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PREFACE 

This volume has its origin in the Fifth, Sixth and Seventh Workshops on 
"Maximum-Entropy and Bayesian Methods in Applied Statistics", held at 
the University of Wyoming, August 5-8, 1985, and at Seattle University, 
August 5-8, 1986, and August 4-7, 1987. It was anticipated that the 
proceedings of these workshops would be combined, so most of the papers 
were not collected until after the seventh workshop. Because most of the 
papers in this volume are in the nature of advancing theory or solving 
specific problems, as opposed to status reports, it is believed that the 
contents of this volume will be of lasting interest to the Bayesian 
community. 

The workshop was organized to bring together researchers from 
different fields to critically examine maximum-entropy and Bayesian 
methods in science and engineering as well as other disciplines. Some of 
the papers were chosen specifically to kindle interest in new areas that 
may offer new tools or insight to the reader or to stimulate work on 
pressing problems that appear to be ideally suited to the maximum-entropy 
or Bayesian method. 

These workshops and their proceedings could not have been brought 
to their final form without the support or help of a number of people. 
Professor Alwyn van der Merwe, the Editor of Fundamental Theories of 
Physics, and Dr. D. J. Larner of Kluwer, provided encouragement and 
friendship at critical times. Others who have made our work easier or 
more rewarding include Professor Paul D. Neudorfer of Seattle University, 
Mr. Robert M. Braukus, P.E., Director of Telecommunications of Puget 
Sound Power and Light Co., Dr. J. M. Loomis of the Radar Technology 
Branch of MICOM's Research, Development, and Engineering Center, and 
Dr. Rabinder Madan of the Office of Naval Research. 

Partial support of the fifth and seventh workshops was provided by 
the Office of Naval Research under Grants No. N00014-G-0219 and 
N0001487-G-0231. 

DEDICATION 

In commemoration of the thirtieth anniversary of his first papers 
(published in the Physical Review) on maximum-entropy, the 1987 workshop 
and these proceedings are proudly dedicated to Edwin T. Jaynes. May his 
contributions continue for at least another thirty years. 

ix 



SETI, Radon Transforms, and Optimization* 

1. Introduction 

Stanley R. Deans t 
NASA-Ames Research Center 229.;8 

Moffett Field, CA 94035 

My purpose today is to explain the connections indicated in the title, tell you 
about a recent successful observation by the NASA-SETI team using prototype 
SETI hardware at Goldstone, outline a data analysis problem facing the Mi­
crowave Observing Project, and give some preliminary results that may prove 
useful in solution of the data analysis problem. You will not hear anything 
about how Bayesian probability theory and maximum entropy are being used 
to solve signal processing problems in SETI. One of my purposes in attending 
this conference is to learn how SETI might profit by using these methods for 
processing a prodigious amount of data in real time. Your suggestions will be 
greatly appreciated. 

2. NASA-SETI Program 

There are several excellent sources that provide history and background for the 
NASA-SETI Program and for SETI in general [1]. A recent report on "Signal 
Processing in SETI" by Cullers, Linscott and Oliver [2] is especially relevant to 
the discussion here. Hardware and software developments are described along 
with some important results of a field test trial of a functional prototype of the 
automated SETI electronic system as the design has been developed thus far by 
the NASA- SETI R&D program. 

Another important report describes a series of SETI Science Workshops [3], 
conducted as part of a two-year feasibility study, chaired by Philip Morrison of 
the Massachusetts Institute of Technology and supported by the NASA Office of 
Space Science. Four major conclusions of the Workshops were: 

*SETI is an acronym for Search for Extraterrestrial Intelligence. 

tNational Research Council Associate. Permanent university address: 
Department of Physics, University of South Florida, Tampa, FL 33620. 

G. 1. Erickson and C. R. Smith (eds.), 
Maximum-Entropy and Bayesian Methods in Science and Engineering (Vol. 2), 1-17. 
© 1988 by Kluwer Academic Publishers. 
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1. It is both timely and feasible to begin a serious search for extraterrestrial 
intelligence. 

2. A significant SETI program with substantial potential secondary benefits 
can be undertaken with only modest resources. 

3. Large systems of great capability can be built if needed. 

4. SETI is intrinsically an international endeavor in which the United States 
can take a lead. 

Conclusion 2 has had a profound influence on the direction of the SETI effort. 
It is now clear that a significant SETI program can be carried out without hav­
ing to build new special purpose radio telescopes. Powerful new instrumentation, 
utilizing the most recent VLSI technology, placed at existing radio telescope sites 
will provide the opportunity, at modest cost, to conduct significant new searches 
with high sensitivity and broad sky and frequency coverage. There are many as­
pects of the proposed observing program that represent enormous improvements 
over all previous searches. New technological developments make it possible to 
process tens of millions of frequency channels simultaneously during each second 
of observation time. Hence it will be possible for the first time to explore, sys­
tematically, a significant portion of the microwave spectrum. Frequencies from 1 
to 10 GHz will be analyzed, in some cases with a resolution as narrow as 1 Hz. 
Increased sensitivity will be achieved with low noise, tunable, wide band, cryo­
genic receivers. SETI signal detection processors using sophisticated algorithms 
will search for a variety of artificial signals. These algorithms are being designed 
to do the signal processing in real time, due to the enormous amount of data that 
will be coming in each second. Finally, the overall signal identification process 
will be controlled by expert systems. 

3. Pioneer 10 received on the MeSA 

A 74,000-channel prototype of the multi-channel spectrum analyzer (MCSA), to 
be used in the planned ten year microwave observing program, is now being field­
tested at Goldstone, California. Pioneer 10, now outside the solar system over 3.3 
billion miles away, is still radiating its 1 watt carrier from an antenna with 32.6 
dB gain. The signal, received on the 26 meter DSS 13 antenna at Goldstone, is 
too weak for the station to achieve lock. However, using a frequency synthesizer 
as the local oscillator, the signal is clearly visible on the display terminal of the 
prototype SETI MCSA as a bright straight line trace, illustrated in Figure 1. 
The same clearly visible trace would be produced using Arecibo as the receiver 
and a 64 meter transmitting antenna radiating 600 kilowatts at a distance of 100 
light years [2]. 
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Figure 1. Prototype SETI hardware detects Pioneer 10. The top 
window displays the noise power in 144 bands each 576 Hz wide. The 
center window shows the noise power in 1024 bins of one of these 
bands; each bin is 0.5 Hz wide. The large lower window displays as 
brightness (or pixel area) the power in 206 adjacent bins. Each of 
the 100 raster lines is a spectral sample, the most recent being at the 
bottom. Every two seconds a new spectrum is added and the display 
scrolls up. Thus time increases downward. The frequency scale is 
reversed, the higher frequency bins are at the left. The slanting trace 
shows the received carrier frequency to be dropping about 0.2 Hz 
S-1. The drift is caused by the Earth's rotation. The figures at the 
bottom are a menu of icons selected by cursor and used to modify 
the display. Photograph courtesy of: NASA-Ames Research Center, 
Moffett Field, California. 

3 
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4. The Radon Transform 

If any signals are detected in the SETI search, it is highly unlikely that they will 
be as far above the average noise level as the signal from Pioneer 10. It is more 
likely that they will be completely buried in the noise, and pulses are certainly 
as likely as continuous-wave (CW) carrier signals since less average power is 
required. Detection of both CW and drifting pulsed signals is discussed in [21. 
Here the discussion is confined to power spectra for CW signals that mayor may 
not be drifting in frequency. Simulation of such a signal is illustrated in Figure 2. 
In this case the signal power, in a bin where the signal is centered, is about twice 
the average noise power. If you look closely, you can find the drifting signal. 

Figure 2. Simulated signal in noise field. In this simulated power 
spectrum the signal power is 2.0 times the average noise power; the 
drift rate is 0.27 Hz s- l. As in Figure 1, frequency is horizontal and 
time is vertical. 
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In Figure 3 the noise field is the same, but the signal power is only half the 
average noise power. Not many people can find this signal by visual means. How­
ever, by integrating along the actual signal path the signal-to-noise ratio (SNR) 
can be increased enough to make it possible to identify the location and drift 
rate of the signal. The development of algorithms for the detection of linearly 
drifting signals leads naturally to a consideration of the Radon transform [4,5] . 
(Note: If the sending antenna and receiving antenna are accelerating relative to 
each other at a constant rate, then the received frequency will drift at a constant 
rate and thus show up as a line in a frequency-time plot, such as Figures 1-3. 
Moreover, astrophysical considerations lead to the conclusion that the most likely 
drift rates would lie between ±1 Hz S-1.) 

Figure 3. Simulated signal buried in noise field. This power spec­
trum is the same as Figure 2, except that the signal power is only 
half the average noise power. 
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The Radon transform of a function of two independent variables, x and y in 
Figure 4, can be written as 

/(p,</» = Rf(x,y) = i:i: f(x,y)6(p-xcos</>-ysin</»dxdy. 

The Dirac delta function is one-dimensional. Thus the integral over the xy plane 
reduces to a line integral along the line defined by 

p = x cos </> + y sin </> • 

Clearly, one way to locate a linearly drifting signal in a noisy ensemble is to 
examine / as a function of p and </>. This has been done and the results are just 
fine for simulations, but the complexity of the resulting algorithm is such that it 
is not a very good candidate for a detection algorithm that operates in real time 
with as many as 107 channels per second. 

y 

x 

Figure 4. Coordinates for the Radon transform. 
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One way to speed up the calculation without sacrificing very much sensitivity 
is simply to add the contributions made by entire pixels along an assumed line 
rather than actually integrating along the assumed line. However, as we shall 
see, this is still not satisfactory, due to memory constraints and the necessity of 
doing the analysis in real time. 

5. Optimization 

For purposes of reference we say the optimum detection strategy is to test all drift 
rates and not discard any data. For example, a 1000 second observation with one 
spectrum per second would require approximately 2000 drift rates per frequency 
bin for a careful scan of all drift rates between -1.0 and + 1.0 Hz S-1. The general 
goal is to reduce the memory requirements as much as possible and at the same 
time keep the loss of detection sensitivity as low as possible. One very attractive 
way to accomplish this is by dividing the observation period into various stages 
with decisions made at the end of each stage. With these restrictions (minimum 
memory, maximum sensitivity, multiple stages) the detection problem can be 
formulated as a constrained optimization problem. Before illustrating a possible 
approach using two or three stages it will prove useful to quantify the concept of 
sensitivity and introduce what we will call (for lack of a better name) a memory 
cost factor. 

Sensitivity 

A measure of sensitivity for the 1000 second observation mentioned above can be 
computed by finding the signal power to average noise power ratio r one could 
expect to detect, given the overall probability of false alarm PIa and overall 
detection probability Pd' (These probabilities are defined in Appendix A.) For 
example, r = 0.15796 corresponds to Pd = 0.5 and PIa = 10-6 • To accomodate 
those who think in terms of decibels, this signal-to-noise ratio (SNR) is given by 
10 10glO r = -8.0145 dB. For the given values of PIa and Pd this represents the 
best sensitivity one could expect. This optimum occurs for a one-stage procedure. 
It will be compared to the best one can hope to achieve by using a two-stage 
procedure and a three-stage procedure. 

Memory cost factor 

The memory cost factor per frequency bin is computed by insisting that the 
spacing between tested and stored drift rates is proportional to the reciprocal of 
the number of spectra in the stage under consideration. If there are N1 spectra 

in the first stage the spacing is f.IN!, where f. is the proportionality factor. Rea-
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sonable values for f are in the interval 1 ~ f ~ 2. Throughout this discussion 
the number of stored drift rates per frequency bin is assumed to be 

2Nl + 1. 
f 

A simple example may be useful. Suppose there are two stages with 

f = 2, 

During the first stage drift rates 

-1.0, -0.8, -0.6, ... , 0.8, 1.0 

are tested, a total of 11. This factor 11 is the memory cost factor for the first 
stage. Suppose there is a "hit" at 0.4; during the second stage, drift rates 

0.30, 0.32, 0.34, ... , 0.48, 0.50 

are tested. Once again, this is a total of 11. In this example the memory cost 
factor is the same for each stage. 

6. Two-stage procedure 

Suppose the observations are made in two stages: Nl seconds in the first stage 
with false alarm probability Pi, and N2 seconds in the final stage with false alarm 
probability P2 • The overall false alarm probability PIa = Pi P2 , the total number 
of spectra N = Nl + N 2 , and the detection probability Pd are held constant as 
in the one-stage procedure, 

N = 1000, 

The memory cost factor per frequency bin in the first stage is given by 

c = 2Nl + 1 
f 

(1) 

and the average number of hits coming in from the first stage that must be 
investigated in the second stage is C Pl. If the spacing in the second stage is 
proportional to the reciprocal of N2 with proportionality factor f, then an interval 
of length f/ Nl where the hit occurred must be subdivided into intervals of length 
f./N2 • This means it is necessary to examine 

f. 

Nl + 1 = N2 + 1 
f. Nl 

N2 



SETI, RADON TRANSFORMS, AND OPTIMIZATION 9 

drift rates per hit. It is important to observe that this result is not dependent 
on L (Clearly, there are reasons why the signal might be missed if f is too large, 
but they do not change the conclusions about the optimization discussed here.) 

The memory requirement in stage two is the number of hits coming from 
stage one times the number of drift rates per hit, 

To keep the memory requirement in the second stage from being greater than 
the requirement in the first stage, it is essential that 

The C cancels and it is convenient to define 

The essential requirement is 

k ~ 1. (2) 

The constrained optimization problem is to find the best values of Nb N 2 , and 
PI such that r is as low as possible and equations (1) and (2) hold. More details 
are given in Appendix A. 

The results of the two-stage optimization show that the best values occur 
then the equality.in (2) holds. In this case the same amount of memory is used 
in the second stage as in the first stage. A careful examination of the region with 
k = 1 reveals that the optimum parameters are: 

r = 0.16816, PI = 0.166, NI = 166, N2 = 834. 

This best sensitivity corresponds to a SNR of 10 10glO r = -7.7428 dB. When 
compared to the one-stage procedure it follows that the loss in sensitivity is about 
0.272 dB. This loss in sensitivity yields a saving in memory requirements. If f = 1 
the one-stage requirement is 2N + 1 = 2001, and the two-stage requirement 
is 2NI + 1 = 333. The two-stage requirememt is about 16% of the one-stage 
requirement. Another way to think about this is that an 84% saving in memory 
costs about 0.272 dB loss in sensitivity. 
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7. Three-stage procedure 
Suppose the observations are made in three stages: NI seconds in the first stage, 
N2 seconds in the second stage, and N3 seconds in the third stage, 

(3) 

Let the false alarm probabilities in the first and second stages be denoted by 
PI and P2 , respectively. Then the false alarm probability in the third stage is 
determined, 

(4) 

For convenience, define 

(5) 

The memory requirements provide further conditions on these variables for the 
three-stage procedure. 

Memory requirememts 

In the first stage the memory cost factor per frequency bin is 

2NI 
C=-+1. 

f 

The memory requirement in stage two is 

It is possible to select N2 such that the memory requirement in stage two is the 
same as in stage one, 

(6) 

The constant C cancels and 

(7) 

Each hit from stage two, C P1P2 , must be investigated in stage three and in­
crements related to 1/ N3 • It may be too restrictive to require an equality on 
the memory needs in the last stage; rather than an equation similar to (6) the 
requirement is 
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Once again, the constant cancels, By using (5) the inequality is 

xP{ (~: + 1) :s 1 . (8) 

Three-stage optimization 

Selection of the best values for x and PI is not a trivial matter. Given (x, Pd it is 
necessary to find the value of NI that yields the lowest possible SNR consistent 
with the constraints, equations (1), (3), (4), (5), (7), and (8). For more details, 
see Appendix A and Appendix B. For convenience, define 

2 (N3 ) K = xPI N2 + 1 , (9) 

so the constraint equation is simply K :s 1. It is possible to compute an optimum 
set of parameters for points in the (x, Pd plane, and verify that the equality 
K = 1 yields the best constrained optimum. Moreover, the parameter r varies 
slightly along the K = 1 curve in the (x, Pd plane. The optimum parameters 
along this curve in the neighborhood of minimum r are given in Table 1. 

Table 1. Parameters along the K = 1 curve. 

r x PI NI N2 N3 
0.1755 0.47 0.50 105 105 790 
0.1751 0.50 0.49 103 107 790 
0.1744 0.60 0.46 98 114 788 

0.1741 0.72 0.43 91 120 789 

0.1742 0.81 0.41 86 124 790 
0.1745 0.92 0.39 82 128 790 
0.1749 1.00 0.38 81 132 787 

From this table the best parameters for the three-stage procedure are along the 
line where r = 0.1741, set apart with the double horizonatallines. This optimum 
is illustrated in more detail in Figure 5, where the detection probability is shown 
as a function of NI . It is important to note the broad maximum in this figure. 
This is characteristic of the region where the optimum occurs. To show the effect 
more dramatically, suppose the region with (x, Pd = (1.0, 0.1) is selected. This 
is illustrated in Figure 6. There is more loss in sensitivity and the maximum 
is not as broad. Also, there is less flexibility on the selection of the observing 
sequence. 



12 

~ ..... -:.c 
cO 

.D a 
~ 

0.. 

~ 
a ..... ....., 
C) 
Q) ....., 
Q) 

0 

~ ..... -..... .D 
cO 

.D a 
~ 

0.. 

~ 
.S ....., 
C) 
Q) ....., 
Q) 

0 

S.R.DEANS 

1.0 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0.0 
0 20 40 60 80 100 

NI 

-7.59 dB 

120 140 

PI = 0.43 

P2 = 0.31 

PIa = 10-6 

160 180 

Figure 5. Detection probability as a function of Nl when the 
observing sequence is optimized. 
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Sensitivity and memory 

The optimum r corresponds to a SNR of -7.59dB. This represents a loss of 
0.42 dB when compared with the one-stage procedure. The memory requirement 
for this case, with f = 1, is 2(91) + 1 = 183. This is about 9% of the requirement 
in the one-stage procedure, or a 91% saving. A 91% saving in memory usage 
costs about 0.42 dB in sensitivity. 

8. Effect of changing parameters 

In all calculations discussed thus far P,a, N, and Pd have been held fixed at the 
values given in (1). It is especially interesting to observe what happens if either 
P'a or N changes. 

Certain parameters are almost invariant to changes in N, and others scale 
in a very nice way. These properties follow from Appendix B. For example, in 
the two-stage procedure if N = 100 is the only change made in (1) the optimum 
observing sequence is Nl = 17, N2 = 83. This is a good example of scaling 
N l , N 2 , and N by a factor of 1/10. The value for Pl is almost invariant to changes 
in N whenever the observing sequence scales as in this case. The corresponding 
optimum r is 0.597 or -2.24 dB. These and other results for N = 100 appear in 
Table 2. 

Table 2. Optimum values for P,a = 10-6 and N = 100 

Procedure r SNR(dB) x Pl Nl N2 Ns 
one-stage 0.554 -2.56 10 6 100 
two-stage 0.597 -2.24 0.17 17 83 

three-stage 0.623 -2.06 0.83 0.41 9 12 79 

If the overall false alarm probability is fixed at 10-10 with no other changes 
III (1) there are changes in the optimum values for the parameters. The com­
putational technique is the same as the cases already discussed. The optimum 
parameters are given in Table 3, and the savings and losses are summarized in 
Table 4. It is interesting to note from Table 4 that the sensitivity loss scales by 
a factor of 0.77 in both the two-stage and three-stage procedures. 

Table 3. Optimum values for P'a = 10-10 and N = 1000 

Procedure r SNR(dB) x Pl Nl N2 Ns 
one-stage 0.2149 -6.68 10-10 1000 
two-stage 0.2255 -6.47 0.126 126 874 

three-stage 0.2314 -6.36 0.60 0.410 65 93 842 
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Table 4. Savings and losses, N = 1000 

procedure memory saving sensitivity loss (dB) 
PIa = 10-6 PIa = 10-10 

two-stage 84% 0.27 0.21 
three-stage 91% 0.42 0.32 

9. Concluding remarks 

There are many ways to save memory at the expense of a loss in sensitivity. An 
attractive improvement to the method suggested here is by reusing data from the 
previous stages; that is, do not zero the accumulators at the start of the second 
and following stages. In this approach the sensitivity calculations are much 
more difficult since it is necessary to work with truncated (censored) probability 
densities, and convolutions of these densities with the central and noncentral 
X2 densities. Work on this problem is underway, and preliminary calculations 
indicate that by reusing data, one can get sensitivity losses as low as 0.1 dB. 

Another important problem is to calculate the sensitivities for an observing 
strategy that involves use of overlapping spectra and Hanning windows [6,7]. 
This is another interesting challenge because correlations are introduced and the 
sensitivity calculations become problems of calculating probability distributions 
of quadratic forms in normal variables [8]. 

Finally, there is the question of just how should one go about solving the 
coherent CW detection problem for SET!. (Until now the discussion here has 
centered on the incoherent CW detection problem using power spectra.) At this 
point it appears to the author that the "correct" way to do this is by use of 
the Wigner distribution [9]; however, the constraint of processing data in real 
time appears to make this approach unrealistic. Various ideas are being pursued 
by members of the SETI group, including an investigation of how to make the 
Wigner distribution less computationally intensive. 
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Appendix A 

It is assumed that the noise power has a chi-square X! density function with 
II = 2n degrees of freedom [lOJ. If the average noise power is precisely known, 
the the noise power can be normalized to unity and the density function can be 
modified to have mean JL = 1 and variance a2 = I/n. This (unit mean) version 
of the density function is given by 

nnxn-l e-nz 

fn(x) = (n - I)! ' x~O 

and fn(x) = 0 if x < O. Here n is to be replaced by the appropriate observation 
period N, Nb N2, or Ng • The probability of false alarm PIa is dependent on both 
the number of terms added n, and the normalized threshold b, 

(If the threshold associated with the usual X2 density is a, then the normalized 
threshold is given by b = a/2n.) 

If a signal is present with the signal power divided by the average noise power 
equal to r, the density function is a noncentral chi-square [IOJ, usually designated 
by X~ 2 • In the normalized units the noncentral density is given by 

(
x)(n-l)/2 

f~(r,x) = n -;: e-n(r+z) In-l (2nvrx) , x~O 

and f~(r, x) = 0 if x < O. The mean is 1 + r and the variance is (1 + 2r)/n. Here 
Iv is a modified Bessel function of the first kind. For computational purposes it 
is useful to observe that 

where pFq is a generalized hypergeometric function. 
The probability of missing a signal characterized by r is given by 

Pm. = Pm.(n,r,b) = f f~(r,x)dx. 
The detection probability Pd is simply 

Given a value for PIa (say 10-6) and n (say 1000) it is possible to determine the 
corresponding threshold b. This value for b is in turn used to determine r when 
Pd is known. 
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In a multistage process with m stages, the overall detection probability is 
given by a product of detection probabilities, 

where Pd(i) is determined for the ith stage as indicated above. Specifically, the 
replacements are: 

n -+ n;, b -+ b;, 

Thus 
Pd(i) = 1- P"u(n;,r,b;). 

The optimization problem is to fix Pd (say 0.5) and determine the observation 
times n; and false alarm probabilities P; subject to specified constraints such 
that r is a minimum. 

Appendix B 

When the equality in (2) holds, the memory requirement in the second stage is 
the same as in the first stage. For the two-stage procedure this means 

and 

PI (Z: + 1) = 1. 

If N2 is eliminated, a simple relation involving PI, Nh and N follows, 

In the three-stage procedure when the equality in (8) holds, the conditions 
for equal memory in all three stages are 

N2 = NI (I- PI) 
PI 

Xp2 (N3 + 1) - 1 
I N2 -. 

