx] , (3.75)

and according to the equality

anp(x,G)dx = 1
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one has necessarily

IE py(x,0)dx = 0.

3.9.2.Relation between Kullback cross-entropy and entropy of
non-random functions

PROPOSITION 3.6. The relative entropies H(q,p) and HR s(q,p) of random
variables can be thought of as direct consequences of Shannon path entropy and Renyi
path entropy of non-random functions. B

Proof. (i) Let F(x) and G(x) denote two R — R functions which are strictly
increasing and continuously differentiable. The function G(F) is then meaningfully
defined, it is continuously differentiable with respect to F, and one has dF > 0 and dG >
0; and according to the equations (3.9) and (3.27) which define, respectively, S-entropy

and R-entropy of non random functions, one can meaningfully consider the entropies

o)
H(G(F()),Q) ——F—dG—F—, (3.76)
j(—)dp
o\ dF
and
LG
H, (G(F))Q) = ———1In—dE/ 3.77)

1-s dG
L(ﬁ)”

(i1) Assume that F(x) and G(x) are the (cumulative) distributions associated with
the densities p(x) and g(x) respectively, clearly F'(x) = p(x) and G'(x) = g(x), then on
substituting these values into (3.76) and (3.77) we obtain the Kullback cross-entropy

H(G(F();R) = H(q,p),

and the Renyi cross-entropy

Hy (G(F():R) = Hg(q,p).
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The interest of this result is two-fold. Firstly, it enlightens the consistency
between entropy of non-random functions and Shannon information theory (which is not
surprising at all since we started from the latter to derive the former), in other words it
supports the arguments which allowed us to define the entropies of non-random
functions; and secondly, it will suggest new meanings for the entropies of non-random
functions, which will be of help later.

3.9.3. Structural cross-entropy of probability densities

We can now use the results of the preceding sections to derive the expression of
the cress-entropy defined in terms of structural entropy. Indeed, we have,

PROPOSITION 3.7. A definition of cross-entropy of random variable, which is

fully consistent with structural entropy, is provided by the expression

1 q(x)dx
H. (¢,p) = — L‘ -1|. m (3.78)

e - _1 M s=1
quu)[ ; (x)) dx

Proof. (i) We consider the cumulative distributions F(x) and G(x) and we refer
to the expression (2.40) of the structural entropy to write the structuraal entropy of G(F)
as

1 J:x(d_G)dF
H, (G(F():R) = dF)_ _y|. (3.79)

-1 i (dG)‘ .
®\ dF

(ii) We now write that dF = pdx and dG = gdx to obtain the result.
It is easy to verify that Hc s(q,p) is a divergence. In other words, one has the inequality

H.(qgp) =2 0 ,

where the equality holds when and only when p = q.
Indeed, it is sufficient to show that the following conditions are satisfied,
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a1, s«l (3.80)

M s~1
f%q(x)(p(x)) dx ,

> 1, sp1 . (3.81)

To this end we assume that g(.) is given, and we consider the optimization

. g\
t —=| dx, .82
op Zr;um L‘q(x)(p(x)) (3.82)

subject to the condition

[, pax = 1, (3.83)

and we examine whether the optimum so obtained is a maximum or on the contrary a
minimum.

The Lagrangian of the problem is

s-1

q(x)

L = q(x)(——) +A p(x) jdx, (3.84)
j"‘{ p(x)

where A denotes the Lagrange parameter; and a simple calculation shows that it is

optimized when

p(x) = (

s—1

4(x)- (3.85)
P ) q(x)
It follows that one has necessarily that

A = s-1, (3.86)

therefore the equality p(x) = g(x).
In addition, the second derivative of the Lagrangian is
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= s(s-1
- )%(p(x) P

(3.87)

and as a result, L is maximized when s < 1, and is minimized when s > 1. In other.words
the conditions (3.80) and (3.81) are satisfied.

3.10. Path entropies of non-random multivariate functions

3.10.1. Bi-variate function f(x,y)
PROPOSITION 3.8. A measure of the amount of uncertainty involved in the
twice continuously differentiable R*> — R function f(x,y) on the domain €, which

moreover, is fully consistent with the Shannon entropy of random variables, is its S-path

entropy of order c € R defined by the expression

H(f(. Q) = Jo e vy (3.88)
o Jn fa(xs y)'cdxdy

with f} = 0" f10xdy. In a like manner, its Renyi path entropy of order s on Q is

£l y)| dedy
Hp (f(,) = = —in '[“ | , (3.89)
=5 [ |[f7x,y)|dvdy
and its structural path entropy of order s on 2is
1 fo (x,y)dxdy
He (f(,):9) L) - (3.90)

Proof. First approach. We start from the following remark. The Renyi entropy

x| dxdy

HR (X) of the random variable x e Q < Rsatisfies the relation
d
(1—C)EHR,L'(X)—HR,C(X) = H.(F(.);Q), (3.91)

where H.(F(.);€2) is the S-entropy of the (cumulative) distribution function F(x).
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In a like manner, for a random pair (X,Y) € Q ¢ R* with the probability density

r(x,y), one has the relation

J.Q re(x,y)Inr(x, y)dxdy
J.Q re(x,y)dxdy

(1~c)iHRC(X,Y)—HRC(X,Y) =
de " '

= H(F(.)Q), (3.92)

in which F(x,y) is the (cumulative) distribution of (X,Y) defined by the equation

?*F(x,
ZHED vy,
oxdy

As a result, we are led to consider the right side term of this equation as
measuring the amount of uncertainty involved in F{(.,.).

It follows that the density of uncertainty which characterizes the function f(x,y)
is lnl [ (x, y)l, therefore the expression (3.88).

Second approach. Another inductive approach to obtain the expression (3.88) is

the following one.
(i) Assume that Q =Q, xQ, and flx,y) = g(x)h(y), x€Q,, yeQ,; then a
suitable definition of H,(f(.,.);€2, X ,) should satisfy the condition

H (g(Oh();, xQ,) = H_(g();))+ H,(h(.);Q,). (3.93)
(ii) This equation can be re-written in the form

[ & Con ) Infg’Con () dxdy

(3.94)
[l Gm O dxdy

Hc(g(~)h(~)§Ql X Qz)

(iii) We remark that
5xy) = gh(y),

and we are so led to generalize (3.94) in the form (3.88).
(iv) Similar arguments apply to the Renyi entropy.
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(v) The expression (3.90) is obtained by using the equation which relates Renyi

entropy and structural entropy, clearly

- 5)H, (f();Q))-1
A R (UL C{ O

e -1

(3.95)
The extension to n-variate functions is quite direct. For instance, when n=3, the
S-entropy reads

n

e (X s z)|c In

jﬂ fo:(%.:2)

3.10.2. Application to other generalizations

Ja

£ (x,y,2)|dxdydz

- (3.96)
dxdydz

H £, 0:)

According to the preceding subsection the density of uncertainty involved in the
fa(x, y)|. It follows that all the preceding results related to

bivariate function f{x,y) is In

f(x) can be duplicated by merely substituting |f,, (x,y)l for |f’(x)| in the formulae.
For instance, if f(x,y,z), z € D, is a distributed function indexed by z, then,

according to equation (3.96), its S-path entropy is

”(x,,2)| 1| f2(x,y,2)|dxdyd
H,(f();QxD) = Lo Jal ey 2] ol g cey, oldudydz (3.97)