It is possible to eliminate N2 and N3 and obtain a relation involving x, PI, NI, 
andN, 

N _ NxPf 
1- 3· 

1- PI + xPI 
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INDUCTIVE INFERENCE BY NEURAL NE'IWORKS 

David Hestenes 
Physics Department 
Arizona State University 
Tempe, AZ 85287 

Abstract. Neural networks which emulate many characteristics 
of human perception have recently been developed. Here we 
discuss underlying network design principles and mechanisms 
and explore their relation to theories of signal processing 
and statistical inference. 

We honor Ed Jaynes at this Workshop, because he is the chief architect 
of a universal theory of statistical inference based on the twin 
principles of maximum entropy and Bayesian inference. This whole series 
of Workshops, bringing together scientists and engineers with diverse 
backgrounds, has served to deepen our understanding of the theory and 
confirm the claim of universality by documenting the rapidly expanding 
range of successful applications. Despite the impressive success of the 
theory, Ed has repeatedly warned us that the theory is incomplete, that 
there must be additional fundamental principles waiting to be 
discovered. He has admonished us, moreover, that new principles can 
only be discovered by grappling with difficult new practical problems. 
In that spirit, my purpose in this talk is to introduce you to an 
exciting new direction for research where such discoveries can be 
expected and, I believe, the greatest examples of statistical inference 
are yet to be seen. 

At this Workshop four years ago I was rash enough to announce the 
beginning of a new scientific revolution promising to produce a genuine 
mathematical theory of how brains work. May talk has proved to be 
prophetic. There has since been an explosive growth of research in the 
emergent field of neural networks. As an index of that growth I can 
tell you that in 1983 I helped organize one of the rare conferences on 
neural networks; about 60 people attended. Last year the American 
Institute of Physics sponsored a conference on the subject which 
attracted a turnaway crowd approaching 300. This year the IEEE 
sponsored the First Annual International Conference on Neural Networks 
with nearly 2,000 excited participants. The International Neural 
Network Society was formed this year, and the first issue of its 
official journal will be published in January. A sense of the great 
range and richness of research in this field can be gained from the 
published Proceedings of the two recent conferences ([1],[2]) and 
several fine volumes of collected papers ([3],[4]). 

I am happy to say that the paper I presented at the 1983 Maxent Workshop 
[5] has helped introduce many people to this new field. From what I 
have heard, at least a thousand copies of it have been privately 
distributed throughout the country. As the paper is just now being 
published after a four year delay, I don't think I can do better today 
than continue my discussion of the fundamental ideas it dealt with. 
Happily, the paper has not become outdated, and there is nothing in it I 
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need to take back. Today I intend to supplement it with some recent 
developments. But my main object is to start building bridges between 
field represented at this workshop and the field of neural networks. 

Let me offer two good reasons for being interested in neural networks, a 
practical one and a theoretical one. As a matter of utility, 
neurocomputers can speed up certain kinds of complex computations, 
especially in the inverse problems so dear to the hearts of many people 
here. A neurocomputer is a massively interconnected parallel computer. 
Only this year the first commercial neurocomputers appeared on the 
marked as peripherals to conventional computers. These are little more 
than toys for researchers. But I predict that within a year the next 
wave of neurocomputers will bring us a powerful, practical and 
affordable computational tool. Moreover, improvements will accrue at a 
rapid rate for many years. 

The theoretical reason for being interested in neural networks is even 
more exciting than the practical one. To put it briefly, neural 
networks are capable of inductive inferen~~. The ultimate neural 
network, the brain, is an inference machine par excellence. The 
question is, how does the brain do it, and how can we design an 
artificial network to do as well? I am not referring here to inductive 
inference with propositions, Bayesian or otherwise. Humans are 
comparatively poor at that. I wish to refer mainly to the exquisite 
inference unconsciously performed in human perception. This is the 
ultimate in complex signal processing. So it invites comparison with 
the methods of signal processing so often discussed in these workshops. 

I THE ADAPTIVE FILTER 
I begin by calling your attention to a basic computational 

structure which plays a fundamental role in conventional signal 
processing as well as in neural networks. It is also implicit in many 
computational algorithms which have been discussed at these workshops. 
It is called an adapti~ lil~~~. 

A pioneer in applying the adaptive filter to signal processing is Bernie 
Widrow, who recently puhlished an entire book [6) on the subject. 
Widrow was also one of the pioneers in neural networks beginning in the 
fifties. Unfortunately, research in the field collapsed in the sixties 
when the "meager" results could not match the optimistic predictions or 
the successes of the serial, digital computers. Widrow jumped ship, but 
he took the adaptive filter along and made a name for himself by 
applying it to signal processing. Only last year he discovered that the 
field of neural networks had revived. He has rejoined it with the 
optimistic prediction that it will not collapse again, because 
technology now has the capability to build networks that could only be 
imagined in the early days. 

The design for an adaptive filter is exhibited in Fig. 1. The input 
variables in the n channels can be regarded collectively as a pattern 
vector x = [Xl' x2 ' ••• ' X )T, where T denotes transpose. Each channel 
has an adjustable multiplIcative weight, and the set of weights can also 
be represented as a vector w = [WI' w2 ' ..• ' Wn)T The filter output y 
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Input We.ights 

X2 •• ~ ______ ~_W_2 __ ~ 

X 
n 

Output 

y 

Fig. 1. An adaptive filter 

Desired 
response 

-• E 

ErrOL 
, 

£ = Y -y 

is a linear combination of the inputs as determined by the _t}~~I1~~E 
equation 

y = w·x. 
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This is the basic equation for a linear Ei.lter. It becomes an adaptive 
filter by introducing an adaptive algmi.thm which specifies an 
adjustment f1w of the weighl:-ver-tor -dqoniirlg somf: crit8rion. The 
simples} and IJIost w}dely used criU,[j()fI j s til LeclucF' thp mean square 
error £" = (y - y) between tht' cwtuai llUtput y and some desired output 
y. As Widrow [6) explains in detail, thi;; leads to the least mean 
square (LMS) adaptive algorithm 

f1w = fJ(y - y' )x, 

where fJ is a constant determining the adjustment rate. This is 
sometimes called the delta rule in neural network applications [3]. 

Adaptive filters can be classified into two types according to the 
origins of their inputs. If then inputs xk all come from different 
sources, it is of multiple-input type. If the set of inputs {Xl' X2 , 
X3 , ••• } is a time" seriesfrom-a single source it is of transversal 
type. For a statistically stationary input, a transvers-iiiTadaptive 
filter obeying the delta rule is equivalent to a Wiener filter [6]. 

To make the connection with neural networks theory, it should be noted 
that the anatomy of the filter in Fig. 1 is precisely that of an instar 
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Input Filter OUtput 

Fig. 2. A linear associator 

in a neural network. The instar was discussed in my previous lecture 

(5). It describes multiple axons (or input channels) converging on a 

single neuron (or processing element). The input signals are 

multiplicatively "gated" by synaptic weights at synapses and combined 

additively in the postsynaptic neuron. We turn now to a generalization 

of the adaptive filter and consider how it functions in more complex 

networks. 

II THE OPTIMAL LINEAR ASSOCIATOR 
A generalization of the-linear filter is the linear 

associator diagrammed in Fig. 2. It consists of two layers (or slabs) 

of processing elements, {al , a , ... , a } and {hI' h2 , ••• , h}. These 

processing elements are commoniy referred to as neurons (or nodes) 

without necessarily claiming that they representlblological neurons. 

The internal state of a neuron is represented by a single variable 

called its activity. Thus x. is the activity of neuron a. and y. is the 

activity of h. In this section we deal only with the simplest fuodel of 

a neuron, forJwhich the activity is equal to the sum of its inputs at 

every time. Thus, X. = I. for the neurons a. in Fig. 2. These neurons 

simply register the inputs and then distribute them to all the neurons 

on the next level. 

Each neuron h. in the second level of Fig. 2 is an instar with activity 
J 
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where w. is its input weight vector. The entire activity pattern 
y = [~\ ~ Y2' ••• , Ym]T of the output level is thus given by the matrix 
equatlon 

y = ~ 

where ~ = [w~, w~, ... , ~]T. This is the equation for a linear filter 
with transfer function W. It maps an input pattern x into an output 
pattern y. We turn it Into an adaptive filter by introducing an 
adaptive algorithm. The generalization of the LMS algorithm to this 
case is 

6W = p(y' - Wx)x, 

where y is the desired output pattern. 
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This adaptive filter can be regarded as a ~_~I1~i~ 9-.:?~ciator, because it 
can be trained to associate a desired output y with a given input x. A 
"teacher" repeatedly presents the desired input-output pair {x, y } and 
the weight is adjusted by the LMS rule. It can be proved that the 
actual outputs will converge to the desired output ([6),[7)). For that 
reason the associator is said to be optimal. 

The associator can learn more than one input-output, or if you will, 
stimulus-response (S-R) pair. Presented with a teaching input {~, Yk)' 
k = l, 2, ... , p, the S-R pai rs are .?_~()rec1 in the associator by the 
LMS-rule 

The learning is perfect if the {J)., y,,} pairs are orthogonal to one 
another. If they are not orthogonal, ·the learning of one pair 
interferes with the learning of <mother. This is a serious limitation 
of the linear associator. Besides restricting the classes of pattern 
sets that can be learned, it severely limits the storage capacity of the 
associator. Another limitation of the linear associator is that it 
cannot be generalized by adding additional processes levels, because the 
composite of linear transformations is equivalent to a single linear 
transformation and hence can be computed by the two--level associator. 

The linear associator and various nonlinear generalizations are 
discussed by Kohonen [7]. His book is a good introduction to neural 
networks for engineers and physicists. 

III BACK-PROPAGATION 
Now weconsioer-how some of the limitations of the linear 

associator can be lifted by introducing nonlinearity into the neuron 
outputs and adding one more processing layer. In my previous lecture 
[5] I discussed strong theoretical reasons for requiring that the output 



24 

Input 
Layer 

Hidden 
Layer 

output 
Layer 

Fig. 3. Backpropagation adaptive algorithm 
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signal of a neuron be a sigmoid function of its activity. In addition, 
there is strong experimental evidence that lnany biological neurons have 
this property. Thus, for neuron a. the output is s. = a(x. }, where a is 
the sigmoid Signal function. For the output of an entire slab with 
activity pattern x we write s = a(x}. 

The specific sigmoid function a(x) = (1 + e- X )-1 offset by a suitable 
threshold (or bias) r is frequently employed in applications. 

The pack prohQgation adaptive algorithm is implemented in a three layer 
network as s own in Fig. 3. The output a( x) from an acti vi ty pattern x 
on the input layer is filtered by a transfer function ~1 to produce an 
activity pattern Xl = ~1 a(x) on the middle layer. This, in turn, is 
filtered by W2 to produce a pattern x. = W,a(xl ) on the output layer. 
Then, the output a(x2 ) is compared with the desired response y, and the 
error is fed into the adaptive algorithm to determine an adjustment 8~2 
in ~2. This adjustment implies an error in the output from the hidden 
layer which, in turn, determines an adjustment 8~1' of ~1. This 
completes the computation cycle of the network, so it is ready to adapt 
to a new input. 

The back propagation algorithm is discussed at length in [3J. We only 
note here that it is an LMS algorithm, differing from Widrow's algorithm 
only by including the sigmoid function a. Like Widrow's algorithm it is 
simple and LMS-optimal, so it has many potential applications. So far 
its most impressive success is a network called NETtalk developed by 
Sejnowski and Rosenberg [8J. This network can be trained to read 
unrestricted written text aloud in English or in any other language, for 
that matter. It is trained on a sample of text which has been marked to 
specify the phonological output to be associated with each letter. It 
is impressive to listen to its output as the network discovers the 
difference between vowels and consonants and gradually learns to make 
more difficult phonological distinctions as it progresses from babbling 
to quite intelligible speech. 
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The performance of NETtalk is not quite as good that of some commercial 
products like DECtalk. However, the commercial products are much more 
complex and took much more effort to develop. The really significant 
difference is in how the systems work. DECtalk is supplied with a 
pronunciation dictionary and a system of phonological rules. In 
contrast, NETtalk is merely supplied with a set of examples from which 
it extracts a set of features to be associated with each phoneme. It 
learns to reconcile rules and exceptions by becoming sensitive to the 
contexts in which they apply. Thus it exhibits some of the 
characteristics of human learning. 

It is important to understand the function of the hidden layer. It 
develops a recoding of the inputs into classes with invariant features 
to be associated with the various outputs. For example, in NETtalk 
after training some neurons in the hidden layer are turned on only by 
vowels or consonants while other features of speech are related to 
groups of neurons. The coding is so subtle, however, that it has not 
proved possible to interpret it completely. 
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An important justification for the hidden layer comes from a theorem by 
Kolmogorov. The adaptation of the theorem to neural networks is 
discussed by Hecht-Nielsen (2). It asserts that any continuous mapping 
from the n-dimensional unit cube [O,l]n to the m-dimensional real space 
Rm can be implemented exactly by a 3 layer neural network with n, 2n + 1 
and m neurons in the respective layers. The back propagation algorithm 
provides a means for constructing such a mapping from specified 
input-output pairs. 

A defect of the conventional back propagation algorithm is that it is 
nonlocal in the sense that it uses information available only at the 
output layer to compute weight adjustments at the hidden layer. For 
that reason, back propagation is not a plausible computation scheme in 
biological networks. 

IV STATE OF THE ART 
The ne"Eworks-we-have examined so far are capable of learning 

only under the supervision of a teacher who tells them the correct 
responses to their inputs. Now we consider the design of networks 
capable of unsupervised learning. Design principles for a class of such 
networks have been developed in the Adaptive Resonance Theory (ART) of 
Grossberg and Carpenter ([4],[9]). Among many alternative pattern 
recognition theories in the literature, ART is by far the most advanced. 
Its great strength is in identifying and resolving fundamental problems 
which the others have overlooked or ignored. The theory is still under 
development. It has been implemented and tested in a series of network 
models, ART-l in [9] and ART-2 in [2), with successively greater 
complexity and capabilities. Although the performance of these models 
is not yet as spectacular as that of NETtalk, considering the theory 
underlying their designs, one can anticipate impressive results in the 
future. 
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My previous lecture [5] included an introduction to ART. Here we will 
go over some of the same ideas, but from a different angle to help 
relate them to ideas about statistical inference which often appear in 
these workshops. 

The basic ART model is a two level network like the one in Fig. 2. To 
build it we start with Fig. 2 and elaborate. To understand what the 
network does, it is helpful to provide its elements with an 
interpretation. For the purpose of pattern recognition, we can 
interpret a. as attribute detector and its activity x. as a measure of 
the degree to which the attribute is present in the inFut pattern I 
[I1 , 12 , ••• , I ]T. The pattern x = [xh' x2 ' ••• , x] is therefore a 
profile of the attributes detected in t e input I. The kind of 
attributes detected will depend on the source of the input I including 
any preprocessing they have undergone. For example, the input might be 
the power spectrum of a time series, or the I. might be pixel 
intensities from an image detector. In an expert system for medical 
diagnosis the Ii could be the results of medical tests and observations. 

The first processing stage is the ~~istration of an attribute pattern 
x(t) computed from the input I(t). Depending on the application, the 
attribute slab may be designed so the a interact "laterally" with one 
another. We need not repeat the discussion in [5] of the lateral 
interactions and the dynamical equations of the a.. It will suffice to 
mention some of their consequences. First of all~ the relaxation time 
in the equations of motion for the x. is short compared to time 
variations of the input, so a stable1pattern x(t) tracks the input I(t). 
Registration normalizes the input pattern and may contrast enhance it. 
The normalization condition can be written 

1: x. = 1. 
i 1 

This makes it possible to interpret the attribute pattern x as a 
probability distribution with 

x. = P(a. II), 
1 1 

which says that Xi represent the probability of attribute ai given I. 

A pattern classifier places patterns with similar attribute profiles in 
a single category which may be regarded as an object defined by the 
pattern profile. Whether the object is to be regarded as real or 
abstract is another matter. The ART network can be designed so that 
each neuron h. in the second layer represents a distinct object (or 
category). Thus h. can be regarded as an object detector, and its 
activation signifi~s "presence" of the object. -

The object layer is activated by bottom-up input from the attribute 
layer. The signal s = a(x) from the object layer is filtered by a 
transfer matrix ~ to produce an input T to the object layer given by 

T = Ws 
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In component form this can be written 

T. L W .. S. 
J i J 1 1 

This equation can be given a probabilistic interpretation as follows. 
The attribute neurons often operate in the linear range of the signal 
function, in which case we can write s. = cr(x ) = x. = Pta ). Ignoring 
a possible normalization factor, we cat) interpret w' . as the probability 
of object h. given attribute a. and write )1 

J 1 

wji = P(\ la,). 

The transfer equation then gives us 

T. = L P(h la.) Pta II) = P(h II). 
J . J 1 1 J 

1 

Thus Tj is the probability that object h j is present. 

An alternative possibility is to follow Uttley [10] and interpret w .. as 
l' the channel entropy 

Then 

Wj i = log P(hj lai ) 

T. = L Pta. II) log p(h la. ) 
J . 1 1 1 

1 

can be interpreted as the evidence for h.. This makes sense because 
evidence from independent sources is additive. However, we will stick 
with the probability interpretation of the transfer matrix. It should 
be understood that these interpretations are by no means essential to 
neural network theory. They are suggested here to facilitate comparison 
with more conventional approaches to signal processiny and pattern 
recognition. 

The bottom-up input pattern T activates the object layer. We suppose 
that the lateral interactions in this layer are designed to strongly 
contrast enhance the input. Indeed, we suppose the enhancement is so 
strong that only the neuron h. with largest input T. is activated. 
Thus, pattern registration inJthe object layer is aJdecision as to which 
category the input belongs. The decision is the conventional "Bayesian 
choice" of the category which is most probable on the given evidence. 

Of course, the accuracy of the classification depends crucially on the 
filter W so we must specify how it is determined. The filter is 
adaptive with an adaptive algorithm in the form a ~earn~ !?~ which, in 
the simplest case, is a diffential equation of the form 

dw .. 
" '( --- Yj (Si - wji ) 

dt 



28 D.HESTENES 

where s = o( x ), as before, and T is a constant. Such learning laws 
and their implications were discussed in my previous talk [5]. In the 
mean time, this specific form of the learning law has received strong 
experimental support in the work of Levy [11] and other. It also finds 
theoretical support in ART where it is shown to be necessary for 
efficient category formation. The term y.s. in the learning law is said 
to be Hebbian while the term -y.w .. is said'to be anti-Hebbian. For 

J J 1 ------------
attributes a. with s. > 0 when y. > 0, the Hebbian term dominates and, 
as shown in t3], w .. 1 asymptotically becomes essentially the correlation 
function of y. andJs. On the other hand, when s. = 0, the anti-Hebbian 
term decreaset w .. e~ponentially, which is to say'that attribute a_ is 
irrelevant to th~'identification of object h.. 1 

J 

This process of adaptively forming the opject !eco~!ion fil~~ ~ was 
called the Instar coding theorem in [5]. It should be recognized as a 
kind of inductive inference, because it spontaneously develops a general 
category from similarities-among a few input patterns. The inference 
process is sharpened by additional structure of an ART network which we 
discuss next. 

We now suppose that the output U = o(y) of the object layer feeds back 
through an adaptive filter z to produce a top-down input J = ZU to the 
attribute layer, as indicated in Fig. 4. This is like folding the three 
level network in Fig. 3 at the hidden level and identifying the output 
layer with the input layer. Our objective in the rest of this talk will 
be to understand qualitatively the function of the top-down feedback to 
the attribute layer. 

An interpretation of the top-down input J is supplied by the outsta~ 
learni~ theore~ discussed in the previous lecture [5]. The learning 
law for the top-down filter z is essentially the same as for the 
bottom-up filter W, but the boundary conditions are different. 
According to the outstar theorem, while an object detector h. is on its 
component of the filter Z samples the activjty patterns thatJappear on 
the attribute layer and asymptotically learns average of those patterns. 
This average pattern is called a prototype of the category (or object) 
h_. The entire Z therefore contains--prototypes for all the categories, 
sb we may interpret it as a prototyp~ filt~. The prototype of hj can 
be regarded as the most typical pattern in the category. Indeed, its 
attribute profile can be taken as a definition of the category. Note 
that prototype learning is a kind of inductive inference complementary 
to object recognition learning. Surely a complete theory of inductive 
inference should recognize and reconcile both kinds. Adaptive Resonance 
Theory aims to do that. 

We can assert now that the pattern J = Zo(y) is a prototype of the 
object h. which activated it. This prototype is read into the attribute 
layer whhe it can be compared with the original input 1. However, the 
comparison is indirect and subtle, because it is only incidental to the 
functioning of the network. 
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Reg:istration Filter Classification 

T = Ws 

(J' 
W 

I s .T 

z 
I Jof U 

J = ZU 
--

Fig. 4. Activation sequence in an ART network 

The bottom-up input I and the top-down input J combine additiyely to a 
resultant input l+J which activates a new attribute pattern x. Now 
there are two P?ssibilities, depending on whether or not the output 
signal s' = cr(x ) maintains the activation of the category detector h. 
which was turned on initially by the bottom-up signal s = cr(x). If d: 
does, we say that the patterns I and J are matched. Otherwise, we say 
that I and J are mismatched. The processing-In these two cases is quite 
different, so we discuss them separately. 

The precise condition for a match of I and J depends on the nonlinear 
dynamics of the attribute layer. Without getting into mathematical 
details, it can be said that a match requires significant overlap of the 
two patterns. The prototype pattern J defines features of the object h. 

, --------- J 
which are amplified in the attribute pattern x at neurons where they 
overlap the input pattern I. This generates a resonant exchange of 
signals between attribute and object layers which is maintained until 
the driving input I changes significantly. Such a state is called an 
adaptive resonance. In the (unlikely) event that the bottom-up input is 
a prototype, we have I = J and, for signal functions in the linear 
range, we have roughly 

, 
x = ~y = ~ = x. 

Thus, prototypes are eigenvectors of the composite ZW filter. This 
conclusion is only qualitative, but it is suggestive. More generally, 
we have a similar eigenvector relation on subspaces where the input I 
overlaps the prototype. 

In an adaptive resonance the attribute pattern x can be regarded as a 
global terceat of the network reconciling external evidence I with 
interna evi ence J derived from past experience. Besides accentuating 
features of I where it overlaps, the prototype J performs a kind of 
image restoration, filling-in pieces of the expected pattern which are 
missing from I. As many psychological experiments show, this so-called 
Gestalt filling-in is characteristic of human perception. 
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An adaptive resonance drives changes in the adaptive filters Wand Z to 
incorporate information in the prcsent input I. Two things happen to Z. 
First, features of the prototype which occur most frequently in the -
external inputs are accentuated by the Hebbian term in the learning law. 
Thus, the prototype evolves a set of critical features which are most 
essential to identifying the object. If attribute a. is active whenever 
object h. is identified, for linear signaling the Hebbian term in the 
learningJequations implies (except for a possible scale factor) an 
equivalence of correlation functions so that 

w .. = z .. 
J 1 1 J 

In other words, on the subspace of critical features Z is the transpose 
of W. Consequently, on this subspace ZW = ~W is a sYmmetric matrix 
with real eigenvalues and eigenvectors~- ThIs agrees with our previous 
conclusion that prototypes are eigenvectors of ZW. The second thing 
that happens to ~ in an adaptive resonance is tFlat, for attributes a i 

which are not activated above the threshold of the signal function, 
a(x. ) = 0, so the anti-Hebbian term drives z .. toward zero. Thus, 
insIgnificant features are suppressed while ctitical features in the 
prototype are enhanced. In this way the prototype evolves a sharper 
definition of the object. 