JD -[n FAER? Z)rdXdde

3.11. Path entropies of non-random piecewise continuous

functions
3.11.1. Stairwise functions
Preliminary remark on the entropy of random variables. As we mentionned it in
the second chapter (the background on information theory), section 2.6, continuous
entropy is not the limiting form of discrete entropy when the discretizing span of
approximation tends to zero, and in what follows, we shall comment on this point.
Consider the entropy

HX) = -[ p(olnp(x)dx

of the random variable X € R.
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Using p(x) we define the discrete probability distribution {p,.} as follows. We

select a (small) constant interval length €, which then defines the family of intervals
{[x,.,x,.+l] = [x,.,x,. + e]}, and we set

p = j p(x)dx (3.98)
= F(xi+|)_F(x,') )
= AF(x,) , (3.99)
= p(x)e . (3.100)

where F(x) is the (cumulative) distribution of X.
This probability distribution {p;} defines a random variable X¢ of which the

Shannon entropy is

H(X,) = -Y AF(x)InAF(x): (3.101)
= —]'ne—EZp(xi)lnp(x,)- (3.102)

H(X¢) does not converge to H(X) when € tends to zero, and this feature, of
course, questions the nature of the approximation of the latter by the former.
Nevertheless, when F(x) is a stairwise function, that is to say when it is the distribution
function of a disrete random variable, the approximation (3.101) formally provides the
corresponding suitable definition of entropy.

In the following we shall assume that the same remark applies to the entropy of
non random functions.

Uncertainty involved in stairwise functions. We can now state the following
result:

PROPOSITION 3.9. Let Y4(x) denote the stairwise function

Y(x) = i&Y(x—xi) , xeR (3.103)

i=1

where &i, i = 1,2,...,n, denotes constant steps and Y(x-xj) is the Heaviside function.

Then as a consequence of the definitions of entropies of continuously differentiable

functions its Shannon path entropy of order s is [3.10]
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“In|§|

2o lo

H(%,0[m,m,]) = AT} (3.104)
its Renyi path entropy of order s is
HR:(Yd(');[mlimz]) = "Llnz—i:ml'lts—i’ (3.105)
' 1-s Zi:m, |6;]
and its structural path entropy of order s is
1 Z:n:m |6
He, (Y,(5[mm,]) = — | (3.106)

S DY

Proof. (i) We first notice that the pairs (f{(x),f'(x)) and (F(x),p(x)) play parallel
roles in the theory, and they give exactly the same result, except that the S-entropy of
random variables and the S-entropy of non random functions have opposite signs.

(ii) This remark suggests the approximation (3.101), therefore the result.

3.11.2. Piecewise continuous functions
PROPOSITION 3.10. Let f: R — R,x = f(x) denote a non-random function
which is continuously differentiable anywhere but on the finite set {x],x3,...,x,} where it

exhibits jumps of discontinuity in the form

6, = f(x+0)-f(x;-0),

1

then, as a consequence of the definitions of entropies of continuously differentiable

functions, its S-entropy of order c is

[l eof lf ofds+ X7

X n X ' i

H(f()ab)) = =—F——
J.alf (x)l dx+2,'=1|6i

“In|6}|
, (3.107)

c
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its R-entropy of order s is

dx +
H,(f()[a,b]) j ACICADW (3.108)
G <x>|dx+zﬂw
and its structural entropy of order s is
b n
‘X)dx+ ). |9
H (f();[a.b]) 1 J“lf (e + 2.0 —1|.m (3.109)

__ljb,

Proof. The distribution of the uncertainty involved in f{.) appears to be defined
by the density In |f’(x)l on the one hand, and the discrete distribution {In &} on the other

hand. We are then led to define the S-entropy of f{.) on the interval [a,b] by the
expression

H(f();[ab]) = m{ax U p(x)In|f” (x)ldx+2q, In |6|) (3.110)

subject to the condition

~[’p(x)In p(x)dx = constant , 3.111)
—Zq,-lnq,- = constant> (3.112)
b

[pax = 1, (3.113)
Yg = 1 (3.114)

therefore the expression (3.107)
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3.12. Path entropies of functions defined in the complex plane

3.12.1. Analytic functions

Our purpose in the following is to show how one can extend, in a very simple
manner, the above definitions to functions which are defined in the complex plane, and to
this end we shall firstly consider analytic functions. We can state:

PROPOSITION 3.11. Let f:C — C,E — f(&) denote a non-random analytic
(or holomorphic) function. As a direct consequence of the definition of S-entropy of non-

random functions in R?, its S-entropy of order c is defined by the expression

NSO

H.(f(),Q) = - , ceR.m (3.115)
[rfae

Proof. We write f{£) in the form f{€) = u(x,y)+iv(x,y) and we identify the S-
entropy of f{.) with the entropy H. (¢ (.);Q) of the ®* — %R*function ¢ := (u ,v). This

entropy involves the Jacobian determinant

91 =

’_ 7 .7
uyv, - uyvx| ,

but since f(£) is analytic, one has the equalities %, =V; and %, =—V;, which provides
|¢] =f"|” therefore the result.

R-entropy and C-entropy can be obtained in exactly the same way.

3.12.2. Real-valued functions defined in the complex plane
PROPOSITION 3.12. Let f: C— R, &> f(&E"), where Eis the conjugate
of &, denote a real valued function defined in the complex plane. Define

D'f(&) = %—% (3.116)

Then, as a direct consequence of the definition of S-entropy of ®* — R non-
random functions, its S-entropy of order c on the domain (2 is defined by the expression

2 * |C 2 * .
H(f(.)Q) = [P*re&.e) ln|€) f(é,g‘)dédé L cex®  G017)
[ | f&.&f agde
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Proof. Using the transformation

E = x+iy
. (3.118)
¢

= x-1iy
we have the identities

f&&) = gxy),
ga(x,y) = iDf(EE),
and
déd&" = 2dxdy, (3.119)

therefore the result.
3.13. Concluding remarks

The present modelling of information of non-random functions has been
obtained by combining two principles which are general enough to be of some help for
further extensions.

(i) First, by using well known equations related to the uncertainty U(X) of
continuous random variables (i.e., Shannon entropy or another definition of entropy) we
split U(f(X)) in the form

U(f(X) = UX)+UF()X), (3.120)
and then,

(ii) we noticed that entropy is nothing else but the maximum value of conditional
entropy.

The point of importance is that the equation (3.12) applies to continuous
variables only (there is conservation of uncertainty for discrete variables) and this is one
of the reasons why we argued that the definition of entropy of continuous variables is
possibly more accurate than its parallel for discrete variables [3.8]. Nevertheless, if we
describe discrete variables in terms of total entropy (see Chapter 2) then equation (3.12)
holds.

Maximizing conditional entropy looks like applying Jaynes’ maximum entropy
principle [3.4,3.5], but it is a semblance only. The maximum conditional entropy
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principle is a direct consequence of the basic equations of information theory, and instead
we should rather consider that it is the maximum entropy principle which is an extension

of the maximum conditional entropy principle.
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Chapter 4

Path Entropies of Random Functions
and of Non-Random Distributed Functions

A throw of dice will never abolish chance.
Stéphane Mallarmé

In the present chapter, we shall show how one can extend the preceding concept
of entropy of non-random functions in order to obtain a new approach to the entropy of
stochastic processes on the one hand, and a possible modelling for the entropy of non-
random distributed functions, on the other. We shall consider a stochastic process as a
random function, which will allow us to define the random entropy of a path sample of
the process. To some extent the rationale of this approach is similar to the point of view
which provides the definition of the so called almost sure convergence. Then we shall
apply the results so obtained to distributed functions by using a randomization technique.