As noted before, the adaptive process just described is a process of 
inductive inference. It incorporates new information into more 
predicative representations of experience. As such, it invites 
comparisons with Bayes' theorem, which is the formal mechanism for 
induction in the statistical theory discussed in these workshops. There 
does not appear to be any exact analog of Bayes' theorem in the ART 
networks. However, the networks do "strive" for a globally consistent 
representation of the available information, and Bayes' theorem is a 
consequence of consistency requirements in statistical inference. one 
consequence of consistency is the relation w .. = z .. for critical 
feature filters. With the probalistic interpretatibn this becomes 

P(hj lai ) = p(ai Ihj ), 

a somewhat stronger relation than can be derived from Bayes' theorem 
alone. Perhaps the network is able to infer more from the consistency 
requirement than is in Bayes' theorem. This may in part be due to the 
fact that, in contrast to statistical theory, the network does not 
separate inferences from decisions. Also, there is another component of 
network inference to which we now turn. 

A mismatch between the external input I and the prototype J implies that 
the initial bottom-up identification of category ii. was mistaken, so h. 
should be shut off and alternative classifications) should be considered. 
That requires additional network mechanisms which are too elaborate to 
consider here. Details are given in [9]. We must be content here with 
a few quantitative comments. Mismatch initiates a process of rapid 
reset and search among the available categories until a satisfactory 
match is found or a new category is formed. The possibility of mismatch 
increases as the categories become more sharply defined by sharp 
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prototypes. Sharp prototypes have strong classification power, so they 
must be protected against adventitious recoding by mismatched patterns. 
The reset mechanism does this. 

To conclude, let met summarize the main characteristics of an ART 
network. There are three. The network is self-orga~~in3' 
self-stabilizing and self-scalin3 in response to pattern complexity. 

We have not had the opportunity to discuss the self-scaling property. 
As explained by Carpenter and Grossberg [9], self-scaling is due to a 
refinement of the pattern matching mechanism in the attribute layer. 
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The mechanism compares whole patterns instead of comparing the parts of 
patterns separately. This entails a definition of noise that depends on 
pattern complexity. More complex patterns can tolerate more noise, 
because they have more structure as a basis for discrimination. 
Theoretically, it appears that self-scaling is essential for the network 
to be capable of developing distinct categories for subset and superset 
patterns. 

Self-organization is the most fundamental property of the ART network. 
The network learns inductively without a teacher in an arbitarily 
complex environment (which determines the external inputs to the 
network). It recognizes similarities among input patterns from which it 
develops a pattern classification code unique to its experience. The 
code learning is a progressive refinement of distinctions from which 
there emerges a set of critical features which may become stabilized as 
invariants defining abstract categories and real objects. The network 
continually updates its knowledge base as it recognizes objects by 
adaptive resonance. 

Self-stabilization is essential to protect the evolving object 
recognition code. It is achieved by a sharpening of prototypes through 
resonant feedback matching and a reset mechanism which rapidly corrects 
errors in object identification and initiates a search for an 
alternative classification. '1'his makes the network sensitive to novelty 
in its environment. The network analyzes its expprience with a kind of 
open logic that creates new categories as needed. 

The exciting thing about ART is that it captures many characteristics of 
human perception. Of course, it is to understand perception that ART is 
being developed. 
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1 INTRODUCTION 
Let P be a family of probability measures and let 

POEP. A classical problem of statistical inference is the 
estimation of an euclidean parameter v (PO) when n indepedent 
and identically distributed (iid) observations from Po are 
available. 

The parametric case i.e. the case when P is a 
regular parametric model has been extensively 
investigated by LeCam (1956), (1969), (1970) and many 
others during the past thirty years. The asymptotic 
theory in nonparametric models has been the subject of 
comparatively much more recent investigations (an 
exception being Stein, 1956). In this paper we study 
asymptotic efficiency in nonparametric models with the 
approach of Koshevnik and Levit (1976), Pfanzagl (1982) 
and specially Bickel, Ritov and Wellner (1987). We are 
concerned with nonparametric models P of the form 

p = IP on n : Jv(x)P(dx) ~ 0 ) (1. 1) 

and 

p = IP on n : IV(X)P(dx) = OJ (1. 2) 

where n is a fixed compact subset of U and v:n~H is a fixed 
bounded function. The integral sign above (as in 
the rest of the paper) denotes integration over Q. 
Apparently, more general models P are obtained by 
allowing Q and v(x) to be multidimensional and/or 
unbounded. However, the extension of the results 
presented in this paper to the case when nand vex) are 
finite dimensional is trivial, involving mainly 
notational changes. The infinite dimensional case and 
some aspects of unboundedness involve further 
technicalities and they will not be considered here. 
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Models of the type (1.1) and (1.2) naturally 
appear as a priori descriptions of complex systems where 
the only information available is about the expectation 
of a function v. A paradigmatic example of (1.2) occurs 
in statistical mechanics (see Jaynes 1957). There, it is 
required to make predictions about the state of the 
system from macroscopic measurements (e.g. of pres sure 
and temperature) obtained as global interactions (e.g. 
averages) with the system as a whole. 

2 THE MAXIMUM ENTROPY PRINCIPLE 
We aim to use the Maximum Entropy Principle to 

estimate a real parameter v(PO) where POEP and data from Po 
are available. The Maximum Entropy Principle can be defined 
in general terms as follows: 

Let P be a probability measure and Q be a 
sigma-finite measure on the same measurable space Q and 
denote by 

I(P:Q) 
= {I IOg~~ dP if P«Q 

+00 otherwise (2.1) 

the Kullback number between P and Q. Where P«Q denotes 
absolute continuity of P with respect to Q (i.e. events 
with positive Q-measure are also possible events for P) 
and dP/dQ denotes the Radon-Nikodyrn derivative. 

The quantity I(P:Q) measures the mean 
information per discrimination in favor of P, against Q 
when sampling from P (see Kullback, 1959 page 5). The 
measure Q is interpreted as the best current description 
of the un~erlying probability measure POEP. Where the class P 
is assumed to contain all the available a priori information 
about PO' If QffP the maximum entropy principle suggests to 
replace Q (which initially might be an improper a-finite 
measure e.g. Lebesgue measure) by its I-projection on P i.e. 
the solution, P*, of the variational problem 

min I(P:Q) . 
PE l' 

(2.2) 

As stated here this method of inference was 
first suggested by Jaynes (1978) even though a special 
case appears in Kullback (1959). General properties of 
I-projections are investigated in Csiszar (1975) and 
connections with the general problem of smoothing can be 
found in Rodriguez (1986). 
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The solution of (2.2) gives the probability 
measure P*EP that is most difficult to discriminate from the 
intial guess Q. If we have reasons to believe that Q is a 
good initial guess but it does not agree with all the prior 
information (i.e. QffP) then, the solution p* appears as a 
compromise between our initial guess and the prior information 
that POEI'. We can therefore say that p* is the minimum 
modification of Q (in the sense of being most difficult to 
discriminate from Q) that agrees with the prior information. 
This interpretation of the separation between P and Q measured 
by the Kullback number I(P:Q) may be regarded by many as 
cogent enough to justify its use in a number of special cases. 
However, I believe that there are even more compelling reasons 
to think of (2.2) as a fundamental variational problem of 
statistical inference. Some of these reasons are: The 
axiomatic derivation of Shore and Johnson (1980), (1981). 
(Even though, I think that we should expect to see in the 
future refinements of these axioms, Shore and Johnson 
have already shown the way toward the logical necessity 
of the variational problem (2.2». Other important facts 
are the strong connection that exists between the 
Kullback number and the theory of sufficient statistics 
(see Kullback and Leibler 1956) and (thus) with 
exponential families (see below, Lemma (3.4) and 
Kullback, 1959), the asymptotic agreement with 
conditionalization as proved in VanCampenhout and Cover 
(1981) and the striking appearence of (2.2) in 
thermodynamics (see Jaynes 1957a,b, and Gibbs, 1902). If 
I were pushed to hastily give an analogy I would say that 
the Kullback number is to inference as the Hamiltonian is 
to mechanics. 

Notice, that by letting Q be a a-finite 
measure the variational setting given in (2.2) can 
readily handle with mathematical rigour (through the 
Radon-Nikodym theorem) the use of improper noninformative 
priors. This is a very desirable feature since improper 
priors seem to be unavoidable even in simple problems 
(see Mandelbrot (1967), Rodriguez, 1987) and alternative 
theories propose to replace Kolmogorov's axioms with an 
axiomatic system for conditional probability (see Renyi, 
1955) which is of limited applicability. 

If P*EP is the soltuion of (2.2) we call v (P*) 
the maximum entropy estimator of v (PO). We show in 
this paper that when P is as in (1.2) and Q is the 
empirical measure, Pn , of a random sample of size n from 
Po then, for a large class of functionals v (.) the 
maximum entropy estimators v (P*) are asymptotically 
efficient. 
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3 STATEMENT OF THE MAIN RESULT 
If E is a Banach space we denote by II·IIE its 

norm. The following four lemmas will be useful in the 
sequel: 

Lemma (3.1): 
a) If P«Q then 

dP 
I(P:Q) ~ log IIdQIIL1(P) 

with equality if and only if dP/dQ is constant a.e.-Q. 

b) If P«Q and Q«P then 

I (P: Q) ~ log ( l/Q (Q) } 

with equality if and only if dP/dQ is constant a.e.-P. 

Proof: a) Since P is a probability measure and log is 
strictly concave the result follows from Jensen's 
inequality. From the change of variables theorem we have 

Hence, 

JdP dP 
dQ 

dP dP 2 
IIdQIIL1(P) = II dQ II L2 (Q) 

b) The function ,;o=-log is strictly convex and P is a 
probability then Jensen's inequality implies 

I(P:Q) 

with equality if and only if ~~=l/(dP/dQ) is constant 

a.e.-P. • 

Notice that if Q(fi)=oo the inequality b) 
reduces to the trivial statement I(P:Q)~-oo and if Q(Q)=l 
we obtain the classical convexity inequality I(P:Q)~O 
valid for probability measures P and Q. 

Before we enunicate the next lemma we need 
the following: 



EFFICIENCY OF MAXIMUM ENTROPY ESTIMATORS 37 

Definition: The set {Qt:tER} of probability 
measures on n is said to be the exponential family, with 
sufficient statistic v(x), generated by the measure Q if and 
only if their Q-densities are given by 

d Qt 
-(x) 
dQ 

exp{tv(x)-8(t,Q)} for x a.e.-Q (3.2) 

where 8(t,Q) is the constant such that Qt(n)=l Vt i.e. 

8(t,Q) = log Jexp{tv(X)} dQ(x) 

Lemma (3.3): 

If t*ER is such that Jv(x)dQt*=O then, 

t*Jv(x)dQ ~ 0 . 

Proof: 
Differentiating with respect to t we obtain 

(3'(t,Q) = JVdQt 

which is strictly increasing in t since 

the result follows from this fact by noticing that 

8'(O,Q) = JVdQ and 8'(t*,Q) o. 

Thus, if JvdQ>«)O we must have t*«»O since 8' (t,Q) is 

strictly inceasing as a function of t. • 

Lemma (3.4): 
If P is defined as in (1.1) and the measure 

Q satisfies 
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Iv(x)dQ < 0 . 

Then, the solution to the problem (2.2) is given by 
* P =Qt*. 

i.e. the I-projection of the measure QffP onto P is the member 
of the exponential family generated by Q and v that lies on 
the boundary of P. Notice also that if QEP then P*=Qo=Q. 

Proof: 

by Q. 
P and Qt* are probability measures dominated 

Then, Lemma (3.1)b) implies 

J 1 dP/dQ d og P • 
dQt*/dQ 

dQt* 
Hence, I(P:Q)~Jlog~ dP. Using (3.2) and Lemma (3.3) 

we have 

I(P:Q) ~ - 8(t*,Q) VPEP (3.5) 

and since I(Qt*:Q)=-8(t*,Q) the result follows from 
(3.5) (i.e. the lower bound in (3.5) is uniquely achieved 
for P=Qt*EP). The same argument (without Lemma (3.3» shows 
that P*=Qt* when P is (1.2). 

An immediate consequence of Lemma (3.4) is 

Corollary (3.6): 
Let x1,x~, ... ,xn be n iid observations from 

a random variable X w1th probability measure PO. Then, 
a) with the sample as the only information about Po the 
maximum entropy principle generates the empirical measure 
Pn as the estimate of PO. i.e. if ACQ and IA denotes the 
indicator function of A, 

P (A) = .! .2 I (x.) • 
n n 1=1 A 1 

b) Moreover, if we assume POEP (P as in (1.1) or (1.2» the 

maximum entropy principle modifies the intial guess Pn to p* 
n 

where for i=1,2, ... ,n 
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1 
P * ( ( x. }) = - exp { t *v (x .) - B (t * , P )} ( 3 . 7 ) 

n 1 n 1 n 

Proof: a) Apply Lemma (3.4) with v=O in (3.2). b) Apply 
Lemma (3.4) with Q=Pn and use (3.2). I 

We can now present the main result of this 
paper. 

Theorem (3.8): 
Let P be defined as in (1.2) and let T:Uk~U 

be a function satisfying: 

i) T is twice continuously differentiable at 

~(Uk (~.e. T and the Hessian T exist and they are continuous 
at lIEU). 

ii) T=(T1 , ... ,Tk)t is such that Tj(#)~O 
Ifj=l,2, ... ,k. 

Define the real parameter v:R~R by 

where 

II. = II. (P) = Ju. (x)dP(x) 
J J J 

with the Uj'S fixed bounded and real functions defined on 
0. • 

Given the sample xl,x2' ... ,xn (iid) from 
POEP the estimator 

where * 1 n * * K II(P) = (-.2: u.(x.)exp{t v(x.)-3(t ,Pn )]}. 
n 1=1 J 1 1 J=l 

(which by Corollary (3.6) is the maximum entropy 
estimator of v (P)) is asymptotically efficient. 

. *. I, l.e. \' (P ) achleves the Frechet (Cramer-Rao) lower bound on 
each one-dimensional regular parametric submodel in P 
that passes through PO' This concept of efficiency in 
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nonparametric models appears informally in stein (1956) 
and it is developed and extended in Koshevnik and Levit 
(1976). The proof presented here is based on the 
calculation of the efficient influence function. This is 
obtained by projecting on the tangent space of P at Po as 
presented in Bickel, Ritov and Wellner (1987) (see also 
Pfanzagl, 1982). 

Some consequences of this theorem partially 
overlap with those in Haberman (1984) even though the 
generality, the context in which they appear, the 
emphasis given and the methods of proof are different. 

4 PROOF OF THE MAIN RESULT 
If we assume that P is dominated by a v-finite 

measure ~ we can imbed P in the Hilbert space L2(~) through 
the transformation 

For fixed POEP a useful local imbedding of Pinto L2 (PO) 
is obtained through the transformation 

[ dP )1/2 
where so= dll O Therefore, considering P as a subset 

of L2 (PO) we obtain that the tangent space at Po is given 
by (see Bickel, Ritov and Wellner (1987) Chapter 3, 
Example 3 or Pfanzga1 (1982) Proposition (4.5.1), p.75) 

where Eo denotes expectation w/r to PO' <., ·>0 denotes 

the inner product in L2 (PO) and the gradient 1v (the 

Gateaux derivative at So of 1v (P)=JvdP) satisfies 
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<"1 (s), h> 
V 0 

hence, 

J2S vhdlL 
o 

"1 = 1 (s )/(2s ) = v 
v v 0 0 

on the other hand if v (P)=Ju(x)dP(x) for u fixed and 

bounded then 

v = v(s )/(2s) = u. 
o 0 

Using Theorem 1 of Chapter 3, section 3 in Bickel, Ritov 
and Wellner (1987) (see also Koshevnit and Levit, 1976) 
we have that the efficient influence function of p at Po 
is given by 

where ITO(' IP) denotes the projection operator in L2 (PO) onto 

P. We have 

where [l,v] denotes the closed linear span generated by 
the functions 1 (constant 1) and v in L2 (PO)' Clearly 
11v in L2 (PO) (since POEP) and therefore 

L(X) u(x) -
Ju(y)v(y)dPo(Y) 

JV 2 (U)dPo(Y) 
v (x) - II • 

We want to show first that 

II 
n 

* n v(P) = .2: u(x.)q (x.) 
n 1=1 1 n 1 

(4.1) 

(4.2) 

41 
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with 

q (x.) = ! exp{t*v(x.)-8(t*,P·)} 
n 1 n 1 n 

is an asymptotically efficient estimate of v(P). It is 
sufficient to show that Vo has efficient influence 
function. To obtain the 1nfluence function of vn we use 
Theorem 2 from section 2.5 in Bickel, Ritov and Wellner 
(1987). (See also Huber, 1981, p.133 Corollary 3.2). 
This theorem states that under regular conditions, 
asymptotic M-estimates are asymptotically linear 
estimates of v (P) wit~ influence function 

1/t(·,v(P» 
iJl/t -I-(x,11 (P) )dP(x) 
OV 

(4.3) 

where II/t(x,v (P» I considered as a function of x belongs 
to L2 (P) with 

II/t(x,v(P»dP(X) = 0 for all PEP 

and the estimator, v n ' satisfies 

"\In' r~, (x, v ) dP (x) !: 0 as n-+ro 
n n 

(i.e. vn is an asymptotic M-estimate of v based on t). 

Notice first that if we denote by tn the parameter t* 
when Q=Pn then we have 

1 n 
.L v(x.) exp{t v(x.)} o. 

n 1=1 1 n 1 

But for xi fixed 

Hence, 

exp{t v(x.)} 
n 1 

1 + t v (x.) + 0 (t v (x.» . 
n 1 n 1 

1 .2 v(x.) + t 1.2 V 2 (x.) + 
n 1=1 1 n n 1=1 1 
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Therefore, 

t 
n 

+ 0 I't ! .2 V 2 (X1.)j p. n n 1=1 . 
o . 

n 
-.2: v(x.) 

1=1 1 
n 2 

.2: v (x.) 
1=1 1 

-1/2 
+ 0 (n ) 

P 
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(4.4) 

since by the central limit theorem (eLT) applied to 
2:v(xi)/n we have op(tn )=op(n- 1/ 2). Hence, if PEP we can write 

1 n P 
-.2: v(x.) -> 0 
n 1=1 1 

and 
1 n 2 P 2 
-.2: v (x.) -> E v 
n 1=1 1 P 

by the weak law of large numbers (WLLN) (since v is 
bounded). Thus using (4.4) we obtain 

P . 0 
t -> 0 1.e. t = 0 (n ) as n->ro . 

n n P 
(4.5) 

We now check the conditions of the theorem on M-estimates 

1) vn (given by (4.2)) is a consistent estimate of v (P) 
i. e. 

(4.6) 

To see this consider for x fixed qt(x)=r(t) as a function 
of t. Then, 

ret) = reO) + tr' (0) + oCt) as t->o 

with r(O)=l and r' (0)=[v(x)3' (t,Q)]exp{tv(x)-3(t,Q)) It=o 

=v(x). Hence dQt(X)=Qt(X)=l+tV(X)+O(t) as t->o replacing in 
dQ 

(4.2) and using the fact that op(tn )=op(n-1/ 2) (see (4.4)) we 
have 

1 n 
+ t {! n 

U(Xi )} ( -1/2) 
vn .2: u (x. ) .2: + (4.7) 

n 1=1 1 n n 1=1 0p n . 

From (4.5) and the consistency of the sample means we 
obtain the RHS of (4.6) . 
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2) vn is an asymptotic M-estimate of v (P) with efficient 
influence function. i.e. for 

1 n - 1 n 
W (v (P) ) =- . L .t- (x. v) =- L u ( x ) - v (P) 

n n 1=1 l' n i=l i 

_ {I u:dPlr~ 
Jv dPf· 

.2 V (Xl' ) J 1=1 

. . 

we only need to show that 

,rn W (v ) = 0p (n 0) as n·'co 
n n 

which is clearly true since from (4.7) we can write 

~ W (v ) 
n n 

* 1 I uvdP 1 
.21 u(x.)v(x.) - I 2 ~ n n 1= 1 1 

V dP 
n 

.2 v(x.) 1~ 
1=1 1 f 

J u(x. )v(x.) SUVdP*} l·· 1=1 1 1 _ n ~ ~ 

1 n 2 J2 * n . L v (x.) v dP 
n 1=1 1 n 

.2 V(Xl').·l + 0 (no) 1=1 P 

where we have used (4.4) in this last equation. From 

(4.7) the WLLN and the CLT apglied to vn (since PEP) the last 
equation is op(nO)op(nO)+op(n )=op(nO). 

3) All the other regularity conditions of the theorem are 
trivially satisfied. Moreover 

-
I ilL 

Wn(v) = -1 = W(v) = ill' dP . 

Therefore we conclude that vn is an asymptotically linear 
estimate of v (P) with influence function (given by (4.3)) 



EFFICIENCY OF MAXIMUM ENTROPY ESTIMATORS 

-
~, i.e., efficient. 

We now show the theorem when v (P) is defined as 
in Theorem (3.8). From the chain rule we can write 
(imbedding P in L2(~)) 

v (s+!]h) =T(~(s+nh)) T(~(s)) + n<~'T,h> + o(n) 

hence, 

v(s) II(s)'T(lL(S)) 

Thus 

-
v (x) 

v 

2s 
o 

t 
.2.. T. u. (x) 
J=l J J 

4S 

and projecting v on ~=[l,V]l we obtain the efficient influence 
function L*(X,v) that can be written as 

L*(X,v(p)) J 
J=l T. (P){u. (X)-IL. (P) 

J J ) 

k 
.l: T.(P) -l,.(x,~.(P)) 
)=1) ) ) 

where Zj is the efficient 
(4.1) wnen u=Uj)' We now 

influence function of ~j (see 
check (once more) the 

* on M-estimates for vn=T(~(P )). hypothesis of the theorem 
n 

1) vn is consistent. It follows from the fact that 

* ~ (P ) 
n 

which in turn follows by using (4.6) for each of the 
components of ~ and the assumed continuity of T at II(P). i.e. 
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2) vn is an asymptotic M-estimate based on 

1 n * k . (j) 
Wn (v) = -n J.' ~ 1 L (x., v) = . l: 1T . (P) W (/I. . ) 

J. J= J n J 

W(j) (II.) 1 D -,... =-.E1 L.(x.,/I..(P» 
n J n J.= J J. J 

where 

This follows from the fact that 

since T is continuous by hypothesis hence, 

Moreover, 

. * 
T(P ) 

n 

. 0 
T(P) + open ) 

W (v) = . ~1 [f j1 T., (/I.) : /I. L}W (j) (ll . ) 
n J- It.-- J-<- {Iv. n J 

iJ /I. 'J - T. (/I.)_J 
J iJv 

since w(j) (/1..)=-1. An application of the inverse 
n J 

C. C. RODRIGUEZ 

function theorem (that holds from (3.8)ii» assures the 

continuity of ~(v) for j=1,2, ... ,k. Hence, (3.8)i) and ii) 
iJv . 

are sufficient for Wn(v) to exist and to be continuous. 
Moreover, 
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since J T. (Il) ~Ilj 
J =1 J u v 

Hence, 

aT 
av 

1 . 

() l,* 
W(v) = f-(x,v)P(dx) 

()v 
.~ ~ T. ~ fL. (x,Il.)dP(x)-l 
J=l L=l JL ()v J J 

and since 

fZ.(X,/L.(P»dP(x) = 0 
J J 

we obtain W(v)=-l. Again, all the hypothesis of the 
theorem on M-estimates are satisfied and thus, Vo is an 
asymptotically linear estimate of v (P)=T(/L(P» wlth 
influence function given by (see (4.3» 

_~-l(v)L*(X,v)=~*(x,v) i.e. efficient. Q.E.D. 
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Abstract. The Wigner formulation of quantum mechanics in 
phase space is reviewed. Using this formulation, the 
classical limit of the quantum mechanical description of a 
system characterized by a given sharp value A of an 
observable ~, or by a given expectation value <A> of the 
same observable, is discussed. It is shown that, in the 
limit ~ ~ 0 , the quantum description of the system reduces 
to that given by the corresponding classical microcanonical 
or canonical distributions. In particular, the condition for 
the classical entropy to coincide with the limiting value of 
the quantum entropy, is spelled out. The first quantum 
corrections to the classical description are calculated. It 
is shown that, for a system of non-interacting identical 
particles, the first correction due to the Pauli principle 
is proportional to n3. A simple relation between the 
normal-antinormal correspondence of operators and the Wigner 
(inverse Weyl) correspondence is established. 