4.1. Path entropies of random functions

4.1.1. Observation modes of family of functions

As we shall understand later, the amount of uncertainty involved in a family of
functions f(x, 3), where B € R" denotes an external random parameter, will depend upon
how these functions, or rather the graphs of these functions, are observed; and in this way
we shall consider the following modes of observation.

Serial mode of observation. In this observation process the observer first selects
a given value f, of B, and then he examines the complete graph (or curve) so generated
by the map f(.,3,)on £2; then he selects another value B; for B, he observes f(.,f3,), and
so on. In this approach, the observer apprehends a collection of S-path entropies (or R-
path entropies or C-path entropies), and their combination, in some sense to define, will
determine the amount of uncertainty so involved in this family of functions.

Parallel mode of observation. In this model the observer selects a given value x,,
for x, and considers the amount of uncertainty involved in the random variable f(x,,[);
then he selects another value x1; and so on. Here the observer firstly considers the mean
value (with respect to f) of the density of uncertainty Inlf(x,8)l, and then

G. Jumarie, Maximum Entropy, Information Withoutr Probability and Complex Fractals
© Springer Science+Business Media Dordrecht 2000
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combines them to measure the uncertainty involved in the family of functions indexed by

B.

4.1.2. Shannon path entropies of random functions
PROPOSITION 4.1 Assume that the R" — R" function f(x,B) depends

explicitly upon a random parameter B € D c R™ independent of x, which takes on the
value B with the probability density q(J3); then in the serial mode of observation, its S-

path entropy of order c conditional to B is
HY(Fu(:xDB) = [ a(BH.(F(.B:)dp, 4.1)

and in the parallel mode of observation, this conditional entropy is

HY'(f3( Q% DIB) =
) Inexp(cEB{ln £, B)}) Ey{in | £(x, B)}dx w2
jﬂexp(cEB{ln £, B)})dx
with
Efn|f/xBf} = [ aB)in|f(xpldp. ™ (4.3)

Proof. (i) For a given f the graph of f(x,) is well defined, and the
transformation Y = f{X, B) yields the conditional entropy

H(Y|B) = HX)+ jnp(x)ln

fl(x, B)|dx- (4.4)

(ii) In the serial mode of observation, according to equation (4.4), for a given f3,
the uncertainty seized by the observer is H.(f{.,8), hence the equation (4.1).

(iii) In order to obtain the equation associated with the parallel mode of
observation, we multiply both sides of (4.4) by g(3) and we integrate over D to have (do
not forget that B is independent ofX)

H(Y|B) = HX)+][ [ aBp(oin|f(x B)ldxdp. (4.5)
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= HX)+ | p0E{In|f/x,B)}dx . (4.6)

We now define the entropy

H'(f;();QxD) = max jnp(x)EB{m £/, Bl}ax 4.7

subject to the condition (H(X) = constant), and we use the Lagrange multipiers to obtain
(4.2).

It is important to notice that, as so defined, these entropies are conditional on B,
since they explicitly depend upon the density g(f3).

4.1.3. Renyi path entropies of random functions
PROPOSITION 4.2. Consider the R" — R" random function f(x,) of
Proposition 4.1. equation (4.1), then in the serial mode of observation, its Renyi path

entropy of order s , s 20, s # 1, conditional to B, is
Hy (f3(:@x DulB) = | q(B)Hy(f(.):Qu)dB, (4.8)

and, in the parallel mode of observation, its R-path entropy of order s, which corresponds

tou=20,is

. 0 LBl sl
Hy,(fy(1:QxDIB) = -——In IZ E{ 7 Bl 4.9)

with the notation

[LaBlrep| dp |~
[ aBp

n (4.10)

E{

flxBf} =

Proof. (i) In the serial mode of observation, for a given f, the observer measures
HR s(f(., B;€2,u), hence the expression (4.8), by assuming that u is constant.
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(ii) We now consider the parallel mode of observation, and we make the
transformation (X,B) = (Y,B) = f(X,B),B) where X is a random vector with the

probability density p(x); then according to the transformation (3.23), one can write

£l B dpdx, @.11)

1 : .
Hy (1) = — [ [ qBrm

and similarly to the maximization (3.24) which defines the Renyi path entropy of non-
random functions, we shall define the Renyi path entropy Hg s(fg(.)) of random functions

by the expression

Hy (f3(.);Q2%x D)

3 s ’ , l—xd
= max 1 In -[Q-[Dq Byp () f(x ﬁ)| ﬂdx’

. (4.12)
b0 1—3 [.] ' Bp' (x)dBax

subject to the condition

1 . .
He(X,B) = —In[ [ a(Bp' (.

= constant
(iii) In the parallel mode of observation, the equation (4.12) provides

HR,x(fB(-);Q x D)

*(0)E,{|£/(x, B)|ydx
= max——In '[ﬂp (%, {!fx(x U

, (4.13)
) 1—s .[n p'(x)dx

with the condition

'[Q p'(x)dx = constant .

We then optimize the Lagrangian
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L= [[re(E]

Fx B} +2) + pp(o .

where A and p are the multipliers, and we so obtain the special form of the optimal p(x),
corresponding to u = 0 in the expression of Hg s(f.);€2u), i.e.,

_ E{fxB)}
p(x) = e B)|}dx,

J.E4

therefore the equation (4.9).
This complete the proof.
One has the following result:
PROPOSITION 4.3. The following equalities hold:

lim Hy (f,(): 2% D.uB) = H,.,(f,():QxD|B); (4.14)
lim Hy (f,():Qx D|B) = H['(f,():QxD[B)- ® (4.15)

Proof. The proof of (4.14) is straightforward and is a direct consequence of
Proposition (3.4).

The proof of (4.15) reads as follows. (i) According to (4.10), one has the
equivalence

Ev{'f,\} = (Juq(ﬂ)lf'll_xdﬂ)ﬁ
([, aBl+a-9mnlr1jap)

n

= [1+a-9[ aBm|riapf
= exp(E,{In|f1}). (4.16)

(ii) By using (4.16) one can write

E{|f1}

n

exp(sEB{ln |f'|})
= exp(EB{ln|f'|}) [1 +(s— l)exp(EB{ln|f’|})]. 4.17)
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(iii) Substituting (4.16) and (4.17) into (4.9) yields the equality
HZ (f,(.);Qx D|B)

[ exp(Eq{n| 11} Ey{inl £ }ax
_[Q exp(E,{In|f })dx

= —Lln I+(s—1)
1-s

therefore the result.

4.1.4. Structural path entropies of random functions
PROPOSITION 4.4. Consider the R" — R" random function f(x,B) of

Proposition (4.1), then in the serial mode of observation its structural path entropy of

order s 20 conditional to B is
HE(f,(1:Qx DulB) = [ a(B)He,(f(.B):Qu)dp , (4.18)

and in the parallel mode of observation, the structural path entropy corresponding to u =
0 is

1| E{f B ax |

HZ (f3(); Q% D,u|B) -
‘ e 1| [ E{|f!(x Bljdx

(4.19)

Proof. The proof is parallel to the proofs of proposition 4.1 and 4.2, and we
shall only outline it below.
(1) In the serial mode of observation, the result is now obvious.

(ii) In the parallel mode of observation, using again the transformation
(X,B) = (Y, B) = (f(X, B), B), one obtains the equality

], ®p el -1

e -1

Hc,(Y)

) (4.20)

which provides the definition of Hc ((fp(.);€2) in the form
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H (f5(.;QxD)

= e Dbl

£ B = 1)p ()’ (Bdxdp

4 4.21)
PO [L],p'0a’(Braxap
subject to the condition
L] p'oa'(Brdxdp -1
H. (X,B) = L —
' e -1
= constant . (4.22)
Since B is independent of X, one has also
He (f3(); Q% D)
P ) E{ fi(x, B}~ 1]dx
= max -[9 [ {x l} ] , (4.23)
g [ preodx
subject to the condition
jﬂ p'(x)dx = constant . (4.24)
The usual optimization via Lagrange multipliers yields equation (4.19).

We shall conclude this section on random functions by the following result:
PROPOSITION 4.5. The following equalies holds:

lim HY (f3();QxD,uB) = H}y,,,(f:(0;Qx D|B) (4.25)

and
lim HZ(f;():QxD|B) = H(fy();QxD|B)- ® (4.26)

The proof is now familiar and is left to the reader.
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4.2. Application to stochastic processes

4.2.1. Random path entropies of stochastic proceses

As is evident, the above definitions apply directly to stochastic processes, but
here we shall reconsider the problem of defining the entropy of random functions from a
new point of view (the entropy of a path sample is obtained by using the definition of
entropy of non-random functions) which will lead us to introduce a new concept of
random path entropy.

DEFINITION 4.1. Let x(t) € R denote a mean square differentiable stochastic
process, and consider the graph (or trajectory) defined by a given sample {x(z), 0 < 7<
T} on the interval [0,7]. Then three measures of the amount of uncertainty involved in
this sample trajectory, and which are fully consistent with the entropy of non-random

functions, are the Shannon path entropy

T n icojae

H (x(.);0,T) 7 (4.27)
[l de
0
the Renyi path entropy
Hpg (x(.);),0,T;u)
1
T EATEN -s
L [ (@)= lxo) ~ar (4.28)
= n ]
I=s Jor(u + |x(t)|ﬁ)dt
and the structural path entropy
He (x(.);0,T;u)
T . -5 . -5
L ol Eor - 1)d . (4.29)

e ~1 T P
jo (u+|x(t)| I-s )dt
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Useful approximation. Let us write
H (x(.);0,T) = Y/Y, .

Assume that { X(1,), X(t,)5ees X(8, )} is a set of mutually independent random variables for

any {t,.t,,...,t,} and any k, and define

mte) = E{x@f In]i)} (4.30)
ol(te) = Var{lx| In|ic} 4.31)
mte) = E{z)} (4.32)
oy(te) = Var{i|} (4.33)

then, according to the central limit theorem, the numerator Y; in the expression of H, is a

Gaussian random variable,
T T
Y, = N(j0 w0, O'lz(t,c))’ (4.34)

and in a like manner Y> is a Gaussian random variable

Y, = N(j:yz(z,c)dt,j:og(t,c))- (4.35)

4.2.2. Average path entropy of order k
In some instances, it may be of some interest to consider the average entropy of
order k defined by the expression [4.2]

_ [ i O ol (1l

h N, (4.36)
jo v, (0)]° dt

’ +

(H!(x(;0,T))

with
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() = [E{fc"(t)}]”k- (4.37)

4.3. Path entropies of functions indexed by a distributed parameter

4.3.1 Shannon path entropy of distributed functions

We now consider a family of function f{x,z) indexed by the vector parameter z,
which differs from the family of random function f{x,B) above in the sense that z is a
deterministic parameter. We have the following result.

PROPOSITION 4.6. Let f:QxD—R",QcR",DcR",(x,2) > f(x,2),
denote a non-random function which is continuous with respect to z and is continuously
differentiable w.r.t. x, and the Jacobian determinant of which is denoted by f,(x,z).
Then as a direct consequence of the definition of Shannon entropy of random variables, in
the serial mode of observation, its S-path entropy of order (b,c(z)), be R, c(2)€R, on
the domain $2XD, is given by the expression

H, . ,(f,();Q%x D)

= [ exp(bH. (£, 2:9) + H(X,32,¢(2)) Heio (.20 Q)dz , (4.38)

[ exp(bH. . ((.21Q) + H(X,;2.(2))de

where H(Xf7,¢(z)) is the Shannon entropy of the random variable Xy with the probability
density

o(2)

|f/(x,2)
J If( L(z)

Py oy(%:2) (4.39)

and where b together with c(z) denote two parameters which describe how the family of
curves so defined by f{.,z) is scanned by the observation process. B

Proof. (1) We randomize z in the form of the random variable Z with the
probability density p(z); and we point out that this randomization is quite relevant since
then p(z) defines the scanning distribution with which the observer (whether it is a human
being or a physical device) examines each x-trajectory f{.,z) , z € D.

(i) This being so, according to the relation (3.12) which now depends upon z,
the transformation Y = f{X,z) yields the conditional entropy
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H(Y|z) = H(X|z)+ ij(x,z)ln

Flx,2)\dx (4.40)
where H(XIx) is the conditional entropy of X given that Z = z, as defined by the
conditional probability density

p(x,z) =

q(f(x,2))

fl(x,2),

with g(y) denoting the probability density of Y.

We now multiply both sides of this equation by p(x) and we integrate over D to
obtain
H(Y|Z) = H(XIZ)+] [ p(2)pCx,2)In|f/(x, Dldxdz . (4.41)
with
H(X|Z)

—ijnp(z)p(x,z)ln p(x,2)dxdz .

(4.42)

(iii) Next, we consider the pair (¥,Z), and analogously with the equation (3.13)
which defines the path entropy of non-random functions we expand the joint entropy
H(Y,Z) in the form

H(Y,2)

. H(X,Z £.():Qx D)
H(X,Z)+ H(f.();Qx D|X, Z)
H(Z)+ H(X|Z)+ H(f,();Qx D|X,Z),

Il

(4.43)
and we notice that

H(Y,Z) =

H(Z)+H(Y|Z) -

Taking (3.13) into account, (4.43) provides the identification

H(f,(:QxDIX,2) = | [ p2)p(x,0)In
together with

F(x,2)|dxdz (4.44)
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H(f,();QxD) = max H(f,();QxD|X,Z) (4.45)
p:p

subject to the condition

H(Z)+H(X|Z) = constant . (4.46)

Next, since we are dealing with the serial mode of observation, according to
section 3.2 on path entropies of non-random functions, one has necessarily the equality

p(x,2) = psp(x2) (4.47)

where p, .,(x,z) is given by the expression (4.39); and as a result, equation (4.45)

yields

H(f,(:QxD) = max [ p()H . (f(.0:Qde -

subject to the condition
—IDp(z)ln p(z)dz+IDp(z)H(Xf,z)dz = constant ,
with the additional normalizing condition
jD p(x)dz = 1
(v) We then define the Lagrangian
L = [ p@{H(f(.2:Q)+AMHX,,2)~1np@)+p}.
to obtain the result (4.38).
A useful special case. Assume that c(z) is a constant ¢ in the equation (4.38);

then, by using the explicit form of the entropy H(Xj) as expressed in terms of py ¢(x,z),

one obtains the expression
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H, .(f.();Qx D) (4.48)

‘In

Jexp((b— I H (. 25) [ |F0x.2)
[, exp(0- 0B (£C.2:9)]],

Flx 2)dx|dz |
fl(x,2) Cdx]dz

Assume further that b = c, then (4.48) provides the simplified useful expression

JoJa

£, 2)| In|f/ (x, 2)|dxdz
ID IQ f"l(x’ Z)|Cdxdz |

On the surface this expression looks like a direct generalization of the definition
of H.(f{.);€2). Nevertheless, it is of importance to point out that it is not merely a formal

H_ (f,();Q2XxD) (4.49)

extension at all, but rather a direct consequence of the basic argument which allowed us to
obtain H(f(.);$2).