I INTRODUCTION 
Among the various equivalent formulations of quantum 

mechanics the formulation by Wigner (1932), employing phase space, is 
probably the best starting point for discussing the classical limit. As 
it turns out, the typical appearance of Planck's constant ~ in 
denominatcrrs in the usual (configuration space) formulations is 
replaced by ~ appearing in numerators in the Wigner formulation. Thus, 
instead of asymptotic expansions, an easy passage to the limit n ~ 0 
and a straighforward expansion in powers of ~ are made possible. 

The main goal of the Wigner formulation is to express expectation 
values of dynamical variables as integrals over phase space: 

'. "",. 
<A> = tr(pA) = Jp(x,p)A(x,p)dxdp/(2rrft), 

where p(x,p) and A(x,p) are two real functions corresponding to the 
hermitian operators p and A, ~ being the density operator) 

p ~ p (x,p) 
"-
A - ~ A(x,p) 
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(1.1) 

(1. 2) 
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As indicated by the different arrows, the mapping p-+ p(x,p) and 
A - -+ A(x,p) are in general different (though related). By writing the 
expectation value <'A> in the classical form above we certainly do not 
mean that Heisenberg's uncertainty principle regarding the simultaneous 
determination of x and p, can be bypassed. Yet, the exact 
classical form above can be achieved, in fact in infinitely many \~ays, 

(Agan~al & Wolf 1970) at the price of relaxing our expectations 
regarding the "classical" density p(x,p). The function p(x,p) will 
turn out to have some peculiar properties such as obtaining positive 
and negative values at different regions of phase space. Thus p(x,p) 
cannot serve as a proper probability density in phase space and is 
accordingly named quasidensity. 

It is perhaps surprising that fifty years or so after its introduction, 
Wigner's formulation is still a source for basic research (O'Connell& 
Wigner 1984) and its implications concerning the classical limit of 
quantum mechanics are still not fully recognized. Thus, in a recent 
article dealing with a family of mappings of the form (1.2) satisfying 
(1.1), !\Tang (1986) proves that if, for a given mapping, the functions 
p(x,p) and A(x,p) approach the limits pc(x,p) and Ac(x,p) 
respectively as n -+ 0, then the same limit is attained by all members 
of the family. He calls the limiting functions "classical" and leaves 
us wondering just there: Does the limit n -+ ° exist? What is the 
relation between the limiting functions pc(x,p) and A (x,p) and the 
functions p l(x,P) and A 1 (x,p) that a classical phy~icist would 
have used toCaescribe the s~me physical system? In order to answer 
these questions, we must first clarify what we mean by the phrase "the 
classical limit as n -+ 0". Imagine two physicists, a classical one 
and a contemporary one, presented independently with a well defined 
physical problem: e.g. A system described by a given classical 
Hamiltonian H(x,p) is known to have sharp energy E. Alternatively, 
the exact energy E is not known but its expectation value <E> is 
known. Find the density p 1 (x,p) or the quasidensity p(x,p) 
appropriate for the system, ~nd compare the results for p(x,p) and 
for expectation values of dynamical variables calculated according to 
(1.1) in the limit n -+ 0, (that is, when n is small compared to 
typical quantities of the system), with the corresponding results 
obtained by the classical physicist. r.loreover, express the quantum 
corrections to the classical results in ascending powers of Planck's 
constant n. In the following we shall follow precisely this route. 

Section II reviews Weyl' s rule (V/eyl (1927, 1931)j for associating a 
hermitian opererator A with a given classical observale A(x,p). The 
inverse mapping, namely ~ -+ A(x,p) and P -+ p(x,p) will turn out to 
satisfy (1.1). As recognized by Moyal (1949), the "classical" function 
A(x,p) which upon quantization a la Weyl yields the given operator A, 
is precisely the Wigner function for the operator A. To keep the 
notation simple, we shall treat a single particle in one dimension. The 
generalization to N(non identical) particles in three dimensions is 
straightforward. We shall note in passing that, according to Weyl, 
Dirac's quantization rule, namely, the association of a commutator with 
a given Poisson bracket, is in general, satisfied only to first order 
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in h. It may he a shocking revelation to some readers to find that 
this result is independent of the \'leyl quantization. Dirac's rule for 
observahles A(x,p) more complicated than bilinear forms in x and p, 
is in general, self contradictory. In Sec. II I the quantum mechanical 
equations are translated to phase space language. As an example, we 
solve for the eigen values and eigen quasidensities of the harmonic 
oscillator. Section IV is devoted to the discussion of the classical 
limit. We show that the quasidensity p(x,p) for a system with a given 
sharp energy E, or a given expectation value <E>, approaches 
respectively the classical microcanonical or canonical distribution 
Pcl (x,p) as 11 -+ O. I-loreover, the quantum expectation values for any 
observale A coincide, in this limit, wi th the classical ones. By the 
principle of maximum entropy, the same results are true for ~ system 
characterized by a sharp value A or an expectation value <A> of any 
observable A. As is well known, classical entropy is defined only up to 
an additive constant. The condition for the classical entropy to 
coincide with the bmi ting value of the quantum entropy is also spelled 
out. In Sec. V we treat the quantum corrections to the classical 
limit. As was shown by Wigner (1932) (and as expected from an expansion 
of a real quantity p (x,p) in powers of the imaginary parameter in), 
only even powers of h enter the expansion. Finally, in Sec. VI, we 
take up the hitherto neglected identity of particles. We show that the 
first correction d~e to the identity of N non-interacting particles is 
proportional to 1\-". This is done both formally, using the language of 
second quantization, and classically, by counting the number of 
partitions of N particles with two (or more) particles in a cell. The 
treatment is incomplete in the sense that spin degrees of freedom were 
not taken explicitly into account. An example of another correspondence 
of the type (1.2) satisfying (1.1), namely, the normal-antinormal 
correspondence, is given in Appendix C. The (little known but simple) 
relation of this correspondence to the Wigner (inverse Weyl) one is 
spelled out. For a comprehensive review of the role of space phase 
quasidensities in physics, the reader is referred to the recent work of 
Hillery et al (1984), where additional references can be found. 

II WEYL QUANTIZATION AND THE WIGNER FUNCTION 
A Weyl quantization and its inverse 

Weyl (1927) suggested the following general and simple 
quantization rule. Let A(x,p) be a classical observable representable 
as a Fourier integral 

where 

n 
A(x,p) = 2'11 J- i(ux+vp) A(u,v)e dudv 

-
A(u,v) I JA( ) -i(ux+vP)d d 2rrh x,p e .x p . 

,\ 

(2.1) 

(2.2) 

Then the operator A, corresponding to A(x,p), is obtained by replacing 
the exponential function in (2.1) by the exponential operator 
exp[i(ux + vp)), where ~ and p are two hermitian operators 
satisfying the commutation relation [x,p) = i~. (we have inserted 
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Planck's constant ~ 

the dimensionality.) 
in Eqs. (2.1) and (2.2) in order to take care of 
Using Eq. (2.2), we have, 

or 

" fl. A =-211 
fA(u,V)ei(ux+VP)dudV 

A 1 fA( ) -i(ux+vp) i(ux+vP)d d d d = (211) 2 x,p e e x p u v . 

II 

Some simple properties of the correspondence A(x,p) ~ A follow 
immediately from (2.3): 

1\ 

A(x,p) real -+ A hermitian 

" " A(x) ~ A = A(x) " " B(p) ~ B B(p) 
1\ ,. 

(2.3a) 

(2. 3b) 

(2.4a) 

(2.4b) 

aA(x,p) + BB(x,p) ~ aA + BB (linearity) (2.4c) 

1\ 

Conversely, given an operator A represented by (2.3) and using the 
orthogonality relation 

tr[ei(ux+vp)] ~11 o(U)C(v) , (2:5) 

we obtain 

(2.6) 

In deriving thp. last two Equations, we have made use of the following 
regrouping property of exponential operators (see e. g. t-lessiah 1961) 

~ A ~ A ~ A 

e A+B = e-~[A,B]eAeB (2.7a) 

A ,.~, 

which is valid provided [A,[A,B]] 
A A .. 

[B, [A,B]] 

For example, 

i (ux+vp) e ~uv iux ivp e e e . 

o . 

(2. 7b) 

Again, taking the trace of Eq. (2.3) with the aid of Eq. (2.5) we secure 
the important result 

tr(~) = fA(x,p) ~::p (2.8) 

B The Wigner function 
In order to simplify the expression for the function A(x,p) 

corresponding to the operator ~, we shall employ the x-representation 
to calculate the trace in Eq. (2.6). A short calculation using Eqs. 
(2.7) yields 

A(x,p) = f < x-~x' 1~lx + ~ x'>exp(ipx'/~)dx' (2.9) 
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Alternatively, using the p-representation, we obtain 

A(x,p) f <p-~' It:. \p+J.zp ' > exp (-ixp' /fl)dp (2.10) 

In particular, for the density matrix P \¢><¢\ representing the pure 
state \¢> we have 

P (x,p) 

i 
fiP x ' 

f¢(x-~x')¢*(x+~x')e dx' 

i 
-fl" xp' 

f¢(p-~')¢*(p+~p')e dp' (2.11) 

where ¢(x) = <x\¢> is the wave ftmction and ¢(p) = <p\¢> is its 
Fourier transform. Equation (2.11) for p(x,p) is precisely the one 
introduced (on different grounds) by Wigner (1932). The identification 
of the Wigner function with the function p(x,p) which upon quantization 
a la Weyl yields the operator e, is due to Moyal (1949). 
Correspondingly, the function A(x,p) of Eqs. (2.6), (2.9) or (2.10) is 
called the Wigner function for the operator A. 
We shall now list some of the properties of the Wigner function. From 
(2.9) or (2.10) it is clear that 

" A hermitian implies A(x,p) real. (2.12) 

Upon integrating Eq. (2.11) on p or on x we obtain for the marginals 

f EL-P(x,P)2nh - (2.l3a) 

Finally, if ¢(x) is properly normalized, we obtain, in accordance with 
Eq. (2.8), 

J dxdp_ 
p(x,p) 2nh - I . (2.13b) 

Equation (2.12) guarantees the reality of p(x,p). On the other hand, 
it is easy to see (Hillery et al 1984) that the Wigner function cannot 
be, in general, positive everywhere. To this end, consider the integral 
of two Wigner functions PI (x,p) and P2 (x,p) corresponding to the two 

pure states \¢l> and \¢2>' A short calculation yields 

f dxdp 
PI (x,p) P2 (x,p) 2nfl. 

(2.l3c) 

In particular, if the two states are orthogonal, 

f~l (x,p)p 2 (X'P)~~p = 0 for <W I \ ¢2> 0 
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Showing that PI and P2 cannot be both positive everywhere. 

C Wigner function for product of operators 
Let CAS(x,p) denote the pha~e s~ace function which upon 

Weyl's quantization yields the operator C = AB. We shall give three 
equivalent expressions for this Wigner function. Using Eq. (2.6) for e, 
we obtain an integral representation for the function C. 

-2J CAS(x,p) = (~fi) dxl dx2 dPldP2A(xl,Pl)B(x2,P2) 
iii 

x exp[2~(Pl-p2)]exp[-2fiP(xl-x2)]exp[K(xlP2-x2Pl)] (2,14) 

Inserting the last expression in Eq. (2.8), we secure for finite traces 
"- "-J" dxdp _ dxdp tr(AB)-:r(B~)- CAB(x,P)2~l'i - J A(x,p)B(x,P)2~fl (2.15) 

In particular, for B = P we have, 

<A> = tr(PA) = Jp(x,p)A(x,p)dxdp/2~ (2.16) 

which proves that the mapping (2.6) does indeed fulfill Eq. (1.1). 
The second expression (operator form) of the Wigner function for the 
product of two operators is 

where 

CAB (x,p) exp(i~ .. )A(x. ,p.) B (x. ,p.) 
~ 1J 1 1 J J 

P .. 
1J 

_ a a a _a_:: D D 
~ dp. - ap. ax . x. p. 

1 J 1 J 1 J 

x.=x.=x 
1 J 

p.=p.=p 
1 J 

D D 
p. X. 

1 J 

(2.l7a) 

(2.l7b) 

is the Poisson bracket operator and the limit x.=x.=x, p.=p.=p is 
taken after performing the differentiations. InlAppendix1A,Jthe Wigner 
function is generalized for the product of n operators: 

.fi n n 
CA" "A. (x,p)=exp(lT ~ P .. ) IT A. (x. ,p.) xl = .. =xn=x(2.l8) 

1 .. ' - . . 1J . 1 1 1 1 n l<J 1= 

Equivalent results were obtained by Groenwold (1945). 
Let us apply Eq. (2.17), for the con@utator C = [A,~]: 

C[A,B] (x,p)=exp(i?12) [A(1)B(2)-A(2)B(1)] I 
=[exp(i?12)-eXPC-i~P12)]A(1)B(2) I 
=2iSin(?12)A(1)B(2) xl= ... =xn=x 

P1=···=Pn=P 

(2.19) 
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where the shorthand notation A(l) = A(xl,Pl) etc. has been used. 

Expanding the sine operator into a power series, we have, 

where 

{A,B}=-

k 
2i I.' (-1) (~P ) 2k+l 

k:O(2k+l)! 212 A(l)B(2) 

ifdA(x,p), B(x,p)} + 0(n3) 

aA aB 
ax ap 

aA aB 
"§pax 
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(2.20) 

(2.21) 

is the (classical) Poisson brackets for the observable A(x,p) and B(x,p). 
(Note that if at least one of the operators A,S is at most bilinear in x 
and p, erA B] = ifl.{A(x,p), B(x,p)} is exactly satisfied.) Thus, 
according to Weyl, the famous Dirac quantization rule 

{A,B} i 
+-.fl " A [A, B] (2.22) 

is in general obeyed only to first order of n. This perturbing result 
is, in fact, independent of the Weyl quantization. The following 
example due to G. Rosen (1969) shows that, in general, (that is, for 
observables more complicated than bilinear forms in x and p), Dirac 
quantization rule may be self contradictory. Let 

2 2 133 122 
A(x,p) = x p = ~x ,p } = 24 {{x ,A} , p } . (2.23) 

Applying Eq. (2.22) to the first Poisson bracket, and using the 
commuta tion relation [x,p] '" in, we have 

1\ i [,3,:; 1 1 C 2A2 .,2" 2) ln2 A + A = -
% x ,r 2" p x + x p + .., 

.J 
(2.24a) 

Rut now, apply Dirac's rule to the second Poisson bracket in Eq. (2.23) 
and insert the result (2.24a) to obtain a different result 

(2.24b) 

We shall postpone the third expression for the Wigner function 
CAB(x,P) to the next Section (see Fq. (3.10)) and turn now to complete 
our account of \'ieyl's quantizabon by introducing dynamics. 

n Equations of motion 
From Hamilton's equations of motion 

ali 
x = 3p - - {H,x} p ~ = - {H p} 

dX ' 
(2.25) 

we have at time t = Lt 
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x(6t) = x(O) -6t{H(x(0),p(0»),x(0)} + 0(6t)2) 

2 
p(6t) = p(O) - 6t{H(x(0),p(0)),pCO)} + OC(6t) ). 

We now define operators ~(6t) and p(6t) at time t = 6t by 

1\ /.' A 
x(6t) :: x(6t) p(6t) == p(6t) 

(2.26 ) 

./' /'. 
where x(6t) and p(6t) are the operators obtained from the right hand 
side of Eq. (2.26) by applying the quantization rule (2.3) at time 
t = O. From Eq. (2.20), we have, 

A i'A /'. i"A 
{H,x}t=O = - ~[H,x] and {H,p}t=O = - K[H,p]. 

Thus, x(t) and pet) are defined 
Heisenberg equation of motion 

as the operator solution to the 

dx i" \ 
dt = fi[H,x] 

d " . ~ _ 1 " ., 
dt - ~[H,p] 

(2.27) 

(2.28) 

subject to the initial condition x(O) and p(O). Note that this 
definition is invariant to the choice of the quantization time t = o. 
That is, quantizing at t = 0 and propagating with (2.28) is equivalent 
to propag~ting with (2.25) to time t = tl and then quantizing at t l . 
Note also that by Eq. (2.28) the commutator [x(t), pCt)] is time 
independent and hence satisfies [xCt), pet)] = i~. We now define a 
general operator at time t by Eq. (2.3) with x and p replaced by xCt) 
and pet), that is, 

A(t) == ~~ f A(u,V)ei[ux(t)t+vP(t)]dudV. (2.29) 

A 
It remains to show that A(t) satisfies the Heisenberg equation of motion 

" .~ dA = _ [H,A] 
1 dt 

This result is proved in Appendix B. Note that, in general, 
aA_ /' i A)\ dA 
dt - - {H,A} ~ h [H,A] = dt 

(2.30) 

(2.31) 

We note for further reference that, by Schr~dinger's equation of motion 

the density operator 

p = I W. !lji. > <lji.! , 
.11 1 
1 

o < w. ~ 1, I w. = 1 
- 1 . 1 

1 

(2.32) 

(2.33) 

(with {!lji.>} a complete orthonormal 
mechanical tiouville equation 

set). satisfies the quantum 

ap "". in "IT = [H, p] . (2.34 ) 
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We are now ready to translate the equations of quantum mechanics to the 
language of phase space. 

III TRANSLATION OF THE QUANTIJH MECHANICAL EQUATIONS TO PHASE 
SPACE 

A 

Since the inverse Weyl correspondence A + A(x,p) (Eq. (2.6)) 
is a linear operation, we immediately obtain from the Heisenberg equation 
of motion (2.30), by use of Eq. (2.19) 

if! ~~(x,p,t) = - 2i Sin(?12)H(1)A(2) Ix =x =x 
. 1 2 

Similarly, Liouville's equation (2.34) yields 

ifi ~~(x'P,t)=2i Sin(~P12)H(l)P(2) 

:Pl =P2=P 

xl=x2=x 

Pl =P2=P 

Let us spell out the last equation for a Hamiltonian of the form 
2 

(3.1) 

(3.2) 

H = L + Vex) (3.3) 
2m 

Due to the simple p-dependence of the Hamiltonian,Eq. (3.2) reduces to 

ap (-1) k 1'l 2k (2k+l) a2k +l 
3t = {H,p}+ I (2k+l)! (2) V (x) 2k+l p(x,p,t) (3.4) 

k=l ap 

where V(2k+l) (x) denotes the (2k+l)th derivative of the potential. 
Note that, for a harmonic oscillator, the quantum mechanical Liouville 
equation (3.4) reduces to the classical Liolwille equation 

Clp _ at - {H,p} (3.5) 

and the only difference between the quantum mechanical treatment and 
the classical one in this case, enters through the initial conditions 
as indicated by Tatarskii (1983). 

It is evident that all of quantum mechanics could be translated into 
and solved in phase space. Thus, for example, the Schr~dinger equation 
for eigen values and eigen states 

i1!1jJ> = E!i)!> or ~1!1jJ><1jJ ! = E!1jJ><IjJ! (3.6) 

i.e. 

Hp Ep or 
." 
pH Ep (3.7) 

translates into 
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Ep (x,p) (3.8a) 

with the boundary condition 

p (x,p) -7 0 for Ixl-- or (3.8b) 

So that p(x,p) is normalizable. Since, 

i 
Y flP 12 

e H(1)p(2)1 

i a i a 
= H(x + ~ ap , p - ~ ax)p(x,p) (3.9) 

for the Hamiltonian (3.3), we have (the promised third form) 

i d i a 
H(X+¥l ap ,p- ~ ax)p(x,p) = Ep(x,p) (3.10) 

with the boundary condition p(x,p) ~ 0 at infinity. (See also Agarwal 
& Wolf 1970 and Hillery et al 1984.) This symmetrical form of the 
Schr~dinger equation in phase space should be compared with the usual 
(configuration space) form 

H(x,-ifl ~x)w(x) = E~(x) 

with the boundary condition 1jJ(x) ~ 0 at infinity. Returning to 
Eq. (3.8), we note, that by the second part of Eq. (3.7) 

i 

(3.11) 

- "2 fI. P12 
e H (1) p (2)1 = Ep (x,p). Hence all imaginary terms drop (as 
they should) from Eq. (3.8) and we have 

fI. cos(y P12)H(1)p(2) 
xl=x2=x 

Pl=P2=P 

Ep (x,p) . (3.12) 

For the simple Hamiltonian (3.3), Eq. (3.12) takes the explicit form 

2 
HP-~ [V"(x) (l2p/(lp2) + (1/m)(l2p/ax2)] 

Ep . (3.13 ) 
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As an example, consider the harmonic oscillator. Since the potential is 
quadratic in x the SchrHdinger equation (3.13) for the Hamiltonian 

II = p2/ (2m) + (m/2) w2/ reduces to 
") 

.1'1- 2 2") 2 2 
IIp - S[mw (d p/ap~)+(l/m)(d p/dx)] = cP. (3.14) 

The vanishing of the imaginary terms, namely, iSin(} P12) (ll(l)p(2) 1= 0 
now implies 

{H,pf = 0, and hence, p = p(H(x,p)1 . (3.15) 

Subs ti tuting p = f (II) in Eq. (3.14), \\'e obtain for f (1-1) the 
ordinary differential equation 

Hf" + f' + CE-H)/(f1w/2)2 f O. 

The asymptotic behaviour 

f!l - (2/flw)2f -+ 0 as 

suggests the substitution 

f = e -2H/ (i1w) g (B) , 

whence 

Bg" + g' (1 - ~~ ) + ~ (~ - l)g = ° . 

(3.16) 

(3.17) 

(3.18) 

Expanding g(H) in a power series g(B) = l: a Hn and substituting in the 
last equation, \'Ie obtain the recurrence re1Rtion 

2 2 2E 
(n+l) an +l + hw[Cnw -1)-2n]an = ° n 0,1,2, ... C3.19) 

We therefore have 

4 1 
a n n-+<» 

and unless g(B) is a polynomial, g(B) ~ e4B /(hw) and by (3.17) feB) 
is not normali zab Ie. We therefore have 

n = 0,1,2, ... (3.20) 

for the eigen values, and the normalized eigen quasidensities are given 
by 

where L (x) is the Laguerre polynomial. Thus, the solution of the 
n 

(3.21) 
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harmonic oscillator problem in phase space follows the same lines as 
the corresponding solution in configuaration space with the amusing 
result that Hermite polynomials arc replaced by Laguerre polynomials. 
The result (3.21) has been first given by Groenewold (1945). An 
alternative derivation is presented by Hillery et al (1984). 

IV TIfE CLASSICAL LIHIT 
A System with a sharp energy E 

From the Schr~dinger equation (3.13) we have 

2 
(H-E)p = O(fl ) (4.1 ) 

Hence, as fJ. ~ 0 

p ~ 0 for H of E (4.2) 

in such a way that the normalization condition J p(x,p)dxdp/(2n~) = 1 
is fulfilled. In order to estimate the rate at which the quasi­
distribution p(x,p) approaches the microcanonical distribution (4.2), 
let us use the following relations: 

"2 <H > J i dxdp 
pexpjfiP12H(1)H(2)2n~ 

2 
= J p [H2 - ~ V"(x) ]dxdp 

4m 2nfl 

Defining the "width" aH by 

(aH)2 :: J H2 dxdp - (J H dxdp)2 
P 21Th p 2rll ' 

\o[e have, 
2 

(aH)2 = ~m J pV"(x) ~~p . 

Thus, the "width" aH is proportional to fl.. 

As an example, let us examine in detail the case of the harmonic 
oscillator solved in the previous Section. For a given energy 
E = f\.w(n+~), f\. ~ 0 implies n ~ ~ Hence the following 
aYymptotic expressions with v:: 2(2n+l) apply to Eq. (3.21): 

p(x,p) ~ 4sin{[v(2e-sin2e)+n]/4}/(nvsin2e)~+ O(~) 
n 

2 for cos e :: H/E < 1 , 

(4.3a) 

(4.3b) 

(4.4) 

(4.5) 

(4.6a) 
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and 

p(x,p)~2exp{-[v(sinh2e-2e)/4]}/(TIvsinh2e)~+ O(l) 
n 

') 

for cosh~e = HIE > 1 . (4. 6b) 

(Erdely(1953) also gives a connection formula between the two regions 
HIE < 1 and HIE> 1). Thus, for H < E, p(H) oscillates with an 
amplitude dying as n-~ while for H > E, p(H) decays as e-an . 
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For a much more careful and thorough discussion of the semiclassical 
behavior of p(x,p), the reader is referred to the work of Berry (1977). 

B System with a given expectation value <E> 
We shall divide our discussion of a system with a given 

expectation value <E> i.e., a system in contact with a heat bath at 
temperature T, into three parts. We shall first give the quantum 
mechanical treatment and establish the limit h ~ 0, then the 
classical treatment, and finally, by comparing the expression obtained 
for the quantum entropy in the limit h ~ 0 with the corresponding 
classical expression, establish the condition under which all the 
quantum mechanical results coincide (in the limit h ~ 0) with the 
corresponding classical results. 

(a) Quantum mechanics. As is well known, the canonical density 
operator is given by 

where Z (S) (4.7) 

is the partition function and S = 1/(kT) is the inverse temperature. 
Let 

DH" (_D)n"n 
R = e-~ = \ ~ H 

L~ 
n 

denote the unnormalized density operator. By Eq. (2.18) the 
corresponding Wigner function satisfies 

R(x,p) 

L (_S)n n 
~ -nl• H (x,p) 
h~O n 

-SH(x,p) e 

Note that, by the same argument, any operator function f(A) 
satisfies 

Cf(A) (x,p) --+ f(A(x,p)) as h ~ 0 . 

(4.8) 

(4.9) 

(4.10) 
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Hence 

and 

z (13) I R(x,p) dxdp 
21Tn 

I -f3H dxdp 
e 21Th 

<A> = I A dxdp ~ IA -f3H dXdP!I -f3H dxdp 
P 21Th "h+O e 21Th e 21Th' 

where Eq. (2.16) has been involved. 

(4.11) 

(4.12) 

(b) Classical mechanics. The classical canonical density is 

(X ) = e- f3H (x,p)/Z (13) Z Cf3)=Ie- f3H dxdp 
P cl ,p 1 'cl 21Th ' c c 

(4.13) 

where h is a (small) unknown quantity having the dimension of action. 
Since hC cancels from all expressions for expectation values 

c 

<A> = I A dxdp = Ie- f3HA dxdp /Ie- f3H dxdp 
cl Pcl 21Th 21Th 21Th ' (4.14) 

c c c 

it is usually dropped out. It is clear, however, that in order to make 
Eq. (4.l3)dimensionally correct, one must assume the existence of h . 
Comparing Eq. (4.12) with Eq. (4.14), we see, that, for any observaTe, 

1\ 

<A> - <A> 1 
n+O c 

(4.15) 

(c) The entropy. The quantum mechanical expression for the 
entropy is 

S = - k tr (p log p) . 

Using Eqs. (4.7), (4.11) and (4.15), we have, 

S = k[S<E> + logZ(f3)]~ k[f3<E> l+logIe- f3H gx~p] 
n+O c 1T 

The corresponding classical expression is (see Jaynes 1963): 

where 

and 

S = -k Ip(x p)log P(x,p) dxdp , 
c1 'm(x,p) 

P(x,p) 1 
- 21Th Pel (x,p) 

c 

m(x,p) = 1/(21Ti'l.c) 

I P(x,p)dxdp 

is the prior or density of states in phase space. 

1 , 

(4.16) 

(4.17) 

(4.l8?-) 

(4 .1Sb) 

(4.1Sc) 
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Hence, using Eq. (4.13), 

S k[ E 1 J -SH dxdp] 
cl = S< >cl + og e 2~fi . (4.19) 

c 

Comparing Eq. (4.17) with Eq. (4.19), we see, that the limiting 
expression for the quantum entropy coincides with the classical 
if and only if the unknown quantity, n is chosen as 

c 

one, 

n = h 
c 

(4.20) 

Thus the limiting expression for the quantum entropy determines uniquely 
the hitherto undetermined expression (to within a constant) for the 
classical entropy. By the same token, we have, 

p (x,p) ~ Pel (x,p) 
n->-O 

(4.21) 

We end this Section by noting that, according to the principle of 
maximum entropy, all the results obtained for the observable H (given 
E or <E», are valid for any observable A (given a sharp value A or 
an expectation value d.». For further information on the principle 
of maximum entropy, consult Jaynes (1957), Shore & Johnson (1980, 
1983) and Tikochinsky et al (1984, 1985). 

V QUANTUM CORRECTIONS TO THE CLASSICAL CANONICAL DISTRIBUTION 
It -SA Let R = e denote the unnormalized canonical density 

operator. From the explicit expression (4.9) one can derive an 
expansion in powers of h for the Wigner function R(x,p). First note 
that only even powers of n enter. Since the permutation 

(1 2 ... n) carries Eq. (4.9) into 
n n-l. .. l . n 

1 C 
(i3)n -~) P .. 

R(x,p) =L ---,- e r'::jlJ H(l)H(2) ... H(n) I _ _ _ (5.1) 
n n. xl-···-xn-x 

Pl="'=Pn=P 

we have, 

P .. )1l(1)H(2) ... H(n) I - - - (5.2) 
1J xl -·· .-xn-x 

(P l =·· . =Pn =p . 

The first correction, proportional to n2, using this explicit 
expression can be carried out by direct counting. However direct 
counting becomes rapidly intricate. An efficient (indirect) way to 
calculate the first quantum corrections to R(x,p) ~ R l(x,P) 
exp(-SHex,p)), has been given by Wigner (1932). ThisCway which 
consists of approximate successive solutions to the Bloch equation, 
will now be reviewed. From the defini ticn It = exp (-SH) we see that the 
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(unnormalized) canonical operator satisfies the Bloch equation 

" aR A, " .\ as = - HR = -RH 
1\ 

with the initial condition R(S = 0) = 1 . 
Translating the Bloch equation into phase space, we obtain, 

with R(x,p,S =0) = 1. 
Explicitly, for the simple Hamiltonian (3.3), we have, 

2 2 2 
aR = _ HR + ~(V" ~ + l ~) 
as 8 ap2 m ax2 

k - I 1::.!..L (~) 2kv (2k) (x) 
k=2 (2k)! 2 

Subject to the initial condition R(S=O) = 1. 

(5.3) 

(5.4) 

(5.5) 

To obtain the first quantum correction to Rcl (x,p) 
insert 

-SH(x,p) e we 

2 
R '" e- SH [1-h2f 2] '" e-SH[l+n f 2] ; f 2=SHf2 

into Eq. (5.5), and by keeping only terms up to order n2 , 
for f2 ' 

2 
~(Sf ) = ~[~" - !( 4" + V '2 )] as 2 8H m m m 

f = _S_[v" _ ~( p2 V" + V'2 )] 
28mB 3 m 

Hence 

the partition function 

(5.6) 

we secure 

(S .7a) 

(S • 7b) 

(S.8) 

Correspondingly, we obtain for 
Z(S) = fR dxdp/(2nn) and for the free energy F = - kT log Z(S) 

n2S3 
Z = Zcl[l - 24m 

F = F cl 
h2S2 

+--
24m 

'2 4 
<V > c 1 + 0 (n )] 

'2 4 <V > + 0 (n ) , 
cl 

where the partial integration 

fe-BHV'~x = S Je- SHV'2dx 

(S .9) 

(5.10) 
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has been utilized. From Eq. (5.10) we see that the first quantum 
correction to the free energy is positive, proportional to the average 
of the squared force and diminishes as the temperature and/or the mass 
increase. It is useful to express the first quantum correction to the 
Maxwellian distribution in terms of effective temperature and effective 
force (see Landau & Lifshitz 1968): 

(5.11a) 

Teff - (5.llb) 

W(x)r:x:! R(x,p) dp 0< exp (-f3Veff) (5.12a) 

V" • (5 .12b) 

As expected, quantum "smearing" leads to an effective temperature higher 
than the classical temperature. The next quantum correction and a 
generalization to N particles (neglecting the possible identity of the 
particles) can be found in the original work of Wigner (1932). 

We end this Section by solving exactly the Bloch equation for the 
harmonic oscillator (See Imre et a1 1967 and Hillery et al 1984). An 
alternative direct calculation, using the inverse Weyl mapping (2.6), is 
given in Appendix C. The Bloch equation for the harmonic oscillator 
reads 

R(f3=O) 1. (5.13) 

The ansatz 

. R = e -A(f3)H-B(f3) A(O) = B(O) = 0 (5.14 ) 

leads, by comparing the coefficients of equal powers of x and p, to the 
ordinary differential equations 

Hence 

h 2w2 A2 A' = 1 - -4- ,A(O)=O; 

A = ~ tgh(f3hw) 
hw 2 B f3hw 

log cosh (2) 

R f3hw f3hw f3hw 
exp{-f3H[tgh (-2-) / (-2-) J }/cosh (2) 

e- f3H [l+ ~4(f3hw)2(-3+2f3H) + ... J ; 

O. (5.15) 

(5.16 ) 

(5.l7a) 
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. Bhw -1 -1 
Z(8) = [2 slnh(2)] = (Bhw) -(Bhw)/24+ ... 

BhU! Bhw Bl'l.w 
P (x,p) =2tgh (2)exp{ -BH [tgh (-2) / (2)]}' 

(S.17b) 

lS.17c) 

Note, that from the calculated partition function, one can read the 
energy levels and the degeneracies: 

Hence, E 
n 

Z = L e-BEn = [2 Sinh(B~w)]-1 = exp(-/JIw/2)[I-exp(-Bnw)]-1 
n 

hw (n+~) 
n 

and g = 1. 
n 

(5.18) 

VI N IDENTICAL PARTICLES - CORRECTIONS DUE TO TIlE PAULI 
PRINCIPLE 
Up to now we have dealt with the Wigner function for a single 

particle in one dimension. 1ne generalization to N particles in three 
dimensions is straightforward. Indeed, using the notation 

N 333 
L 

+ + 
dx (6.1) ux = u. . x . dxl dx2 ,,·dx 

i=l 1 1 N 

etc.. , we can write the generalized version of Eqs. (2.3) and (2.6) as 

A:, = 1 J -i (ux +vp) i (ux+vp··) A(x,p)e e dxdpdudv 
(21T) 6N 

(6.2) 

and conversely 

h 3N J .\ 
A(x,P)=(21T) tr[A - i (ux+vp)) i (ux+vn) d d e e u v . (6.3) 

The formulas above are valid for N distinguishable particles. If the 
particles are identical, we must take the Pauli principle into 
consideration. That is, we must use symmetric or antisymmetric wave 
functions according to the particles being bosons or fermions. In order to 
facilitate the discussion, we shall use the language of second 
quantization. Our formal derivation will show that the first correction 
due to the identity of N non-interacting (3-dimensional) particles is 
proportional to h 3. We shall also argue that this correction is 
essentially a "classical" one and could have been found by Gibbs, had he 
been told that h (whatever its value might be) is finite. It must be 
admitted, however; that our treatment is incomplete inasmuch as spin 
variables are not explicitly taken into account. 
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A Notation of second quantization 
Le~ .1wN> denote an N~part icle state with ..... deiini te ..... 

sxmm~try (d~scrlblng bosons or fermlons), and let WN(xl ,x2,·· .,XN) 
<xl ,x2' ... ,xN!WN> denote the corresponding wave function. Then 
(see e.g. Scnweber 1961) 

where 

-+.......... .......... I ~ ~N(xl,x2'" .,xN) = < olw(xN) ... w(x l ) wN>/(N!) 

W(x) = L w.(t)a. 
.11 
1 

(604) 

(6.5) 

..... 
is the destruction operator for a single particle at the location x, 
and {W. (~)} is a complete orthonormal set of single particle wave 
functiong, Here 10> denotes the state with no particles (the 

. ..... + ..... \' "* + vacuum state). The fIeld operators 1/! (x) and ljJ (x) := L 1jJ. * (x) a. 
satisfy the commutation (-), or anticommutation (+) relations: 1 

~ +-+- -Jo--+ -+.-+ 
[IjJ(X) , W (x')]+ = Sex-x') , [ljJ(x), w(x')]+ = O. (6.6) 

Equation (6.4) together with the commutation (anticommutation) 
relations (6.6) contain in a nutshell all the results needed to take 
care of the Pauli principle. 

B Wigner functions with s)~metrization 
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Let {\w,Ca»} be a complete orthonormal set of 
N-particle s)1I1metrize~ states. We shall use the verb to sYlIlIlletrize both 
ways, meaning to make symmetric or antisymmetric. Introduce the 
notation 

tr8(a) _ L <wN(a) Il\wN(a» (6.7) 
a 

for the trace taken with states of definite symmetry 8. In terms of 
this notation, define the Wigner function with symmetrization for the 
operator A by 

A8 (x,p) = (n/21T)3N f tr8[Ae-i(uX+Vp)]ei(ux+vP)dudv. (6.8) 

As will be shown later, the last definition is the proper modification 
of Eq. (6.3) for the case of N identical particles. Using Eq. (6.4) 
and the fact that for a sYlIlIlletrical N-particle operator A, the state 

AI1/! (a» has the same symmetry as the state I1/! (a», it is not 
dif~icult to show that N 

tr8 [A exp(-i(ux+vp))]=(l/N!)exp(~ihuv)fdy exp(-iuy) 

(6.9) 

Inserting this result into the definition (6.8) we have explicitly 

Ae(x,p) = (l/N!) f dx' exp(ix'p/n) x 
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(6.10) 

Another form (Hillery et al 1984) for the Wigner function with 
symmetrization can be obtained from Eq. (6.10) by noting that the matrix 
element <01 ... 10> can be replaced without change by the sum 

L<WN(a)I ... lwN(a» = tre ( ... ). 
a 

Using the cyclic property of the trace, Eq. (6.10) can then be rewritten 
as 

Ae(x,p) = (l/N!)Jdx' exp(ix'p/h) 

(6.11) 

However, we shall make no use of the form (6.11) in the present work. 

C Passage from the "Schrtldinger picture" to the "Heisenberg 
picture" 

(a) Instead of working in the subspace of physical states spanned 
by {lwN >} , we could use the identity 

tre(A) = L <WN(a) IAI~N(a» = tr I IWN(a»<WN(a) I A (6.12) 

e ~ 
to rewrite tr (A) as 

a a 

e ,\ '\ " A •• 

tr (A) = tr(PeA) tr(APe) (6.13) 

where Pe = L IwN(a»<WN(a) I (6.14 ) 
a 

is the projection operator onto the space of symmetrized states. Note 
that in the right hand side of Eq. (6.13) tr stands for the regular 
trace and the burden of the Pauli principle is shifted from the state 

IWN(a» to the projection operator Pe . This transition amounts to a 
passage from the "Schrtldinger picture" to the "Heisenberg picture". 
Note also that if A is an N-particle s}~metric and hermitian operator, 
then (Imre et al 1967): 

(6.15) 

Indeed, decompose a general N-particle state Iw> into two orthogonal 
components 

Iw> = Iw > + Iw- > e e (6.16) 

Iwe> 
A 

where = Pe lw> Then 

AP e Iw> ..\11/Ie> (6.17) 
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(6,18) 

PeAlwe> above drops, since A[~e> has a vanishing component in the 
subspace spanned by the symmetrized states: 

<¢A [1jJ > e e (6.19) 

We shall now work out the connection between the Wigner function with 
symmetrization and the regular I'ligner function. Using Eq. (6.13) we 
can rewrite the definition (6.8) as 

Ae(X'P)=(h/2~)3Nftr[P6A exp(-i(ux+vp))] 

x exp[i(ux+vp)]dudv = Cp A(x,P) 
e 

x 

(6.20) 
A , , 

where CPeA(x,p) is the regular Wigner function for the product C=PeA 

(see Sec. II.C.). In order to make use of the last relation, we shall 
need an expression for the (regular) Wigner function of the operator Pe . 
By Eqs. (6.3), (6.13) and (6.10) this function is given by 

where 

Cp (x,p) = Ie (x,p) , 
e 

I 6(x,p) ~ (l/N!) f dx'exp(ix'p/ft) x 

(6.21) 

(6.22) 

is the Wigner function with s)1Dmetrization for the identity operator. 
Inserting this result into Eq. (6.20) and using expression (2.17) for 
the function C~ A(x,P), we secure (Imre et al 1967) 

e 

(6.23) 

This is the desired relation between the Wigner function with 
symmetrization and the regular Wigner function. The second line of 
Eq. (6.23) is obtained from the first line by utilizing the property 
(6.15). Since tr6 (AB) = tr(PeAB) we have, with the aid of Eqs. (6.20), 
(2.15) and (6.15), 

e -, -, f 3N 
tr (AB) Ae(x,p)B(x,p)dxdp/(2~h) 

f 3N = A(x,p)B8(x,p)dxdp/(2~h) (6.24) 
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.-
In particular, for B = 1, 

e ~ f 3N tr (A) = A(x,p)I e (x,p)dxdp/(2nh) . (6,25) 

Finally, thx Wigner function with symmetrization for the product of two 
operators C = As is (Imre et al 1967) 

e (6.20) (2.17) 
C ... ' (x,p) C ' .. ,.' (x,p) -.-

AB PeAB 

(exp{~i~PI2]Cp A(x(I) ,p(I 1B (x(2) ,p(2)) I 
e 

(6.20) (1) (1) (2) (2) = (exp[lzifiP12]Ae (x ,p JB(x ,p ) x(I)=x(2)=x 

p(I)=p(2)=p 

(6.15) (1) (1) (2) (2) 
= (exp[~ifiP12]A(x ,p )Be (x ,p )1 (I)=x(2)=x 

,;(I)=p(2)=p 

(6.26 ) 

Now, that we have all the machinery of the former Sections at our 
disposa!, we can repeat the game. For example, the Bloch equation for 
R = e -BH is 

dR/dB= -HR = RH 
, 
R(B= 0) = 1 (6.27) 

translates, in the case of N identical particles, into 

dRe(x,P,B)/dB = - COS(~PI2)H(I)R~2) (6.28a) 
x(I)=x(2)=x 

p(1)=p(2)=p 

with the initial condition 

(6.28b) 

Note that the differential equation remains unchanged (see Eq. (5.4)) 
but the initial condition changes. 

D Q~uantum corrections due to the identity of particles -
the case of ideal gas 
By Eqs. (6.25) and (6.22) the partition function for N non­

interacting identical particles is 

z e A 3~ 
tr (R) = f R(x,p)I e (x,p)dxdp/(2nfi) 

f -3N dxdp(2nh) R(x,p) x 
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(6.29) 

where 
., 
R exp (-BI-1) 

~ N ~ 2 ,A 

and H = L p. /2m = pp/2m 
i=l 1 

(6.30) 

.-
In the zeroth (classical) approximation, the Wigner function for R is 
simply exp(-BH) = exp (-Bpp/2m) (see Eq. (5.8)). We wish to 
calculate the first quantum correction to the classical partition 
function 

f + 2 3N 
Zo = (l/N!) exp(-BLp. /2m)dxdp/(2nh) 

1 
(6.31) 

due to the identity of particles. 
the p-integration in Eq. (6.29). 

To this end, we shall first perform 
Let 

J(x) = (l/N!)fdp exp(Bpp/2m)fdy exp(ipy/h) I (x,y) (6.32 ) 

where 

(6.33) 

Performing the p-integration, we have, 

3N/2f +2 +2 2 J(x)=(l/N!) (2nm/B) dy exp[-(Yl+"+YN)]/(2h B/m)I(x,y). (6.34) 

We now use the commutation (anticommutation) relations (6.6) to bring 
all the creation operators in I(x,y) to the left of the destruction 
operators (i.e. bring to normal form). For example, in the case of 
bosons, the contraction of particle i with particle j gives 

~+-+ +-+ -+ +-+ -+ -+ -+ -+-+ -+-+ 
1/1 (x.-~y.)1/I (x. +!:zy.) = 1/1 (x. +!:zy.) 1jJ(x. -!:zy.) +0 (x. -x. +!:z(Y· +Y.)) 

1 1 J J J J 1 1 J 1 1 J 
(6.35) 

Since operators in the normal form do not contribute when sandwiched 
between vacuum states, we end up with a sum of N! terms each of which 
is a product of N delta functions. Thus, assuming for example N = 4 
bosons, the following terms appear (among others) 

(1-1 2-2 3-3 4-4) 
+ + + + 

0(y l )0(y2)0(y3)0(Y4) (6.36a) 

(1-1 2-2 3-4 4-3) 
+ + + + + + 

= 0(Yl)0(Y2)0(x3-x4+~(Y3+Y4)) 

+ + + + 
x 0(x4-x3+!:z(Y3+Y4)) (6.36b) 

(1-1 2-3 3-4 4-2) 
-+ + + -+ + 

0(Yl)0(x3-x2+!:z(Y2+Y3)) 

(3.36c) 
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Here (1-1 2-2 3-3 4-4) denotes the terms arising from the 
contraction of particle 1 with particle 1, particle 2 with particle 2, 
etc. Returning to Eq. (6.34), we note, that the contribution to the 
integration over y. comes mainly from the region IY· 1< (ft2B/m)~ . 

1 1 ~ 

Hence the term (6.36b) describes two particles in a cell of volume 

v ~ (fi2B/m)3/2 , (3.36c) describes three particles in a cell of 

volume v ~ (~2B/m)3/2 etc. Let k=N, N-I, ... ,1 denote the number of 
different cells into which the N particles are distributed, and let 

N!k) denote the number of particles in cell i (L N~k) = N). Then, 
1 1 

integrating J(x) over x (see Eq. (6.32)), the partition into k cells 
contributes to Z (B) in proportion to 

j(k) (k) 
Jk=vk (ft2B/m)3[(NI -1)+ ... +(Nk -1)]/2=Vk (n2B/m)3(N-k)/2 (6,37) 

where V is the total volume of the system. Thus, when all N 
particles are distributed into N distinct cell I N = VN , when exactly 

. N-I 3 3/2 3/2 two of the partIcles shares the same cell IN_I=V n B /m etc. 