Notice also that the assumption b = ¢ is quite acceptable and meaningful.
Indeed, on the practical standpoint, and loosely speaking, it merely illustrates that the
scanning observation of each trajectory on the one hand, and that of the family of
trajectories, on the other, are similar.

4.3.2. Renyi path entropy of distributed functions
PROPOSITION 4.7. Consider the non random distributed function f(x,z) of
Proposition 4.5, equation (4.38); then, in the serial mode of observation, a measure

Hy (f,(.);Q2X D,u) of the amount of uncertainty it involves, which furthermore is fully

consistent with the Renyi path entropy of random variables, is defined by the expression

LA
Hp (f,(;QxDyv) = ——InP—— (4.50)
I-s [ B(z)dz
D
with
A) = [Vl—x(f;z,Q)+vexp((1—s)HR,_‘(Xf;Z))]ﬁ
XV (£ Q)] |fix )] dx . (4.51)
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B(z) = [V“-"(f;z,sz)wexp((1—s)HRJ.(X,;z))Fv“"(f;z,Q). (4.52)

v € R is a real valued parameter; V(f;z,82) is the total variation of f{.,z) on Q, i.e.

V(i@ = [

fl(x,2)dx (4.53)

and HR s(X;z) is the Renyi entropy of the random variable X defined by the probability
density py i(x,z), see equation (4.28), clearly

ﬂ(x,z)rdx m
fl x|

Hy (Xp32) = Lk (4.54)

]_sln Uﬂ

Proof. (i) Once again, we randomize z in the form Z with the probability density

p(z).

This being so, we consider the transformation (X,Z) = (Y,Z) = (f(X,2),2),
where X denotes a random variable with the conditional probability density p(x,z) given
z. According to the transformation equation (3.14) one has

1 o
Hp,(Y) = —In J’Djnp-‘(z)p-‘(x,z)}ﬂ(x,z)|’ dxdz (4.55)

and similarly to (4.45) and (4.46), we shall define Hg s(f;(.)) by the expression

HR,A\-(fZ(-)QQ X D)

QP (x| (x,2)| " dxdz
= max ! anDIQp P /, ]

(4.56)
pr 1—s jD jﬂ p'(2)p* (x, z)dxdz

subject to the condition

1 Sy S
H, (X,2) = 1—_§ln IDJQP‘(z)p‘(x,z)dxdz

>

= constant (4.57)
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(ii) In the serial mode of observation we first select p(x,z), and according to the
equation (3.25), in which we make u = 0 to simplify it, one has the density

Px2) = P, (4.58)

We now substitute pfc()(x,z) for p(x,z) into (4.54), and as a result the problem

is then to maximize

max [ p'()M(2)dz (4.59)
p D

subject to the condition

JDp"'(z)N(z)dz = constant , (4.60)
with the notation

M(z) = _[np}_,(x,z)|f,'(x,z)|l_"'dx , (4.61)

N(z)

J‘Q p',".'l (x,z)dx . (4.62)

(iii) To this end, we introduce the Lagrangian function
L = jn[ P*(2)(M(2)+ N (2)) + wp(2)]dz ,

where v and w are the multipliers (indeed do not forget the constraint J p(z)dz =1) and
D

maximizing L with respect to p(.) yields

[M(Z) + VN(Z)]I I(1-5)

— . (4.63)
jD[M(z)+vN(z)] 9 dy

pz) =

We substitute this result into (4.45) to have



CHAPTER 4 75

Hy (f,(.);Qx D,v)

L, J.D[M @+ NIV (f ;Z,Q)Un fx’(x,z)|“'dx]dz
n .

I=s [ [M@)+ W V(12 de

(4.64)

(iv) In order to obtain the result, we simply remark that

M@@) = V7(fiz,Q)
and .

N(@2) = exp((1-5)H,,(X,;2)

A useful special case. If we make v =0 in the equation (4.64), we have the

simplified expression

fl(x,2)| dxdz
Fx,Ddrdz

(4.65)

Hy (f.(;QxD) = —lislnﬂ?‘ﬂ?
DJQ

which is exactly the parallel of the simplified form (4.49) of the S-entropy.

As alast remark we shall point out that the distributed Renyi entropy so obtained
is not the most general one, and this is because we have restricted ourselves to the special
case defined by equation (4.58). As a matter of fact, the generalized Renyi entropy would
be obtained by using the general expression of the optimal p(x,z) which is, according to
(3.25)

].\' /(1-5)

[u + ﬂ’(x,z)|

" (4.66)
J‘Q[u+|f:(x,z)|].\/(l A)dx

p(x,z;u)

In other words, according to the identification ¢ = 1/(1+u), see equation (3.55),
the family of Renyi entropies so obtained corresponds to a constant ¢(z) = 1.

The meaning of the parameter v introduced in the equation (4.39) is quite
different from that of u, and we shall see later that u plays a role similar to that of b in
equation (4.27), whilst v is equivalent to c.
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4.3.3. Structural path entropy of distributed functions

PROPOSITION 4.8. Consider the family of distributed functions f(x,z) of
proposition 4.5, equation (4.38); then in the serial mode of observation, a measure
H. (f,(.);QX D,v) of the amount of uncertainty it involves, which furthermore is fully

consistent with the structural entropy of random variables, is defined by the expression

1 jDB(z)dz
e - 2)dz
D

where A(z) and B(z) are defined by the equations (4.51) and (4.52). &
Proof. The proof is parallel to the proof of proposition 4.6, and starts with the

definition
H (f,();QxD,v)

_ Llrea” - @ s (4.68)
- JDJ'QP"(Z)p“'(x,Z)dde

subject to the condition

[Jop @p' (x2)drde -1

HC,X(X’Z) = el—.\'_l

(4.69)

constant .

The simplified form which corresponds to v = 0 is given by the expression

L L

He ([(;QXD) = —=— ”

(x, z)|dxd:
S Z)|A i (4.70)
fl(x,2)| dxdz

which is the parallel of the reduced S-entropy (4.49) and of the reduced R-entropy (4.54).
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4.3.4. Relations between the path entropies of distributed
Junctions

As expected, one has the following result:
PROPOSITION 4.9. The following property holds, that is

lim Hy (f,(.);QXD,v) = H,,, (f,();Q2XD) as s—=>1.1 4.71)

Proof. (i) For s close to the unity one has the approximations

s

[Vl—x(z)+ v(l—.v)HR,gx,:n)]:

= (1+v)" ‘[V(z)]mexp( H(X, Q))+o((s—l)) (4.72)

and

1+ (s=DH£():Q)+o((s—1)*) . (4.73)

(ii) Substituting these expressions into (4.50), and after some manipulations, one
finds that

lim Hy (f,():2x D)

e u
[ vl exp(mH(X,-;z,l))H(fz(-);Q)dz

[ V@) exp(ﬁH(Xf;z,l))dz

Jo x| = OO0 @ e

jDexp(—ﬁ; H( fz(.);Q))V(z)dz
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(iii) We now remark that here one has ¢(z) = ¢ = 1, and comparing with (4.48),
we make the identification

b—c = —ul(l+u),

hence the result.

With respect to the structural entropy, a Taylor expansion in the vicinity of s = 1
yields the following result:

PROPOSITION 4.10. The following property holds, that is

lim H. (f,();QxD,v) = H,,, (f,();QxD) as s—1 m (474)

Notice that this property can be obtained directly by using the relation between R-
entropy and C-entropy. Indeed, comparing their respective expressions (4.50) and (4.67)
yields

exp((1- $)Hy,(f,(); Q% D,v)) -1

I-s

e -1

H, (£.();Qx D,v) , (4.75)

hence the equivalence

H. (f,();Q2XxD,v) Hy (f,(); Q% Dv)+o((s—1)%) . (4.76)

4.4. Path entropies of distributed functions via parallel
observation

In section 4.2 we considered the model in which the patterns generated by the
function f(x,z) are observed in a serial manner only; but, in fact, the results so obtained
can be directly utilised to obtain the expression of the entropies defined by the parallel
observation mode.

The key idea is the following. At a given x the observer measures the set of
values of f{x,z) for the admissible z; in other words he is considering the z function f(z)
indexed by x (f(z) is not to be confused with the derivative f,(x,z)) in such a manner
that he is dealing with a family of distributed functions with x as distributed parameters. It
follows that the roles of x and z are reverted, and in order to obtain the new formulae, it
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will be sufficient to duplicate the equations of Section 4.2, with suitable alterations to take

account of this symmetry.
For instance, the counterparts of the serial entropies defined by the expressions

(4.49), (4.65) and (4.70) are respectively

_LL

£1(x,2)|" In|f/(x,2)|dxdz

H, (f.()QxD) - (4.77)
Jn jn f;(X,z)l dxdz
(x,2)[" dxd:

Hp (f.(:QxD) = - 1mLLﬂfﬂl - (4.78)
=5 [ [ |f/(x.2)|dvdz

AR .

He (LOXD) = Ty [ [Iffnof dedz

subject to the condition that f{x,z) is continuously differentiable with respect to z.

4.5. Path entropies of piece-wise continuous distributed

functions

As it is evident, one can combine the results of section 3.9 with those of section

4.2 to deal with distributed stairwise functions. For instance, for the function

Y(x,2) = zn:é,.(z)Y(x-xi), xeR> (4.80)

i=1
the serial S-entropy of order c is

~ l:jmz 5.'( )Cl 5f( )
HY ((F,(3[mym,]) = jbfzgi'"zlfil(z)n‘d;"

(4.81)

and the parallel S-entropy is
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92
JZ' 8

HY (F,()5[m,m,]) = (4.82)

In a like manner, the extension to piecewise continuous distributed functions is
straifgtforward. We shall denote by 6j(z) the discontinuity jump

0.(z2) = f(x,+0,2)-f(x,-0,2) (4.83)
and, for instance, the serial S-entropy reads
H,(£,()a.b))

j [ j | £/, 2)| In| £, z)|dx+z 16,2 In}s, (z)]]dz

[ [ o ]a’z

4.6. Cross-entropic variance of distributed functions

(4.84)

Assume that we have a field of probabilities defined by the distributed
(cumulative) distribution functions F(x,z), x € R,z€ DcR"; then on making the
substitution f{x,z) « F(x,z), and taking account of the equation (3.21) we are led to

define the entropy of order ¢ of X on the domain D by the expression

_ fuﬁx p(x,2)In p(x,2)dxdz

[ ], P (x2)ddz (4.85)

H.(X;RxD) =

and combining this expression with the equation (3.67) we can now define the distributed
cross-entropic variance of the two probability densities p(x,z) and g(x,z) by the

expression
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Joqu(“)lﬂzlq(x,z)/p(x,z)]dxdz
[ ], ax.2)dxdz

0%(q,p; QD) =

JDLCI(X’Z)IH[LI(LZ)/ p(x,2)]dxdz i

[ [, atx.2)dxdz (4.86)

In a like manner one can meaningfully define a cross-entropic variance between
the distributed entropies themselves. Indeed, by making ¢ =1 and b =0 into equation
(4.48), we have the S-entropy (do not forget that the entropy of a random variable is the

opposite of the entropy of a non-random function!)

J'eH(X;Z)H(X;Z)dZ
HX;RxD) = - & | (4.87)
H(X;z2)
J-e “dz
D
with
H(X;2) = -] px.2)In p(x,2)dx. (4.88)

As a result, given another distributed entropy H(Y,z) defined by the probability
density g(x,z),

H(Y;z) = —JRq(y,z)lnq(y,z)dy, (4.89)

we shall define the cross-entropic variance between H(X;z) and H(Y;z) by the relation

J'eH(Y:Z)[H(Y;Z) - H(X;Z)]zdz
oy (H(X;2),H(Y;2);D) = =B
,,( ) J'Dey(y;z)dz

2
[e " H(Y;2)- H(X;2))de
—|Zp . (4.90)
J’ell(}';z)dz
D
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4.7. Concluding remarks

In the present chapter we have shown how entropy of non random functions
provides a new family of entropies for random functions! In this approach the entropy so
obtained can be thought of as mean values of entropies defined on random trajectories or
paths, and in this way it is basically different from the entropy of dynamical systems
considered as Markovian processes (see for instance [4.1,4.3]. Loosely speaking, in the
first model we considered the entropy of the mean value of the stochastic trajectory, and in
the second we referred to the mean value of the entropy of each trajectory considered as
the graph of a deterministic function. We have exactly the same difference of meaning
between convergence in probability and almost sure convergence. In the first case one
considers the convergence of the variable at each instant, and in the second one considers
the convergence of the trajectory as the whole. And this is the reason why we have
carefully avoided to use the term stochastic processes of which the entropy is well defined
in the literature. Instead, we referred to entropy of random functions.

And then using these results regarding random functions, we have obtained the

entropy of distributed functions.
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Chapter 5

Quantum Entropies of Non-Probabilistic
Square Matrices

We are seeking different causes.
Nietzsche (Zarathustra(III,2))

5.1. Introduction

In physics we deal with systems of which the dimensions may be macroscopic,
mesoscopic, or microscopic. It follows that if we want to analyse them from the
information-theoretic standpoint we shall need an appropriate framework which takes
account of this level of definition. But whilst Shannon's theory is quite suitable in the first
case and can be used in the second, it cannot be applied to microscopic analysis. Other
approaches are necessary, and one of them is quantum information.

The same dichotomy will hold for information of non-random data, so that it
seems of interest to look for an extension of quantum information theory which would
define the amount of uncertainty involved in square matrices which do not necessarily
describe phenomena of random nature, and which are here referred to as non-probabilistic
matrices.

In the present chapter we shall see that this goal is, to a large extent, achievable;
and more specifically, we shall obtain some meaningful concepts of entropy for non-
probabilistic operators, that is to say operators which are defined irrespective of any
probabilistic framework.

The reader need not be familiar with the basic notions of quantum mechanics,
since we shall expand our approach without explicitly referring to the latter. Nevertheless,
for the sake of completeness we shall begin with a reminder of von Neumann’s quantum
entropy.

This being so, one of our purposes is to arrive at a unified approach to Shannon
information and to quantum information via the maximum entropy principle, and to this
end, firstly, we shall show how one can obtain the explicit expression of Shannon
entropy of random variables by using this principle. Then we shall get various definitions

for the entropy of non-probabilistic matrices, therefore we shall expand the theory.