Equation (6.37) thus shows, that the quantum corrections to the 
classical partition function Z (B) are proportional to n3, 1i.6 ,etc. 

o 

But the same corrections are also needed in classical physics, and 
could have been calculated by Gibbs, had he known that n is 
finite! Indeed, Gibbs realized that for N identical pahicles, 
in order to have entropy as an extensive quantity, all N! 
arrangements of the particles in N different cells should be counted 
as one state, and the partition function (for non interacting 
particles) should read 

f 2 -3N -+2 (l/N!) dxdp(2nh) exp(-BLp./2m) c 1 

(l/N!) [V(m/2~2B)3/2]N 
c 

(6,38) 

But, if n is finite, the number of available cells is also finite 
and corrections due to distributions with two or more particles in a 
cell should be made. Thus, if N particles occupy k < N cells each 

with volume v = (2rn~B/m)3/2, one should increase Zcl by 

Jk=Vk(2nh~B/m)3[(Nik)-I)+ .. +(N~k}-I}]/2=vk(2nfi~B/m}3(N-K}/2, (6.39) 

369 
that is, correct Zcl by terms proportional to fi ,h,n etc. 

c c c 

Let us return to Eq. (6.29) to calculate the dependence of the first 
quantum correction on the number of particles. Since the number of 
arrangements with exactly two particles in a cell is N(N-I)/2, we 
have, with the aid of Eqs. (6.32) to (6.37) 
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z = fdx(2rrfi)-3NJ (X) 

~ f dx (l/N!) (2nm/S)3N/2 
(2Tffl) 3N 

x J -+2 -+2 2 -+ -+ 
[ dy exp[-(yl + ... +yN)/(2h S/m)]o(y1)· .. o(yN) 

-+2 -+2 -+ . -+ -+-+ 
N 3 3 . Yl + Y2 -+ -+ Yl + Y2 -+ -+ Yl+ Y2 

(2)Jd yld Y2 )/ exp(- 2 ) o(x2-xl~)o(xl-x2+-2-)] 
2fJ. S/m 

~[V(_m_)3/2]Nt .!,- N(N-;) [V_m_)3/2]N-l:: Z + AZ 
N. 2Tfh2S N. 25/~ 2TfSfi2 0 

(6.40) 

That is, the first correction to log Z = log Z [l+~Z/Z ]~log Z +~Z/Z o 0 0 0 is 

(6.41) 

where the + and - signs refer to bosons and fermions respectively. 
In the derivation of the last result we have neglected the spin degrees 
of freedom. Since the number of states available to a particle with 
spin s confined to the volume V, is proportional to gV (with 
g = 2s+l), a plausible correction to Eq. (6.41) is 

~Z/Z = ~ ~N(N_l)(Tf3/2S3/2/gVm3/2)fi3 (6.42) 
o 

As a comparison to the result 

~Z/Zo = ± ~N2(Tf3/2B3/2/gvm3/2)h3 (6.43) 

given by Landau and Lifshitz for N -+ 00 shows, Eq. (6.42) is 
indeed the appropriate expression for finite N. 

operator C 

APPENDIX A: THE II'IGNER FUNCTION FOR A PRODUCT OF n 
OPERATORS 

By Eqs. (2.6) and (2.3) the Wigner function for the 
= Alk., ... f\. is 

L. n 

C . "( ) =~Jt [A' A' -i (ux+vp)] i (ux+vP)d d 
A A x,p ~ r 1'" e e u v 

1'" n ~Tf n 

fi J i(ux+vp) n 1 J -2 dudve IT --2 dx.dp.du.dv. A. (x. ,p.) 
Tf i=l (2Tf) 1 1 1 1 1 1 1 

'" • exp[-i(Uixi+ViPi)] (trF(ul,···,un,vl,···,vn,u,v); (A.l) 



76 Y. TIKOCHINSKY AND D. SHAUTIN 

A 

F exp[i(ul;+vlP)] ... exp[i(unx+vnP)]exp{-itux+vp)]. (A.2) 

" 
Using the grouping property (2.7), we can rewrite F as 

, . ~ i 
F = exp[-~flL (u.v.-v.u.)]exp[ ~l:(u.v-v.u)] 

~ i<j 1 J 1 J 1 1 

x exp( i[(EUi-u)~ + (EVi-V)p]). 

Hence, by Eq. (2.5) 

trF = ;TI 5(r.u.-u)6(Ev.-v) 
11 1 1 

)I exp[-~flI (u.v.-v.u.)] 
.: i<j 1 J 1 J 

Substituting the last result in Eq. (A. I), we have, 

C" '(x,p) 
AI" .An 

-2n J i I;" (2TI) exp[--2 Ii L (u.v.-v.u.)] 
. . 1 J 1 J 
l<J 

• exp{il:[ui(x-xi ) + vi(P-Pi)]} 

n n n n 
71 Al (Xl ,PI)" .An (xn,Pn)d xd pd ud v 

Now, by using the identity 

exp[-~ I (u.v.-v.u.)]exp(il:[u. (x-x.)+v. (p-p.)]) 
.. i<j ]. J ]. J ]. 1 1 1 

= exp(~hI P .. )exp(ir.[u.(x-x.)+v.(p-p.)]) , 
"" . . 1J 1 1 1 1 

l<J 

where P. • a a Cl a 
1J = Clx i apj - api aX j 

we can rewrite Eq. (A.S) as 

-2nJ n n C-A .\ (x p) = (2TI) d xd pAI(xl,Pl ) ... An(xn,Pn) AI" .An ,. 

)( exp[.;.n2i I P .. ]JJludnv exp(iL[u. (x-x.)+v. (p-p.)]) 
. . 1J 1 1 1 1 
l<J 

. n 

(A.3) 

(A.4 ) 

(A.S) 

(A.6) 

J n nIl;" 
= d xd pAl(xl,Pl) ..• A (x,p )exp[~2 L P .. ] IT 6(x-x.)6(p-p.).(A.7) 

n n n . . 1J . 1 1 1 
l<J 1= 

Finally, using the partial integration formula 

(A.8) 
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and noting that the integrations in (A.7) come in pairs dx.dp., we 
1 1 

secure, 
n 

Ct. I ( ) (i'l'l '\ P .. )A (x p) ... A (x ,p )1· (A.9) Al ... A x,p =exp ...,-:l... 1J 1 1'1 n n n xl= .. =x =x . 
n '-l<J n 

PI =. '=Pn =p 

This result coincides with Eq. (2.18). 

APPENDIX B: DERIVATION OF THE HEISENBERG EQUATION OF 
• MOnOK 

Let B(t):: ui(t) + vp(t). Then, by Eq. (2.28), 
A 

dB i '. .\.\ i A I, 

dt = ~(u[H,x]+V[H,p]) = ~[H,B] 

Assuming 

we have 

= ~[i1,BBn] = }[l1,Sn+l] 

which proves the relation (B.2). How, by Eq. (2.29), a general 
operator at time t is defined by 

• ft - i~(t) ~ - in~n 
A(t)=--2 JA(u,v)e dudv=--2 JA(u,V)E=,B (t)dudv. 1T 1T n. 

(B .1) 

(B.2) 

(B.3) 

(B.4) 

Using the result (B.2), we secure the Heisenberg equation of motion 

dA fl - in i.A An i ., 
dt = 21T JA(U'v)~nr ~[H,B ]dudv = h[Il,A]. (B.5) 

APPENDIX C: THE NORMAL-ANTINOR~~L ~~PPING 

The purpose of this Appendix is to review briefly 
another mapping of the form (1.2) satisfying Eq. (1.1), namely, the 
normal-antinormal mapping, and to establish its (little known) 
connection with the Wigner (inverse Weyl) mapping. A more detailed 
treatment of the normal and antinormal mappings and of coherent 
states may be found in textbooks, e.g. Louisell (1973). The following 
results have already been derived, although differently, by Agarwal 
& Wolf (1970). As an application, we shall use this mapping to 
calculate directly from Eq. (2.6) the exact Wigner function (5.17) 
for the harmonic oscillator. Let us define the distruction and 



78 Y. TIKOCHINSKY AND D. SHAUTIN 

creation operators for a (one dimensional) particle of mass m: 

-~ " " and 
+ -~ A •• 1 

a = 2 (xix +ip/p ) a = 2 (xix -lp/p ) o 0 o 0 
1 

(mflw) ~ 1\ 

where x [fl.1 (mw)] ':1 and p = Let A be a general 
(ana1ytig) operator of the forg 

1\ _ ~ i +j k +1 
A - LC"'ijk~ ... a a a a ... 

By using the commutation relation [a,a+] = 1, one can bring 
creation operators to the left of the destruction operators. 
results in the unique normal expansion 

A ~(n) + ~ A(n) +r s A = A (a,a) = L a a rs r,s 

(C.1) 

(C .2) 

all the 
This 

(C.3) 

Similarly, by bringing all the destruction operators to the left of 
the creation operators, one obtains the unique antinormal expansion 

A N (a) + ~ (a) r +s 
A = A (a,a) = LArs a a (C.4) 

r,s 

These two forms arise naturally in the coherent state representation 
defined by 

ala> = ala> <ala> = 1 (C .S) 

where a = (aR+iar) is a complex number. Thus, the diagonal 
elements of A in this representation are given by the normal form 

len) (a,a*) 

and its projection-operator expansion by the antinormal form 
2 

A = f dua l(a) (a,a*) I~><ai 

(C .6) 

(C.7) 

Here d2a = da da . In terms of the normal and antinormal functions 
defined in Eqs: (C.3) and (C.4), the expectation value of an operator 
~ in a state characterized by a density operator ~ , is 

A .1 A d2 () ... ( ) 
<A> = tr(PA) = f ~ P a (a,a*)A n (a,a*) 

u 
2 

f d a 'V(n) ( *)l(a) ( *) u P a,a a,a 

2 
f d a <alp la> A(a) (a,a*) . (C .8) 

u 

To obtain the last equality, we have"used Eq. (C.6). In particular, we 
obtain for the trace of an operator A, 

1 d2a " tr(A) = f <aiAla> (C.9) 
u 



QUANTUM STATISTICAL MECHANICS IN PHASE SPACE 79 

Let 

-~ a = 2 (x/x +ip/p ) o 0 

2 d a/n dxdp/2n~. (Co 10) 

Define two ~ functions by 

A(n)(x,p) = k(n) (a,a*) and k(a)(x,p) = k(a)(a,a*). (C.ll) 

In terms of the new functions Eq. (C.8) reads, in accordance with Eq. 
(1. 1) . 

<A> tr(p'A) = fp (a) (x,p)A (n) (x,p)dxdp/21Tfl 

fp(n) (x,p)A(a) (x,p)dxdp/2nfl (C .12) 

Our first goal is to relate the functions A(n) (x,p) and A(a)(x,p) to 
the Wigner function A(x,p), which upon quantization according to Eq. 
(2.3), yields the operator A. To this end, rewrite the exponential 
operator in Eq. (2.3) in terms of the operators a and a+. Using 
Eq. (C .1), we have 

4 • -~ 'V 'V + -~ 'V 'V 
exp[i(ux+vp)]=exp(i[2 (u+iv)a +2 (u-iv)a]) 

'V 
U = ux o and 

(C.13) 

(C .14) 

Inserting this expression into Eq. (2.3) and utilizing the grouping 
property (2.7), we secure, 

" ')J (n) + ~ r - 1 'V2 'V2 . - ~ 'V . 'V + A = A (a,a)= 21T A(u,v)exp[- 4(u +v )]exp[12 (u+1v)a] 

A exp[i2-~(~-i~)a]dudv 
(a) + 11 J- 1 'V2 'V2 . -~ 'V . 'V = A (a,a )=z:rr A(u,v)exp[ LI(u +v )}exp[12 (u-lv)a] 

~ exp[i2-~(~+i~)a+]dudv . (C.15) 

The functions ken) (a,a*) and k(a) (a,a*) can now be read off Eq. 
(C.15). Inserting the relation (C.10) and using definition (C.11), we 
obtain 

(n) 
(a ) ~ f- - 1 'V2 'V2 [ . A (x,P)=2n A(u,v)exp[+ 4(u +v )]exp 1(ux+vp)]dudv 

Finally, the identity 

12222 . exp[+ -4 (u x +v p )]exp[l(uX+Vp)] o 0 

exp[+ -41 (x2D2+p2D2)]exp[i(ux+vp)] 
- 0 x 0 p 

(C .16) 

(C .17) 
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can be used to rewrite Eq. (C.16) in the form 

(n) 

A (a) (x,p) ~ ] ~ f- i(ux+vp) exp[± to 2TI A(u,v)e dudv, (C.18) 

where 

-1 2 2 2 2 Q :: ((mw) a lax + ffiW<l lap) (C.19) 

Note that Q is essentially the Laplacian operator in phase space. 
(The quantity m is arbitrary and can be chosen to have the numerical 
value m = 1.) Equation (C .18) is the desired relation between the 
functions A(n)(x,p), A(a)(x,p) and A(x,p). It reads 

A(n)(x,p) = exp(~)A(x,P) A(a)(X,p)=exp(-~)A(x,P) .(C.20) 

Note that, in the limit n ~ 0, A(n) (x,p) = A(a) (x,p) = A(x,p). 
Another useful relation can be obtained from Eq. (C.20) by invoking 
the representation (Erdely 1953). 

n 2 n 
Hn(O = 2 exp(-Dt;/4)t; (C.21) 

for the Hermite polynomials. Let 

(C. 22) 

where x and p 
o 0 

are given as in Eq. (C.2). Then 

A (n) (x,p) 
x p 

=\ A (~)mH (i ~). (~)nH (i L) L mn 21 m x 21 n p , 
o 0 

(C.23a) 

(C.23b) 

We now apply the representation (C.12) to calculate the Wigner function 
R(x,p) for the harmonic osicllator (see Eq. (5.17)) directly from Eq. 
(2.6). TIle Hamiltonian ~i and It in this case are 

"2 2A2 + 
H P I (2m) + mw x 12 = flw (a a+!:z) , 
(. Ii + 
R exp(-SH) = CXp(-~A)exp(-Aa a), A Shw. 

Using the expansion coefficients 

2 n ~ <lliln> = exp[-l:zlal ]a I(n!) 

(C. 24) 

(C. 25) 

(C .26) 

where a+aln> = nln> , we obtain for the normal function ~(n) (a,a*) : 
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~(n) -}iA 1 + 1 K (a,a*) = e <a'exp[-Aa a] a> 

1<A + 1 1 = e- 2 Z<alexp[-Aa a] n><n a> 

= e -.!:zA zexp (-An~ <n 1 a> 12 

= e-.!:zA Z(_I)I(I_e- A)la*la1/l! (Co27) 

The antinormal function [e~(-i(ux+v~))](a)(a,a*) is given by 
(see Eqs. (C.13)-(C.15)) 1'" 2 

'V~ 'V 
~ -(u+v) 

[exp(-i(ux+vp))] (a) (a,a*)=e4 exp(-i2-}2[(~-iv)a+~+iv)a*]). (C.28) 

Hence, by Eqs. (C.12), (C.ll) and (C.I0), 

;.. -i (ux+vp)] -1<A 1 2 2 2 2 
tr[Re - =e 2 exp[~(u xo+v po)] 

J dxd p d_ 1)9_)(l_e- A)I(1 [( / )2 (/ )2]~ -i(ux+vp) 
x 21Tfl - L 9. ! ~ x Xo + p Po) e 

12222 
L -4 (u x +v P d d 2 2' ( ) 

-'2A 0 oJ x p [' fI( / ) (/ ))] -1 ux+vp = e e 27fft exp --2\.1\1 x Xo + P Po e , 

where 

-A 
\.1 = l-e 

Performing the integrations, we obtain, 

tr [Rexp(-i(ux+vp))] 

= exp{- ~ coth(~) [(uxo)2+(VPo)2]}/(2Sinh(~)) . 

(C.29) 

(C.30) 

(C. 31) 

Inserting this result in Eq. (2.6) and integrating over u and v, we 
finally secure, in accordance with Eq. (5.17), 

R(x,p)=exp[-BH(x,p)tgh(A/2)/(A/2)]/cosh(A/2). 
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SUPERPOSITION EFFECTS IN DIFFERENTIAL ENTROPY AND KULLBACK­
LEIBLER INFORMATION 

A.K. Rajagopal*, P.J. Lin-Chung and S. Teitler 
Naval Research Laboratory, Washington, DC 20735-5000 

Abstract. The use of amplitude-based probability densities 
as distinct from ordinary probability densities means linear 
combinations of amplitudes introduce both weighting and 
interference effects. Some inequalities arising from both 
these effects in differential entropy and Kullback-Leibler 
information are established. 

I INTRODUCTION 
We consider here superposition of probability amplitudes 

whose squared magnitude forms a probability density. Our particular 
interest is in characterization of weighting and interference effects 
as revealed by the properties of the corresponding differential 
entropy and Kullback-Leibler information. i ,2 In contrast to a differen­
tial entropy, a Kullback-Leibler information (also frequently called 
cross-entropy or relative entropy) is invariant under scale transforma­
tions and independent of the choice of the physical dimensions of the 
variables entering into the definition of the probability density. This 
invariance is accomplished by requiring the probability density of 
interest to be compared to a reference probability density. Several 
inequalities for the differential entropy and Kullback-Leibler informa­
tion arising when amplitudes in amplitude-based probability densities 
are superposed will be established in Section 2. 

We use a bra-ket notation familiar in quantum mechanics but 
also applicable in the description of any wave phenomena with complex 
amplitudes. Consider then a quantity that may be represented by a 
dimensionless ket vector I~> which is normalized in the sense that 
<~I~>=l. The label ~ may correspond to a single eigenket or a super­
posi tion o·f eigenkets in a space with discrete or continuous spectrum. 
Then if x is the continuous variable of the probability space of inter­
est and Ix> is its corresponding eigenket, we are interested in a proba­
bility density arising from the complex amplitude <xl~>. Thus we 
require <xl~> to be L2 and normalized. We have then 

Jp~(x) dx = 1 

where 

P~ (x) = I <x I ~ > I 2 

*Supported in part by ONR Contract NOOOl487WX84028 
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and dx represents dnx if x is a vector variable in an n-dimensional 
space. The differential entropy is written as 

( 3) 

However, S~ is properly defined in this way only if P~(x) (and hence 
also x) is dimensionless. Even so, s~ is usually neither invariant 
nor necessarily positive. The lack of invariance follows immediately 
from a consideration of a change of coordinates, say, from x to y with 
Jacobian Idx/dyl. Then 

(4) 

In general, the Jacobian is not unity so the second term on the right­
hand side does not vanish and S~(y)*s~(X). The possible lack of posi­
tivity for S~ follows from the fact that P~(x) may have values greater 
than unity because of a probability density rather than a discrete 
probability. 

To circumvent these problems of dimension, invariance and 
sign, one may use the Kullback-Leibler information. As an introduction 
to our consideration of the Kullback-Leibler information, we note that 
l<xl~>12dx can be viewed as a dimensionless element of probability 
measure 

Here the physical dimensions (if any) of l<xl~>12 are compensated by 
those of dx so d~~ is dimensionless by definition. In general ~~ 
belongs to a family of measures whose elements can be expressed in 
terms of a product of amplitude-based probability densities and dx. Of 
this family, we choose one to be a reference measure. We denote this 
probability density by 

Pg(x) .. l<xlg>1 2 (6) 

Then d~~ can be re-expressed as 

The dimensionless, scale-invariant ratio P~(x)/Pg(x) can be viewed as 
a probability density for the measure d~g. 

(7) 

The Kullback-Leibler information I(~,g) is an entropy-like 
functional defined in terms of such a probability density. 

J[p~(x)/Pg(x)] 109[P~(X)/Pg(X)]d~g 

Jdx P~(x) 10g[P~(X)/Pg(x)] 

An important theorem due to Kullback and Leibler 1 ,2 provides a con­
straint on the sign of I(~,g) 

(8) 
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I(C ,g)~O (9) 

with equality if and only if PC(x)=Pg(x). We shall refer to inequa­
lity (9) and its attendant equality statement as the K-L Theorem. 
This theorem is a consequence of the convexity of P log P. We see then 
that I(C,g) addresses all the problems of dimension, invariance 
and sign that arise in the use of the differential entropy SC. 

We are now almost ready to apply the Kullback-Leibler 
information in a discussion of effects arising from superposition of 
amplitudes. However, some prior remarks concerning the choice and 
meaning of Pg(x) seems appropriate. In quantum mechanics, the concept 
of a reference probability density has already been invoked in the 
rigged Hilbert space formulation.' There the choice for Pg(x) is the 
ground state probability density. For other phenomena, a similar 
canonical choice would be the probability density for the lowest mode. 
More generally, one can make other choices for both quantum mechanics 
and other wave phenomena depending on the physical situa-
tion. (Values of x at which the chosen Pg is zero should be excluded 
from the domain of x.) Whatever the choice, as Kullback himself has 
pointed out,~ I(C,g) provides a hypothesis test for the coincidence of 
PC(x) and Pg(x). With this context in hand, we can now turn to the 

development of inequalities for the dimensionless differential entropy 
and the Kullback-Leibler information when superposition is introduced. 

2 SOME INEQUALITIES FOR DIFFERENTIAL ENTROPY AND KULLBACK-
LEIBLER INFORMATION 
We deal with a set of orthonormal functions {<C 1 Ix>}: 

1=1,2, ••• ,M in x-space 

Then each 

is a normalized probability density. Consider now that <clx> is a 
superposition of a few of the <C 1 Ix>, say M of them. 

<clx> 

(10) 

(11) 

(12) 

where the a 1 are complex coefficients in general. Now PC(x)=I<Clx>12 
takes the form 

(13) 

where 
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(14) 

(15) 

Also from the normalization of P,(x), it follows that 

1 (16) 

Thus the la t 12 provide weight factors for the individually normalized 
P,(x). In this way, the la t 12 are responsible for the weighting 
effects that arise from superposition. Interference effects arise 
from cross terms in Pint(x). From Eq. (10) 

(17) 

However, it is also possible that there is an ensemble of superposi­
tions with coefficients having random phases. Then one may consider a 
random phase approximation in which the ensemble average of the local 
Pint(x) vanishes independently of the integration over x. 

<Pint>RPA = 0 (18) 

Here < > represents an average over random phases. When Eq. (18) is 
valid, <P,(x»RPA coincides with Pc(x). However, we note that the 
random phase approximation for the differential entropy or Kullback­
Leibler information does not in general coincide with the correspond­
ing respective quantity defined in terms of Pc(x). Below we provide 
inequalities for weighting effects. 

Here we use the expressions for differential entropy and Kullback­
Leibler information given respectively in Eq. (3) and Eq. (8) but with 
subscripts and arguments labelled by the subscripts of the incorpo­
rated probability densities. The inequalities may be established as 
follows. First (for the lefthand inequality in (19a), apply the K-L 
theorem (see inequality (9) above) to -I('t,c) to obtain 

(20) 

Multiplying (20) by la t 12 and summing over t=l, ••• ,M gives the left­
hand inequality quoted in (19a). Similarly the lefthand inequality in 
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(19b) can be obtained by starting from (20) with reversed sign and 
adding and subtracting 

to obtain 

(21) 

MUltiplying (21) by la1 12 and summing over l=l, ••• ,M yields the left­
hand inequality quoted in (19b). 

To derive the righthand inequalities we note that 

(a+S) 10g(a+S) - a log a - Slog S ~ 0, a, S ~ 0 (22a) 

Then for y~O, apply (22a) for S'=S+y. 

(a+S+y) 10g(a+S+y) - a log a -(S+y) 10g(S+y) ~ 0 (22b) 

But (22a) can be applied individually to the last term on the right­
hand side of (22b). 

(a+S+y) 10g(a+S+y) - a log a - Slog B - Y log Y ~ 0 (22c) 

Hence for a set of a1~0, we have 

(23) 

Taking a =la 1 12p~(X)~0 for all x and integrating over x, we obtain the 
righthand inequality in (19a). The righthand inequality in (19b) fol­
lows from (19a) because of Eq. (16) and the definitions of Pc,I(~l,g) 
and I (c,g). 

We have already identified the la l 12 as weight factors so 

M 
Sw = - E 1 a 1 12 log 1 a 1 12 

1=1 
(24) 

may be identified as a weighting or m~x~ng entropy. Sw is clearly 
positive for M>l. Thus the inequalities in (19a) show that the clas­
sical differential entropy lies above the weighted sum of component 
state entropies and below that latter plus the weighting entropy. 
Similarly (19b) shows the Kullback-Leibler information lies below the 
weighted sum of component state informations but above the latter sum 
reduced by Sw' 

We turn now to the effect of interference and establish 
the following inequalities. 

87 
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St ~ Sc - fdx Pint(x) log Pc(x) (25a) 

I(t,g) ~ I(c,g) + fdx Pint log [pc(x)/Pg(x>] (25b) 

Just as in the proof of the lefthand inequality of (19a), the inequa­
lity (25a) follows a decomposition of the K-L theorem but here for 
-I(t,c) rather than for -I(t\,c). Then 

(26) 

Inequality (25a) follows directly from the definition of Pt(x) given 
in Eq. (13). Similarly inequality (25b) follows from the K-L theorem 
and the definitions of I(t,g), I(c,g) and Pt(x). An interesting point 
about inequalities (25a,b) is that the respective interference terms 
may be of either sign so the upper (lower) bound on the full differen­
tial entropy (full Kullback-Leibler information) can be larger or 
smaller than its classical counterpart. 