G. Jumarie, Maximum Entropy, Information Without Probability and Complex Fractals
© Springer Science+Business Media Dordrecht 2000
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5.2. Background of quantum mechanical entropy

5.2.1. Basic principles of quantum mechanics

Loosely speaking, the basic principles of quantum mechanics can be summarized
as follows.

Principle of quantification. To any observable physical variable A , is associated
a linear Hermitian operator A. When we measure the value of this variable in a real
observation process, all we can obtain is one of the (real) eigenvalues of A.R

Principle of spectral decomposition. Assume that the observable is associated
with the operator A of which the eigenvalues and the eigenfunctions are ¢; and ¢;
respectively, i = 1,2,3,..., for a discrete spectrum. Assume, moreover, that the physical
system under consideration is described by a (wave) function y(q,t). Then one can

expand the latter in the form
vgn = Yt

2
| = c/c, where

[

and the probability that a measurement ascribes the value @ to A is ]c,.

the star denotes the complex conjugate.
In addition, |y(q,?) ? is a probability density, in other words one has the equality

(vlv) = 1, (5.1)

where the symbol ((.)|(.)) holds for the inner product. The mean value of the operator A is

defined by the expression
E{A} = (v|Ay). (5.2)

Assume (to simplify) that A has no multiple eigenvalues, then one has the

equality

gleIZ = (vlv)

=1 (5.3)

’
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which is meaningful in terms of probability.
5.2.2. Matrix representation of operators

Given a linear operator A and a complete orthonormal system of functions {uy},
A can be described by the matrix (4;) where 4; is defined by the expression

Ay = (u|Au;) . (5.4)

Indeed, assume that A-is applied to a state function Y(q,?) in such a manner that
we have to calculate Ay(g,t). To this end we shall expand y(g,?) in the form

w(gn) = Y.c0u(g)
J

therefore we have
Ay(gn) = (DA (9),
= IZCj(t)A,.jui .
ij
The matrix (4;) is referred to as the matrix representation of the operator A.
5.2.3. Density matrix

With the above notations, the mean value of A at the instant ¢ is (see equation

(5.2))

E{A} = Y.c/()c,()A; (5.5)
ij

such that the relation
(wlw)wle) = < @e;0)
suggests to introduce the operator p(t) defined by the equation

p(t) = |yXwl (5.6)
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and of which the matrix elements are

Pﬁ(t) = C;(I)Cj(t)
= (lons) - 5.7)

DEFINITION 5.1. The operator p(t) defined by the equation (5.6) is referred to
as density operator, and the matrix (p;, in equation (5,7), is a density matrix.H

With this formulation, mathematical expectation can be expressed as the trace of
a matrix. Indeed, using equations (5.4), (5.5) and (5.7) one can write,

E{A} = 2(uj]pu,.><uilAuj>

i,j

= tr(p(HA), (5.8)
where tr(.) stands for trace of..

DEFINITION 5.2. Following von Neumann [5.7,5.8], the amount of
uncertainty defined by the density operator p, or the density matrix (p;), is measured by

the quatum entropy
S(p) = —tr(plnp). | (5.9)

This expression uses the notation of matrix functions, and is to be understood as
follows. Let {A;} denote the set of eigenvalues of p (they are positive) and assume that

there is no multiple eigenvalue; then we have the quantum entropy

Sp) = -Y Ak, - (5.10)

When, for instance, there is one eigenvalue of order k, then the corresponding
term in (5.10) is repeated k times (to be consistent with the Shannon entropy).

In the following we shall generalize this concept to operators which are not
Hermitian and/or have no probabilistic meaning; but beforehand, we shall show how one
can obtain the expression of the entropy of Shannon entropy of random variables by using

the maximum conditional entropy principle.
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5.3. A maximum entropy approach to entropy of random
variables

5.3.1 Preliminary remarks

In order to obtain the explicit expression of the Shannon entropy of random
variables, it is customary to select a set of prior desiderata which a measure of uncertainty
should likely satisfy, and in this approach, the axioms which are by-now largely taken for
granted, are those of Shannon himself [5.10] refined later by Fadeev [5.1], see the second
chapter.

In a unified approach to information and quantum information we should follow
the same or a similar way of arriving at the corresponding definition of quantum entropy;
but unfortunately this (mathematical) functional scheme will not be useful in a non-
probabilistic framework. This is the reason why we suggets the following variational
derivation of Shannon entropy, which we shall be able to duplicate easily for quantum

entropy of non-probabilistic matrices.

5.3.2. A new set of axioms for entropy of random variables

Another set of possible meaningful desiderata which should be satisfied by a
measure of the uncertainty involved in a discrete probability distribution, is the following
one.

(Al) As a direct consequence of Hartley's measure of uncertainty [5,2] (see
Chapter 2), we shall assume that the amount of uncertainty contributed by the outcome x;
of the random variable X is —In p,, and we shall measure the amount of uncertainty

which charaterizes X by the weighted combination

u(x|B) = i—ﬁilnpia (5.11)

i=1

where B:= (B, B,....8,), B; > 0,i=1,2,...,m, is a vector parameter such that
3B =1 - (5.12)

(A2) Assume that f§ satisfies some mathematical constraints; then among all the

admissible weighted combinations defined by the equations (5.11) and (5.12) and these
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constraints we shall select the largest: the entropy U(X) will be defined by the equality

UX) = maxU(X|p)

= U(x|p) (5.13)

(A3) Assume that the final expression of U(X) can be written in the form
UX) = =Y pflp)np, (5.14)
=1

where f{.) is an unknown positive differentiable function to be determined; then applying
the axioms (A1) and (A2) with the additional condition

S BB = k> (5.15)
i=1

where A is a given constant, should yield the solution
B = pf(py (5.16)

at Jeast for some special values of A.

On the practical meaning of these axioms. These axioms are supported by
arguments of a physical nature which can be detailed as follows.

Axiom (Al) says that if we can guess a possible distribution of uncertainties
which characterizes the outcomes x;, i = 1,2,...,m; then the uncertainty associated with X
is the mean value of this distribution, in some sense to be defined by a set of weighting
coefficients. According to Hartley, the entropy defined by the uniform distribution
p=p,=..=p,=1/m is Inm=~Inp, and it is this remark which suggests the
equation (5.11). In addition, the condition B, >0 emphasizes that all the components p;
should contribute to the uncertainty involved in X.

Axiom (A2) is exactly the maximum conditional entropy principle which we used
to derive the entropy of non-random functions. Here, of course, we cannot consider it as
a consequence of Shannon information theory, but rather we think of it as an assumption,

which moreover is quite consistent with Jaynes’ maximum entropy principle [5.4].
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Axioms (A3) is a self-reference principle which can be understood as follows.
Assume that we randomize the problem, and that we consider 3 as being a probability
distribution; then the uncertainty involved in f3 should be

U = ~3BSBIN G (5.17)

But in our embedding approach this assumption looks like quite natural,
because, by this way, we directly refer to the informational framework to assume that the
amount of uncertainty we have about f has a given fixed value 4. The result thus obtained
will depend upon A, and in varying the value of the latter, we shall therefore obtain a

family of entropic expressions.

5.3.3. Shannon entropy via maximum entropy

We can now state the following result:

PROPOSITION 5.1. Shannon entropy of random variables can be obtained as a
consequence of the axioms (Al) to (A3) above. B

Proof. Firstly, we shall show that these axioms provide a family of generalized

Shannon entropy of order ¢ in the form

m

ZP.‘C In p,

(5.18)

To this end we shall proceed as follows.
(i) We define the Lagrangian

L = i[~ﬂ,.lnp,-+/lﬂif(ﬂ,-)lnﬂ,»+ﬂﬂf]’

where A and u denote the multipliers, and its maximization provides the equation (we
equate to zero the derivative w.r.t. ;)

~Inp,+ AL f(B)+B.S’ B)|nB+Af(B)+p = 0. (5.19)
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(ii) According to the axiom (A3), the solution of this equation (5.19) should be
B, = p,f(p;), and inserting into (5.19)) we obtain the functional equation

[lf(pif)— l]ln pi+Af(pf)In f+piﬂ’(pif)1n (pH)+u = 0.
(iii) This equation suggests testing whether the equality

f(ﬁ,) = k

= constant ,

would not be a possible solution; and making the substitution into (5.19) yields

ﬂi — pi(llki.)—l—(u/kl)’ (520)

therefore the expression of H (X) via the normalizing condition (5.12).

This completes the derivation of equation (5.18).

(iv) If we now restrict ourselves to the expression (5.14) in which f{p;) depends
upon p; only, then we have to make ¢ =1 into (5.18), therefore we obtain the expression
of Shannon entropy of random variables.

Remarks and comments. Obviously, from a practical standpoint this result does
not contribute new equations to the theory, since the generalized Shannon entropy of
order ¢ can be obtained via entropy of non random functions (see Chapter 3).

Nevertheless, from the theoretical standpoint this new variational approach
provides additional support to the validity of the maximum entropy principle which, in
this way, can be taken as the basic axiom of information theory. Indeed, by using this
principle we shall be able to obtain the Shannon entropy of random variables, entropies of
non-random functions, quantum entropies of square matrices, and von Neumann quantum
entropy. In other words, we shall thus arrive at a unified approach to these different

measures of uncertainty.
5.4. Quantum entropies of non-probabilistic square matrices

5.4.1. von Neumann quantum entropy of square matrices
PROPOSITION 5.2. Let A denote a constant real valued nxn square matrix with
the eigenvalues A1,A2,...,An; then a measure of the amount of uncertainty it defines,

which is fully consistent with von Neumann quantum entropy on the one hand, and with
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Shannon entropy of random variables on the other hand, is the quantum entropy of order
c [5.5]

n

ZIMC ]“Mil

QH (4) = H0F—— , ceR”

Zh

(5.21)

When there are multiple eigenvalues, the corresponding terms in (5.21) are then
duplicated as many times as indicated by their respective orders. B

Proof. (i) Preliminary remark. We first bear in mind that the entropy of a
random variable X and the entropy of its (cumulative) distribution function vary in
opposite ways. One of them increases when the other decreases; one of them is maximum
when the other one achieves its minimum value.

We should have the same property for quantum entropy of density matrices (in
quantum mechanics) as compared with the quantum entropy of non probabilistic matrices.

(ii) This being so, let H},Hj,...,.H, denote the Shannon entropies of n
independent random events Ej,E,...,Ep; then the Shannon entropy of the n-tuple
(ELEy,...Ey) is

I
¥

H(E,,E,.....E,) X (5.22)

(iii) Let us restrict ourselves to the special case when all these entropies are
positive, which amounts to suppose that we are dealing with discrete events; then we can
introduce the number p; defined by the equations

-lnp, = H, i=12,..,n, (5.23)

and inserting into (5.22) yields

H(E,E,,...E) = -y Inp: (5.24)
i=1
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Notice that p; as so defined is not necessarily a probability, since then, generally
one will have z':lp,. # 1.

(iv) When we write the equation (5.24), we implicitly assume that at the instant
of the observation we simultaneously observe the issues of all the events E;'s.

This being so, consider the case where these events E;'s occur serially in time;
for instance E; occurs at the instant /, E7 occurs at the instant 2, and so on. Then,
according to the combination law of Shannon entropy of deterministic functions, we shall

have to consider the entropy

ie”"l" "YIn p,

H(E UEU..UE,) = —+=— (5.25)
Zed‘ln ri)
i=1

In the special case when z,_ p; = 1, one find the meaningful equality
H,(E,UE,U..UE,) = H(X).

(v) We now consider the n xn square matrix A. Let f(x) denote a continuously

differentiable n-vector function; then as a result of the relation
H(Af();Q) = H(f(.);Q)+In|A], (5.26)

where |Al denotes the absolute value of the determinant of A, |Al = Idet Al, one can think

of the Shannon entropy of the constant matrix A as
H(A) = In|A|- (5.27)

Assume that A has n different eigenvalues A1,45,...,An; then one can write as

well

H(A) = iln |4, (5.28)
i=1
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(vi) We now refer to the parlance of quantum mechanics, and we assume that
each /; is associated with the state X; of a physical system X. Then we can meaningfully

make the formal identification

HE) = H(E,Z,..%,)

Y H(Z)

i=1

_ 2 Inf, (5.29)

(vii) By using (5.25), we arrive at the expression

g;x,.pn
Al

A

H,(Z,uZ,u..uZ) = (5.30)

which is identical to von Neumann quantum entropy of density matrices when A; >0 for
alli,and Z;4; = 1.

(viii) Next, according to remark (i) above, we reverse the sign of (5.30), and we
apply the formalism of entropy of non-random functions to obtain (5.21).

(ix) The requirement regarding the meaning of equation (5.21) in the case where
there are multiple eigenvalues is stated in order to have consistency with the entropy of
non-random functions. More explicitly, it is easy to see that the equation (5.28) is still
satisfied, in such a manner that one can duplicate the argument step by step, therefore we
once more obtain the expression (5.21).

5.4.2. Renyi quantum entropy of square matrices

PROPOSITION 5.3. Consider the constant square matrix A of proposition 5.2.
A measure of the amount of uncertainty it defines, which is fully consistent with von
Neumann quantum entropy on the one hand, and Renyi entropy of random variables on

the other, is the Renyi quantum entropy of order s defined by the expression
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OQH, (A) = Sl pE , >0, s#1 (5.31)

where each eigenvalue is repeated a number of times equal to its order. W
The proof of this result is a direct duplication of the proof of the proposition 5.2,
but in the framework of Renyi entropy.

5.4.3. Structural quantum entropy of square matrices

PROPOSITION 5.4. Consider the constant square matrix A of proposition 5.2.
A measure of the amount of uncertainty it defines, which is fully consistent with von
Neumann quantum entropy on the one hand, and structural entropy of random variables

on the other, is the structural quantum entropy of order s defined by the expression

(5.32)

OH (A) = ——|——1| , sp0 , s#1'™

Here again, the proof is a straightforward duplication of the proof of proposition

5.2, but in the framework of structural entropy.

5.4.4. Application of matrix functions

These entropies can be written in a more compact form in terms of matrix
functions, but before doing so, we shall digress a bit on this topic (for the reader who is
not familiar with it)

Background on matrix functions

Assume that the function f{x) of the scalar real valued variable x can be expanded

in the series

fx) = ia,.x" , xe%R (5.33)
i=0

then we shall define f{A) by the expression
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f4) = ia,-A"- (5.34)
i=0

When A has no multiple eigenvalue one can rewrite (5.34) in the form

[Ta-41)
f(4) 2 e f(A) (5.35)

TIx-2)

]#l

which can be obtained also in computing the Vandermonde determinant

FA) fR) fRy)eornnf (R

AR A pis

AP R O,

.................................................. ’ (5.36)
A A Ay A

I, 1 | 1

where I, deno<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>