Also it follows from inequalities (25a,b) and Eq. (18) 
that in the random phase approximation 

<I(t,g»RPA ~ I(c,g) (27b) 

Again it should be emphasized that the random phase approximation that 
brings coincidence of the phase averaged Pt(x) with Pc(x) does not 
necessarily bring similar coincidence for the phase averages of St and 
I(t,g) with their classical counterparts. 

We see then that superposition of amplitudes in amplitude­
based probabilities introduce both weighting and interference 
effects. We have established inequalities for the differential 
entropy and Kullback-Leibler information to give insight into the 
nature of, and distinction between these effects. Elsewhere we will 
apply these inequalities to study superposition effects in some 
examples from quantum mechanics and other wave phenomena. 

1. S. Kullback and R.A. Leibler, Ann Math Stat 22, 79 (1951). 
2. S. Ku11back, Information Theory and Statistics, (John 

Wiley & Sons, Inc., New York) (1959). 
3. A. Bohm, The Rigged Hilbert Space and Quantum Mechanics, 

Springer Lecture Notes in Physics, Vol. 78 (Springer­
Verlag, New York) (1978). 

4. Ref. 2, pp. 4-5. 



SUPER VARIATIONAL PRINCIPLES 
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ABSTRACT 

The principle of maximum entropy is combined with the usual form of 

variational principle found in quantum mechanics to obtain super 

variational principles, which may be used when the form of be potential 

energy operator is partially, or wholly unknown. Details are worked out 

for a few simple bound-state problem.;;. Possible generalizations are 

discussed. 

1. Introduction 

For the past several years, numerous authors1,including presenters 

at the annual sessions of this group, have applied the principle of 

maximum entropy (PME) to a variety of inverse scattering problems.In 

particular, some of us here at Wyoming 2- 4 , as well as others 

elsewhere5 , looked at some quantum mechanical inverse scattering 

problems. While I was engaged in this work, two points drew my 

attention. First, except for the application to noisy data which 

Presented at the Fifth Workshop on Maximum Entropy and Bayesian Methods 

in Applied Statistics, Laramie, Hyoming, August 5-8, 1985. 

89 

G. I. Erickson and C. R. Smith (eds.), 
Maximum-Entropy and Bayesian Methods in Science and Engineering (Vol. 2), 89-103. 
© 1988 by Kluwer Academic Publishers. 



90 L. H.SCHICK 

demanded a X2 constraint, the constraints used in conjunction with the 

PME were generated perturbatively, and hence wer2 linear constraints. 

Second, although the "exact" theory of quantum inverse problems6 allowed 

for the inclusion of bound-state information, the entropy methods that 

had been applied to quantum problems used only scattering-state data. 

\vorking with bound states, I was led naturally to a method which 

addressed both these points, namely,the variational principle method. It 

is the incorporation of this method into the PHE that is my subject 

today. 

II. The Usual Variational Principle: Bound-State Application 

The usual mathematical statement of a variational principle7 may be 

expressed as 

E = E[X], s--rX 1 1 0 
l; '~L' J 0 = • (1) 

That is, E is a functional of the space of functions X, such that when X 

is a particular function Xo ' E takes on the value Eo and E is stationary 

about Eo' Roughly speaking, for e«l, if X is within e of Xo then E is 

within e2 of Eo. The physical significance of Eo' and of X, as well as 

the specific form of E, depends on the particular problem to which the 

principle is applied. The point is that we are interested in calculating 

Eo' or Xo ' or both. Our problem is too complicated to do this directly. 

Eq.(l) gives us a useful method for estimating these variables. In some 

cases we obtain the bonus that E is either an upper bound8 , or a lower 

bound9 on Eo. 
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For example, consider the quantum system whose Hamiltonian H is the 

sum of two known operators, Ho (e.g., the kinetic energy operator) and V 

(e.g., the potential energy operator). The time-independent Schroedinger 

equation for this system may be written 

(2) 

where 

(3) 

are the bound-state energies of the system. Then 10 

E = < X I H I X > / < X I X > (4) 

is stationary about each of the Xj , with corresponding stationary value 

Ej , for j = 0,1, ... ,no To carry out the variation, a trial function 

X(a), which depends on a set of parameters, "a", is used in the right 

side of Eq. (4), to obtain a function E(a), and the partial derivatives 

of this function with respect to each of the a's are set equal to zero. 

For an estimate of any single Ej , the values for the set "a" obtained 

in this way. are substituted back into E(a). For an estimate of more than 

one Ej , the process is repeated with a different trial function used for 

each energy estimated and wit L , the additional requirements that the 

trial functions be made mutually orthogonal. If carried out sequentially 

for Eo' E1 , ••• , this process yields an upper bound on each of the 

energies so estimated. 

There are, of course, scattering-state variation principles ll, as 

well as other types of bound-state variation principles9 • I shall 
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return to these briefly in my concluding remarks. For the sake of 

clarity and to keep the number of subscripts from getting out of hand, I 

shall take as my archetype variational problem the bound state problem 

just discussed with the further restriction that it is just one binding 

energy, say Eo' that enters the problem. 

III. The Super Variational Principle 

Our archetype variational principle may be stated as follows: Given 

H = Ho + V, estimate Eo using the method described above. This is a 

one-for-one proposition; i.e., put in a trial function X, get out an 

estimate of Eo' 

A super variational principle is designed to be used when H = Ho + V 

and V is not known. It is obtained by relating V to a probability 

distribution and using a PME calculation on this distribution with the 

usual form of variational functional as a constraint. It is a 

two-for-one proposition. When a trial function X is put in, both an 

estimate of V, say U, and an estimate of Eo' say E, are returned. The 

estimate E is a variational estimate of Eo for the Hamiltonian 

H' = Ho + U with the same trial function X. The estimate U is a maximum 

entropy estimate of V in that the realized probabilty distribution that 

describes U is as close as possible to whatever prior distribution was 

assumed, while yielding exactly E as the expectation value of H' in the 

varied state X. Thus, if Eo is actually known, by setting E = Eo 

we achieve the solution to a bound-state inverse problem. If Eo is an 
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eigenvalue of the prior Hamiltonian, Ho in this case, and X is the 

corrr=sponding eigenfunction, then U will turn out to be zero; i.e., no 

new information is added to our prior estimate of the potential by 

knowledge of Eo' but co~firming evidence for our prior is. 

For a specific type of formulation of a super variatim principle, I 

shall consider the simple case of a nonrelativistic, spinlass particle 

of mass m under the influence of a central potential V(r), which is to 

be estimated, and for which we know that an s-wave bound-state with 

binding energy E exists. (We must assume the bound state has some 

definite angular momencum. The assumption of a non-s-wave angular 

momentum needlessly complicates the discussion.) 

To begin with we assume no prior information about V was available, 

so that without the bound-state information the unbiased estimate for 

the potential is obviously V(r) 0, for all 0 ;:; r ;;; 00. Next, as a 

calculational convenience, we shall work with a discretized form of the 

problem. Thus, r --->ri and V(r) --->V(ri) = Vi' At the ith radial point 

the potential will be written as4 

Vi = VoL: s Psi s 
s = ±1, ±2, ... , +N (5) 

where Psi is the probability that Vi = s V 0 • To keep things simple 

let's confine the discussion to the case N = 1. Then with Pli = Pi and 

Vo (2 Pi - 1). (6) 
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The unconstrained entropy, So' of the set of Pi is given by 

E (1 - p.) log (1 - p.) 
ill 
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(7) 

The constraint imposed by the variation equation is incorporate..:. 

into our formalism by adding to So the additional term 

6 S = A [ < Xb I H I Xb > - E] 0 (8) 

where A is a Lagrange multiplier and 

(9) 

Here Ho is the kinetic energy operator of the particle and the subscript 

b on the trial function Xb(ri) stands for the set of variation 

parameters contained in this function. 

We may now add Eqs. (7) and (8), set the derivative of the result 

with respect to each Pj equal to zero, and solve for Vj • Following ref. 

(4), we may then take the limit Vo ---> 00 with AV02 --->Uo = finite and 

use Eq.(8) to eliminate Uo from our result for the potential. 

Expressing this result in terms of the continuous variable r, we have 

(10) 

where 
( ll) 

We have used the subscript b in our result to indicate its dependence on 

the variation parameters which appear on the right side of this equation. 

We now use the potential just obtained as the potential in the 

variational equation 
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o , (12) 

where Xa has the same functional form as the Xb used to calculate Vb' 

but we have given the variation parameters in this function a new label, 

namely "a". This is necessary since what is to be varied in Eq.(l2) is 

the trial function X which is shown explicitly in this equation and not 

the trial function X which is implicitly contained in this equation via 

Eq.(lO). After the variation in Eq.(12) is carried out, in order to stay 

consistent with the PME part of our calculation, the parameter set b 

may be put equal (on a one-to-one basis) with the set a and the values 

of these parameters 

equations. 

which we denote "c") found from the resulting 

Equation (10) with the parameter set b replaced by the parameter set 

c is the result of our super variation principle. It is clear, since 

the expectation value of the kinetic energy operator must be positive, 

that for a negative-energy bound state Vc(r) < 0 for all r. 

The generalization to cases in which we know more than one 

bound-state energy may be easily accomplished, so we need not dwell on 

it here. 

If, before we obtain any sort of bound-state information, we already 

have an estimate of how the potential might j ~ ffer from zero as a 

function of r (from scattering experiments, for example), we may 

incorporate this prior information into our formalism in the usual way12 

via a prior distnbution of probabilities, qi. The prior potential vP i 

would be related to the qi via a relation analagous to Eq. (6), while 
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the form for the unconstrained entropy So of Eq. (7) would be replaced 

by 

S = -o L p. log Pi/ql· 
i 1 

L (1 - p.) log (l-p.)/(l-q.). ill 1 

Proceeding as in the case directly above, we would obtain 

(13) 

where HP = Ho + vP is the prior Hamiltonian, and the rest of the 

notation is that used in Eq.(lO). 

Before moving on, we note that if we know the eigenfunctions xP 

and corresponding eigenvalues EP of the prior Hamiltonian, then we may 

use these eigenfunctions as our trial functions, and obtain 

Vb(r) - VP(r) = RP(r) [ E - EP ] / < xP I RP I xP > (15) 

This is just the first-order perturbation theo:-y result of ref.(4). 

However, because of the variation to be carried out in the more general 

case described here, even though it appears we are dealing with a linear 

constraint, the super variation principle method is a nonlinear, 

non-perturbative method. 

IV. Examples 

We shall now look at some simple examples for each of which we know 

only one bound-state energy, Eo' and for each of which we use a real 

trial function with only one variation parameter, b. For such cases we 

may write 
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(16) 

where Rb(r) may be found from Eq.(ll). 

A. Coulomb Is trial function with VP(r) O. 

Then from Eq.(16) 

where we have set Eo -(~2/2ma02). Setting equal to zero the 

derivative of <Xa I tlo + Vb I Xa> evaluated at b = a, we obtain 

and hence our super variational result 

If, in fact, we are dealing with a hydrogen atom in its ground state, so 

that ao is the Bohr radius, tl~en the "correct" answer for VCr) is, of 

course, a Coulomb potential proportional to l/r. Our result, as is to be 

expected, doesn't have the wide variation in value of the Coulomb 

potential and some might say it looks nothing like a Coulomb potential. 

Predicting a continum of numbers, VCr), from one number, Eo' is a tough 

business. Within the limits of our trial functio;l, our result is the 

best we can do. After all, our result is well-behaved, it has the 

correct properties as required by general physical prjnciples 13 as 

r ---> 0 and as r --- 00, and it gives correctly, in a variational sense, 

the one datum we have. It's a case of "For two cents, plain,,14. 
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B. Coulomb Is trial function with a Yukawa prior potential 

As another example with a Is Coulomb trial function, we look a': 

the case where we have a Yukawa form of prior potential; i.e. 

VP(r) = VoP (r/u)-1 exp(-r/u) 

where both the strength VoP and the range u are known. We obtain 

with 

and U/ 

v p 32h2 
VCr) 0 exp(-r/u) - ---- VI (r/a)2 exp(-2r/a) 

(r/u) 6m 

1 1 4 U P 
0 

u3 

VI + + -------------
a 2 a2 a ( 2u + a )2 

0 

(1I2/2m) V/ • The range parameter "a" is :ound by solving 

3 1 

a 2 
o 

+ 4 U P o 

u3 ( 2u + Sa ) 

a ( 2u + a )3 
o 

The limit u ---> 0 gives back a2 = 3ao 2, as it should, \vhile for 

u ---> 00, with UoPu --->Wo = finite, we obtain 

For a Coulomb prior such t.'::it Wo= -2/ao ' this last yields a 

shJuld, and, of course, V, vanishes. 
1 

C. Oscillator ground state trial function with VP(r) = O. 

For the oscillator potential (l/2)kr2, we have a Eo > 0, which 

was not true above. Here our method breaks down. \ve obtain no real, 
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positive solution for the varied range parameter in our trial function. 

If Eo < 0, then the solution for the potential is perfectly well 

behaved, but it is negative for all r. In neither case do we obtain 

a potential which is oscillator-like by being positive for a range of r, 

especially the region r ---> 00. This can be achieved, however by 

choosing a prior potential with these properties. 

D. Oscillator ground-state trial function with VP(r)= <'oPr 2 

We consider this case as our final example. Here 

to calculate the result for the potential as a function of UoP' ao ' and 

the variation parameter "a". Here l. .. is parameter must satisfy 

- a -2/ 3 + [ a -4/9 + 5U P/3 ]! 
o 0 0 

If our prior Hamiltonian has for its lowest state an eigenvalue that 

reproduces the experimental value ao ; i.e., UoP = ao- 4 , then this last 

equation yields a = ao and our prior potential is our result, as it 

should be. Otherwise, our result adds a term proportional to Xa2 to the 

prior potential. 

V. Possible Generalizations 

There are several kinds of generalization that might be applied to 

the above form of super variation principle. The first kind has to do 

wlth the probability distribution used to represent the potential 
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energy. A different, not as transparent, result would be obtained if we 

did not take Vo ----) 00. Further, if we do not take this limit we can 

use a multi-element distribution to represent each Vi instead 0f just a 

two-element distribution 15. We might even use a continuous distrib0cion 

as was done by Inguva and Baker-Jarvis3 ,4. With this last approach we 

would also have a way of representing a potential that depended on more 

than one variable. 

Another possible generalization is to the realm of scattering 

problems. Anyone of a number of well known scattering-state variation 

principles ll for various phase shifts could be used as constraints on 

the entropy of the probability distributon that describes the unknown 

potential. This sort of application would give us a non-perturbative 

maximum-entropy dpproach to the solution of inverse-scattering problems. 

We could attempt to carry out such a calculation using a series of 

steps similar to those we used for our bound-state problem. Scattering-

state variation principles, however, depend on the potential in a more 

complicated fashion than Eq.(4) does; e.g., the Schwinger ll method 

contains double integrals and an integrand quadr~tic in the potential, 

while the Kohn 16 method has an integrand containing derivatives of the 

wavefunction. Incorporation of these into a super variation principle 

may lead to very messy equations. These equations may, or may not have a 

solution. This solution may, or may not be unique. (If it's not unique 

the one that has the largest entropy is the solution th3t should be 

used). We may try to find a solution by an iterative proceedure, but 
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even if a solutio'l exists, this attelE t may fail. Clearly, this is onlv 

a .·ossible generalizati'n that needs to be investigated further. 

More far afield would be the application of '-his technique to the 

"blind deconvolution" problem; i. e., the inage pI 'ec:si;)g problem H, 

which the point-sprear1 f:Jncticn, as well as the "true" image is unknown. 

If we could set up a variation functional for the point-spread function 

we would have turned the problem in: that of a "one-eyed deconvolution" 

prJblem. (This at least has an acronym which should please our English 

constituents). 

As a final suggestion for an extension of the method, we coule 

consider also relating our trial functions to an independeIlt probability 

distribution and maximizing [he total entropy. In addition to 

constraints on the entropy due to variational estimates of (say) 

the binding energips of the system, we could also impose other 

cOLstraints arising out of other physical conditions that the wave 

function for th~ system must satify17,18. 

Clearly their is a rich variety of problems of this type yet to be 

explored. 
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Einstein's Reversal of the Boltzmann Principle and Particle Statistics 

A.K. Rajagopal 

S. Teitler 
Naval Research Laboratory 
Washington D.C. 20375-5000 

Instead of defining entropy as proportional to the loga­
rithm of complexion function as in the Boltzmann principle, 
Einstein insisted that a complexion function should be 
defined in terms of the entropy. It is shown explicitly for 
the case of particle statistics that the Boltzmann prin­
ciple is an approximation to Einstein's reversal when the 
entropy is the Shannon-Jaynes entropy, i.e. a Shannon 
entropy in an appropriate physics context. 

According to Boltzmann's principle, the physical entropy ASB 
associated with configurations of particles may be written in the form 
(Sommerfeld (1956» 

(I) 

Here W , the Boltzmann complexion function or thermodynamic probability, 
is theBnumber of microstates or complexions compatible with the contri­
bution AS to the entropy. As occasionally noted (see for example, 
Sommerfel! (1956» and recently thoroughly reviewed by Pais (1982), 
Einstein objected to the Boltzmann principle on the grounds that WB was 
an ad hoc function without a satisfactory theoretical basis. He 
suggested that a more appropriate approach would be to define a 
complexion function in terms of the entropy, i.e. 

w = expAS/k 
E 

( 2) 

However Einstein did not have at his disposal a definition of physical 
entropy that could be used to obtain results such as particle occupation 
factors. 

Indeed the Boltzmann principle has had great success in pro­
viding the basis for determination of the latter. However these 
occupation factors are for most probable values rather than mean values, 
and their deri va tion requires use of large numbers' approximations. 
Alternative derivations of occupation factors such as by the Darwin­
Fowler method described for example by Fowler (1966) that involves the 
method of steepest descents, or by Khinchin (1960) who used limit 
theorems of probability do apply to mean values but also require use 
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of large numbers' approximations. Recently Rajagopal and Teitler 
(1987) have shown how one can use a definition of physical entropy based 
on microscopic properties to obtain particle occupation factors for mean 
values without any use of large numbers' approximations. The major 
point of the present note i8;~ to show explicitly that Eq. ( 1) may be 
derived as an approximation to Eq.(2) by utilizing this same entropy. 
In other words, the Boltzmann principle is subsidiary to its Einstein 
reversal with an appropriate definition of entropy. 

The latter definition is the Shannon (1948) entropy placed 
in a physical context. In recognition of E. T. Jaynes' innova ti ve 
contributions (Jaynes(1957a,b, 1983» in the application of Shannon 
entropy in physics, we call this entropy the Shannon-Jayn~s entropy. 

~p. = 1 
• 1. 
1. 

(3 ) 

Elsewhere in these proceedings Tribus (1987) points out that Shannon 
named the quantity ASJ/k entropy on advice from von Neumann. von 
Neumann had already introduced a similar quantity in a quantum 
mechanical context. Von Neumann entropy has the form 

(4) 

where p is a quantum mechanical density matrix. The evaluation of AS /k 
involves the determination of the eigenvalues of p which sum to vI. 
Thus, these eigenvalues may be taken to correspond to the probabilities 
in the definition of the Shannon-Jaynes entropy. However, the von 
Neumann quantum mechanical density matrix can be generalized (See for 
example Garno (1964) and Klauder and Sudarshan (1968», to any unit 
trace-class non-negative hermitian operator including those outside the 
context of quantum mechanics. We call the generalization a (general) 
density matrix. 

Our viewpoint is that in applications of entropy in physics, 
i.e. for the Shannon-Jaynes entropy, the p. in Eq.(4) can be taken to be 
eigenvalues of a density matrix. As indIcated above, we have derived 
expressions for the Shannon-Jaynes entropy in terms of mean value 
occupation factors associated respectively with distinguishable and 
indistinguishable particles where the latter may be in either symmetric 
or antisymmetric states. The principal assumption used was that the 
particles could be viewed as individual entities so that eigenvalue 
probabilities are associated with multiparticle states. The 
degeneracies of the eigenvalues turn out to be just the respective 
Boltzmann enumeration factors that are usually identified as the W • 
However as degeneracy factors they only enter in the evaluation of t~e 
respective entropies and are not subject to a variational principle in 
determining occupation factors in equilibrium. Maximizing the 
respective entropies expressed in terms of mean value oecupation factors 
subject to constraints on total energy and total particle number leads 
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to the usual Boltzmann, Bose-Einstein and Fermi-Dirac occupation factors 
without any use of large numbers approximation. 

tion are 
The results for the respective entropies prior to maximiza-

6SB/k =-NLP.logp. . ~ ~ 
~ 

6S /k =-LR [p logp -(l+Ps)log(l+Ps) BE s s s 
s 

6S /k =-LR [p logp +(l-ps)log(l-ps)] FD s s s 

(5 ) 

(6 ) 

(7 ) 

In Eq.(5), N is the total number of distinguishable particles and p. are 
the mean value occupation factors for the ith cell in classical thase 
space characterized by single particle energy E .• In Eq.(6), R is the 
number of symmetric states in the sth shell ~haracterized bl single 
particle energy E in which the indistinguishable particles are 
distributed with me~n value occupation factor p. In Eq.(7), R is the 
number of anti symmetric states in the sth shells characterized b~ single 
particle energy E in which the indistinguishable particles are 
distributed with me:n value occupation factor ps. 

Given Eqs.(5-7) we can evaluate the corresponding complexion 
functions WE from the Einstein reversal of the Boltzmann principle as 
given in Eq.(2). This evaluation follows immediately if one makes two 
approximations: (1) replace the abstract definition of occupation 
factors by a frequency definition; (2) use large numbers' approximations 
equivalent to repeated use of the first Stirling's approximation 

NlogN-N " logN! (8 ) 

Thus if, in Eq.(S), one defines p.=n./N where n. is the 
number of particles in the ith cell, and uses stirting's approiimation, 
one obtains 

(9 ) 

Similarly by inserting p =n /R in Eq.(6) and again using the Stirling's 
approximation, one obtaifis s s 

( R +n ~ 
logW "log IT ~ s 

BE s 
s 

(R +n -1) 
- logIT fis-r 

s 
(10) 

Finally by inserting p =n /R in Eq.(7) and using the Stirling's 
approximation, one obtain~ s s 
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(11 ) 

Equations (9-11) provide the Boltzmann complexion func­
tions as usually expressed respectively for Maxwell-Boltzmann, Bose­
Einstein and Fermi-Dirac statistics. With these complexion functions in 
hand, one could use the Boltzmann principle and the principle of maximum 
entropy to obtain occupation factors for most probable values with large 
numbers' approximations in the traditional way. Thus the Boltzmann 
approach works to undo the approximations made in formulating the 
Boltzmann principle. It is clear that the preferred path is not to make 
these approximations in the first place. As general conclusions, we may 
say that the Boltzmann principle is subsidiary to the Einstein reversal 
expressed in terms of the Shannon-Jaynes entropy, and it is the Shannon­
Jaynes entropy that should be used in obtaining particle occupation 
factors. 

Acknowledgment: AKR is partially approved by ONR Contract 
N0001987WX24028 



ON THE BOLTZMANN PRINCIPLE AND PARTICLE STATISTICS 

References 

Fowler, R.H., (1966). Statistical Mechanics, 2nd Ed. (1936), Cambridge 
University Press. 

Gamo, H., (1964). Thermodynamic Entropy of Partially Coherent Beams, 
J. Phys. Soc. Japan, 19, 1955-1961. 

Jaynes, E.T., (1957a). Information Theory and Statistical Mechanics I, 
Phys. Rev. 106, 620-630. 

109 

Jaynes, E.T., (1957b). Information Theory and Statistical Mechanics II, 
Phys. Rev. 108, 171-190. 

Jaynes, E.T., (1983). Papers on Probability, Statistics and Statistical 
Physics, edited by R.D. Rosenkrantz, D. Reidl Publ. Co. 

Khinchin, A.Y., (1960). Mathematical Foundations of Quantum Statistics, 
Greylock Press. 

Klauder, J.R. and Sudarshan, E.C.G., (1968). Fundamentals of Quantum 
Optics, W.A. Benjamin, Inc. (N.Y.), ch.5. 

Pais, A., (1982). 'Subtle is the Lord ••• ', Oxford University Press, 
ch.4. 

Rajagopal, A.K. and Teitler, S., (1987). Particle occupation factors 
without large numbers' approximation, Physica in press. 

Shannon, C.E., (1948). A Mathematical Theory of Communication, Bell 
Syst. Tech. J. 27, 379-423. 

Sommerfeld, A., (1956). Thermodynamics and Statistical Mechanics, 
Academic Press, N.Y. 

Tribus, M., (1987). An Engineer Looks at Bayes, these proceedings. 



~ICAL ENTROPY OF A roHERENT SPIN SIATE: A LOCAL MINIMUM 

C. T. Lee 
Department of Physics, Alabama A & M University, 
Normal, AL 35762, U.S.A. 

Abstract. The classical entropy of a coherent state of an 
N-spin system, which is N/{N + 1}, was conjectured by Lieb 
to be the minimum. To prove it was our original motive. 
But we can only prove that this entropy is a local minimum. 
An arbitrary N-spin state is represented by N points on 
the surface of the unit sphere. For a coherent state, these 
N points condense into a single point. This is the basis 
for the proof. It is also conjectured here that the maximum 
entropy is attained when the N points form a possible 
regular polyhedron. 

1 INTRODUCfION 
Two kinds of coherent states are widely used in quantum 

optics to describe the radiation-matter interaction; namely, the Glauber 
coherent states for the harmonic oscillator {Schrodinger 1926; Glauber 
1963; Sudarshan 1963} and the coherent spin states {also called the 
atomic coherent states} for a system of spins or two-level atoms 
{Radcliffe 1971; Arecchi et at. 1972}. Intuitively, coherence can be 
considered as the opposite of chaos; so one impotant characteristic of 
coherent states is that they have minimum uncertainties measured by the 
standard deviation. However, some serious defects in using the standard 
deviation as a measure of uncertainties have been discussed by Uffink 
and Hilgevoord (1985) and, on the other hand, Deutsch (1983) has 
proposed to use entropy as an alternative measure of uncertainties. 

Quantum mechanical entropy has been defined by von Neumann as 
A A A 

- tr{ p l!.n p ), where p is the densi ty matrix or densi ty operator. 
The trouble with this definition is that any pure quantum state, 
coherent or not, always has a minimum entropy of O. This certainly 
cannot display the unique character of coherent states. For this 
purpose, a new definition of the entropy of a quantum state, called 
"classical" entropy, has been introduced by Wehr! {1979} in terms of the 
Glauber coherent states Iz> as 

S ;;; - J ~ p{z) ll.np{z} 
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where 

p(z) <zl p Iz> (2) 

is the diagonal element of the density matrix and, hence, must be 
nonnegative. We recognize that the p(z) defined by (2) is exactly the 
probability density in phase space corresponding to antinormal ordering 
of operators which is called Q-representation in the terminology of 
coherent state representation (Haken 1970). 

It was conjectured by Wehrl (1979) and proved by Lieb (1978) that 
Glauber coherent states have the minimum entropy 1 as defined by (1). 

In the same paper by Lieb (1978), it was also conjectured that a similar 
definition of entropy for spin states will give the minimum entropy 
N/(N + 1) for the coherent states of an N-spin system. 

To prove Lieb's conjecture was the original motive of this work. 
However, at present time, we are only able to prove that this entropy is 
a local minimum. 

2 GEOMETRIC REPRESENTATION OF PURE SPIN STATES 
It is well known that, as far as mathematical formulation is 

concerned, a system of N two-level atoms is exactly the same as a 
system of N spins. This eqUivalence was first used by Dicke (1954) to 
develop his theory of superradiance. The basic quantum states are 
denoted by IJ,J >, where J and J are, respectively, the eigenvalue z z 
of the total and the z-component of the angular momentum. In this paper 
J will be fixed to be N/2; then the eigenstates can be identified by 
one eigen value only; namely, In> with n = N/2 + J which runs from 

z 
o to N. In terms of these eigenstates, the density matrix of an 
arbitrary pure state can be written as 

with the normalization condition 

~ c* c L.. n n n=v 
= 1 

and a coherent spin state is defined as 

(3) 

(4) 
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where 9 and ~ are the two angles in the standard spherical 
coordinate system. In the Q-representation, the probability density 
over the spherical surface for the state defined by (3) can be written 
as 

where 

~ [N]~ N-n i~. n PN(9,~) ;: n~ Cn n [cos(912)] [e slll(9/2)], 

is a polynomial of degree N. And the classical entropy of the spin 
state is defined as 

(6) 

(7) 

To carry out the integration in (8), it is convenient to reduce PN(9.~) 

of (7) to its N linear factors. It is always possible to express it 
as the following product 

(9) 

where ~ is the normalization constant and 

;: cos(9./2) cos(9/2) + sin(9./2) sin(9/2) ei(~-~i) . (10) 
1 1 

Substitution of (9) into (6) gives 

with 

= [1 + cos 9 cos 9. 
1 

(11) 

+ sin9 sin9. cos(~-~.)]/2 . 
1 1 

(12) 
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From (11) we can see that the probability density function QN(9,,) of 

an arbitrary pure state of a system of N spins can be identified by N 
points on the surface of the unit sphere with the coordinates (9i "i) , 

where i runs from 1 to N. We call this the geometric 
representation of pure spin states. 

3 <DIERENT SPIN STATES 
In the formulation described in the previous section, the 

probability density of a coherent spin state 19' ,,')N can be written 

as 

= 

with the normalization constant KN = 1. The implication of (13) is 

that, for a coherent state, the N points in its geometric 
representation reduce to a single point (9' "'). The formula for 
calculating the entropy of a coherent state is 

(13) 

x N l!.nq(B,I/I;B' ,1/1') (14) 

The integration in (14) can be simplified tremendously by using the fact 
that the it is over the whole surface of the unit sphere and, hence, the 
result is an invariant under any rotation of the sphere. We can rotate 
the sphere so that the point (9' ,1/1') coincides with the north pole. 
Then we have 

(15) 

Using (15) in (14) we obtain 

8N = N/(N + 1) (16) 

4 TAYLOR SERIES EXPANSI(l'( FOR TIlE ENTROPY FUNCfI(l'( 
In the neighborhood of a coherent state, a spin state is 

represented by N points very close to one another. We will determine 
the Taylor series expansion of the entropy function of a state in this 
neighborhood. We can again rotate the sphere so that the point (9' ,,') 
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of the coherent state coincides with the north pole. Then, all the 

91, 's in (11) are small quantities and q(9,~;9.,~.) of (12) can be 
1 1 

expressed as 

9 
+ 9. tan-2 cos(~-~.) 1 1 

where, as well as in the following, the series expansion has been 
carried to the fourth order of 9. because, as will be seen later, all 

1 

the first, second and third order terms in the expansion for the entropy 
function vanish identically. 

4.1 Series exPansion for ~ 

The normalization constant is to be determined by the 
condition 

N+l [ . f1T N = ~ "4" d9 sm 9 d~ n q(9,~;9 .. ~.) 1T 0 0 i=1 1 1 1 . 

Using (17) in (IS) and after some lengthy algebras, we obtain the 
following series expansion for IJKN 

1 
16N{N-l) D4 -

N-2 
16N{N-l) D5 

1 1 
SN(N-l) D6 + 32N(N-l) D7 

(18) 

(19) 

where the C's and the D's are, respectively, some second order and 
fourth order expressions to be defined as follows: 

(20) 

(21) 
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Dl ;;; l 9i 4 (22) 
1 

D2 ;;; C 2 
1 

(23) 

D3 l l 9i 
3 (24) ;;; 9j cos(C/li-C/lj) , 

1 J 

D4 ;;; 9i 9j cos (C/li-C/lj) f ~ 2 2 2 (25) 

D5 ;;; C1 x C2 ' (26) 

D6 l l ~ 9i 
2 

cos (C/lj-C/lk) , (27) ;;; 9j 9k cos (C/li-C/lk) 
1 J 

D7 = C 2 (28) 2 

4.2 Series expansion for ~ 

The formula for calculating the entropy of an arbitrary pure 
state of an N-spin system is 

s._ = - ~ N4+1 ["'"d9 sin 9 F'"dC/l'; q(9,C/I;9 i ,C/I.) 
-N 11" JO JO i=1 1 

We can use (17) in (29) and break up the integral into two parts as 
follows: 

where we have defined 

(3,0) 

(31) 
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and 

N+l [ , Llr N 12 ;: - 4 d9 SIn 9 d4> n q(9,4>;9 i ,4>,) lr 0 0 i=1 1 

Carrying out the integrations in (31) and (32) we obtain 

and 

3N2-1 } + D 
8(N-I)~2 7 

2N+l D +--23+ 
24N 

3N2-1 - D 
8(N-l)~2 6 

2 N -N-l 
16N(N-I) D2 

1 3N-6 3 
- 8N(N-I) D4 + 16N(N-I) D5 + 8N(N-l) D6 

1 
- 8N(N-I) D7 

On the other hand, from (19) we have 

I I 1 N2-N+l 
+ 4 c1 - 4N c2 + 96 DI + 32N(N-l) D2 

I I I 
- 24N D3 - 16N(N-l) D4 - 16(N-I) D5 

I N-2 
+ 8N(N-I) D6 + 2 D7 

32N (N-I) 
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(33) 

(34) 

(35) 
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and 

1 1 1 1 
~ 4' C1 - 4N C2 + 96 D1 + 32N(N-1) D2 

1 1 
D4 

1 
D5 - 24N D3 -

16N(N-1) 
+ 

8N(N-1) 

1 
D6 

1 
D7 . 

32N2(N-1) 
-

16N(N-1) (36) 

Substitution of (33) - (36) into (31) yields 

~ N 6N2 -13N+5 [D 
SN ~ N+1 + 2 2 

32(N-l) (N+ 1) 

where we notice that the coefficients of the two second order terms, C1 
and C2 , are identically zero. 

4.3 Conclusion 
Using the expressions for the D's given in (23) - (28) in 

(37), we can rewrite (37) in a simpler and more revealing form; i.e., 

+ 1 1 \ 8 2 2i.". 
32(N-l)2 fie 1 

1 [\ i.".]212 - N L 8 i e 1 . 
1 

(38) 

The first term on the right of (38) is the entropy of the coherent 
state. It is obvious that the rest of the expression is positive 
semidefinite. This proves that the classical entropy of a coherent spin 
state is a local minimum. This minimum should be a very flat one 
because the first nonvanishing higher order terms are of fourth order. 

If we set 8. = 8' and .". =.,,' for all i's, the second and the 
1 1 

third terms on the right of (38) both vanish; and the entropy is still 
N/(N + 1). This is as it should be; since in this particular way of 
variation, all the N points in the geometric representation still 
stick together and, hence, still represent a coherent state. 
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5 OONJECI1)RE ON MAXIMUM ENTROPY STATES 
We have seen in this paper that the classical entropy of a 

spin state attains a minimum when all the N roots of its probability 
density function represented by N points on the surface of the unit 
sphere stick together as a single point. Equation (38) indicates that 
as these points spread out a little. the entropy increases. It is 
natural to speculate that as these points spread further apart from one 
another. the entropy will continue to increase until when these points 
are as far from one another as possibale on the sphere. Therefore we 
conjecture that the maximum entropy is attained by a pure spin state 
when the N points in its geometric representation are located as 
follows: For N = 2. the two points are diametrically opposite to each 
other; for N = 3. the three points form an equilateral triangle on a 
large circle; and for N = 4. 6. 8. 12. 20. etc .. the N points form 
regular polyhedrons. 
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LEAST MAXIMUM ENTROPY AND MINIMUM UNCERTAINTY COHERENT STATES 

A.K. Rajagopal 

S. Teitler 
Naval Research Laboratory, Washington D.C. 20357-5000 

A density matrix form of the Heisenberg uncertainty relation 
is obtained by means of the principle of maximum entropy 
(PME) subject to appropriate constraints. The least maximum 
entropy of zero is attained for the Heisenberg equality in 
concordance with the known property that the equality holds 
for appropriate pure states and their unitary equivalents. 
The case when the constraints involve expectations of a 
quadratic form in position and momentum operators is 
considered in detail. A few unitary transformations of 
importance, namely those corresponding to rotation in phase 
space, squeezing, and time evolution which leave the 
Heisenberg equality intact are discussed. The relation of 
these to the appropriately defined "correlated minimum 
uncertainty coherent states" are also discussed. 

The traditional discussion of the Heisenberg inequality for 
the dispersions of two arbitrary hermitian operators with dispersions 
defined with respect to pure states is based upon the Schwartz 
inequality. This was generalized by Dodonov et.al. (1980) for arbitrary 
operators (non-hermitian) and density matrix (mixed states). An 
alternative approach to a density matrix form of the Heisenberg 
uncertainty relation is to apply the prinCiple of maximum entropy (PME) 
for the density matrix subject to the given dispersions as constraints. 
Such a calculation was published by Titus (l979) and Wichmann (l963). 
In the present paper we 
different viewpoint to 
formulation. It should 

examine this latter approach from a somewhat 
show several novel consequences of this 

be pointed out that the Schwartz inequality 
argument is a more general one than the PME procedure in that the 
latter holds for the PME density matrix while the former is valid for 
any general density matrix. In the limit of Heisenberg equality, both 
approaches lead to pure states which are unitarily related. 

Our principal interest is in the discussion of minimum 
uncertainty coherent states. For this purpose it is suf ficient to 
consider the arbitrary hermitian operators to be dimensionless conjugate 
position, q, and momentum, p, operators. We use units with the Planck 
constant -i'i=h/2'IT equal to unity. These operators obey the standard 
canonical commutation rules: 
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[q,pJ=i, [q,q]=o, [p,p]=o (1) 

We consider operators relative to their expectations; 

P = p-<p>, Q=q-<q> (2 ) 

where <X>=Tr(pX), P is the density matrix. 

Titus (1979) and Wichmann (1963) have discussed the maximurr 
of the von Neumann entropy 

S=-Trplogp (3 ) 

subject to the constraints of given values of 

A A A2 A2 
<q>,<p>,<Q >,<P >, and <QP+PQ>32«QP)s> ( 4) 

They obtain 

II M 
u 

(S) 

where 

~ =<;2>Q2+<Q2>;2_2«Q;) >(QP) 
u s s (6) 

z ~(02-1)~ ( 7 ) 

2[<Q2><;2>_«Q;) >2)~ 
s 

(8) 

and K = 1 log (0+1) 
u 0 0-1 (9 ) 

With this as a basis we can obtain the following results. 

(i) By a straightforward computation, we find the value of the maximum 
entropy associated with Eq.(S) to be 

(10) 

(ii) The positive definiteness and the trace-class nature of a general 
density matrix requires that 

(11 ) 

This is just the generalized Heisenberg inequality given by Dodonov 
et.al. (1980). Note that this is consistent with the Schwartz 
inequality as it should be. This then is the entropic derivation of the 
Heisenberg relation. 

(iii) The operator Ku has the eigen-expansion: 
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KU 1m> = (m+~)nlm>, m=O,1,2, •••• 

This implies then that 

where 

m=o 
w 

m 
Im><ml 

w _.'2'Ln-l)m, 
m - \n+l~ n+l 

oS w Sl 
m 

w =1 
m ' 

-!w logw 0:0 
m m 

m=o m=o 
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(12 ) 

(13) 

(14) 

(iv) Allow n to vary and in particular consider the value n=l. Then 
from Eqs. (14) and (13) it is clear that 

~ M 
Pu ~Io><ol and 

Also from Eq. (9), Ku~~ when n~l. 

Thus the minimum Heisenberg uncertainty occurs for 
entropy with concomitant pure state density matrix. 
lowest state of the operator K and all its unitary 

u 

(15) 

the least maximum 
In fact, it is the 

equivalents. 

(v) There is considerable interest in the recent literature (See for 
example, Schumaker (1986» concerning the concept of squeezing or 
spreading of minimum uncertainty states. Squeezing is said to occur if 
<Q2><~ and spreading if <Q2»~. In much of the literature «QF) > is 
taken to be zero. We find it convenient to consider such syste~s as 
Type I or uncorrelated, and others with «QP) >~o as Type II. In both 
cases, we consider pure states correspondi~g to the least maximum 
entropy for which (1=1. Note that (I and the entropy S are invarriant 
under unitary transformations. The reference configuration for (1=1 is 
taken to be Type IE which is a Type I system with equal variances. The 
corresponding state is sometimes called a minimum uncertainty coherent 
state (Schumaker (1986» which will be discussed subsequently. We can 
generate a wide range of Type I and Type IIAcases from Type IE by means 
of a two parameter unitary transformation, S(r,~), based on a squeezing 
parameter, r, (oSr<~) and a rotation angle ~, -1f/2<~S1f/2 (Schumaker 
(1986) ). 

-2i~ ~2 2i~ ~ 2 
S(r,$)= Exp ~r(e a -e at) 

where a=(q+ip)/.,2, ~·t = (q-ip);"'2 
( 16) 

r=o corresponds to Type IE; r$o,$=o corresponds to Ty~e I; and r$o,~$O 
corresponds to Type 11. Squeezing occurs where <12 (r, ~) >=~ (Cosh2r­
Sinh2r Cos2~)<~ and spreading occurs when the inquality is reversed. 
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Type I excluding Type IE are sometimes called minimum uncertainty 
twisted coherent states. In all cases, the mlnlmum uncertainty 
c09diti~n 0=1 is maintained. However, not all possibilities for 
<8 >,<~ >, and «QP) > consistent with 0=1 are exhausted by the 
transformation given b~ Eq.(16). 

A more traditional special case is an arbitrary unitary 
rotation in (Q,P) space through an angle 8 represented by (Schumaker 
(1986»: 

(17) 

A2 A2 
It may be verified that <Q (8», <P (e», «QP) (8» are all different 
from their 8=0 counterparts and yet 0(8)=0(0)=1.s Also, type IE remains 
unal tered under such rotations whereas other type I and type II have 
different dispersions from those corresponding to their 8=0 values. 

Another physically interesting unitary transformation is 
time evolution. For example, consider the free mass motion (Yuen 
(1983»: 

U(t) 
A2 

exp(-itP /2) (18) 

It is easily verified that 0(1)=0(0)=1 in general. Also, for Type IE, 
the spreading in time of <8 (t» is compensated by the build-up of 
correlation «QP) (t» for t=o. 

s 

(vi) To relate these observations to the concepts of generalized 
minimum uncertainty coherent states similar to ~hose discussed by 
Dodonov et.al.(1980) we observe that the operator K in Eq.(6) can be 
recast in terms of new non-hermitian operators atand ~ such that 

i =O(~t~+!4) 
u 

(19) 

A, ~t obey the commutation rules 

(20) 

This can always be done because K is a positive-definite hermitian 
operator with its spectrum bouJIded from below. In fact, a 
straightforward calculation shows that 

A = iaP+B Q (21) 

with a,B complex such that 

where 
These 

(22) 

812 is the phase difference between the complex numbers a,B. 
follow by comparing Eq.(19) with Eq.(6) rexpressed by use of 
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Eq.(21). We may note that this is a special case given by Eq.(16) when 
specialized to Type IE. The "generalized minimum uncertainty coherent 
states" are states defined by 

(23) 

Here ~ is a complex number so that the states {In>} of Ku and these are 
related by the unitary transformation 

with 
00 

exp(-~1~12) 2 ~~ ~In> 
n=o(n!) 

The completeness of the states {In>} then imply that 

Jd:~ I~><~I = i =n!o In><nl 

and we can show that p tl has matrix elements 

(24) 

(25) 

(26) 

(27) 

To find SM, the entropy, in the space of {I~>} one must diagonalize 
Eq.(27). 'in the general case, this will lead back to Eq.(14). In the 
special case of 0=1, thi~l diagonalization is simple, leading to a single 
eigenvalue unity and S =0 is obtained. These are expected results 
because D(~)is a unitaryUoperator. 

~ M 
Thus it becomes clear that the states of p corresponding 

to 0=1 of the least maximum entropy for given disper~ions contain a 
richness buried in a variety of unitary transformations which are 
different manifestations of the lowest state of the operator K . 

u 
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MAXIMUM ENTROPY SPECTROSCOPY - DIMES and MESA 

John Skilling 
Department of Applied Mathematics 
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Cambridge CB3 9EW, England 

Abstract. The direct "- flog f" and indirect 
"log f" entropy formulae have both been used 
in maximum entropy spectroscopy. The direct 
form is shown to be appropriate for finding 
the single "best" spectrum from incomplete 
data. The indirect form should be used to 
find an underlying probability distribution 
function, but not the spectrum itself. 
Examples show how and why the indirect form 
is liable to give misleadingly sharp spectra. 
When the true spectrum is unusually sharp and 
sparse, as in a simulation due to Fougere, 
the indirect form can reconstruct it more 
accurately than the conservative direct form, 
but other methods which deliberately seek 
sharp lines are then likely to do even better 

Introduction 
The idealised classic problem of spectral analysis 

is to estimate a positive spectrum f(x) from the values of a 
subset of its Fourier components 

At = S dx f(x) e2rrixt ( 1 ) 

A related example of such a problem is to infer the power 
spectrum 

( 2) 

(x=O,l, ... ,N-1) of a N-periodic real time-series uO,u1, ... , 
uN-1 with unknown probability distribution function p(~) 
from incomplete knowledge of the autocorrelation components 

At = S dNu p(~) N-1 ~ Uj Uj+t = E fx e2rrixt/N 
J x 

(3 ) 

of Maximum entropy (MaxEnt) is the preferred method 
assigning any positive distribution, given incomplete data, 
and it has been applied to the above problem in two 
different ways (Jaynes 1982). Confusingly, both have at 
times been called "the maximum entropy method", with the 
definite article as if the other method did not exist. 

The direct method (Shore & Johnson 1980; Skilling 1986), to 
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which we may assign the acronym DIMES (DIrect Maximum 
Entropy Spectroscopy), chooses that spectrum f(x) which has 
greatest (generalised) entropy 

S(f) = J dx [ f(x) - m(x) - log(f(x)/m(x))] (4) 

subject to the given constraints. Here m(x) is a prior 
model, which is often taken to be a constant. This method 
has had practical success in interferometry, deconvolution, 
tomography, spectroscopy and elsewhere (e.g. Gull & Skilling 
1984a) . 

The indirect method (Burg 1967, 1972; Ulrych and Bishop 
1975) has the acronym MESA (Maximum Entropy Spectral 
Analysis). It selects the underlying probability 
distribution by maximising its entropy 

S(p) = - J dNu p(~) log p(~) (5 ) 

or, occasionally (Navaza 1985), the corresponding cross­
entropy with non-uniform model m(~). Then the corresponding 
power spectrum (2) is displayed as the result of the 
calculation. The MESA approach is adopted by about 80% of 
the maximum entropy papers on spectral analysis. However, 
as has been noted (Fougere et al. 1976), it can be subject 
to infelicities such as erroneous line-splitting and 
frequency shifts. Although there are ways of forcing these 
to be reduced (Fougere 1977), they are not entirely 
consonant with the maximum entropy formalism. The excellent 
and widely read book "Numerical Recipes" (Press et al. 1986) 
gives an example and describes maximum entropy as having "a 
certain cult popularity", the results as "quirky", and 
instructs its readers not to believe "that it gives an 
intrinsically better estimate than is given by other 
methods". MESA, the book tells us, "has the very cute 
property of being able to fit sharp spectral features, but 
there is nothing else magical about its power spectrum 
estimates". 

At the 1986 MaxEnt conference, Fougere (1986) defended the 
MESA approach by presenting a highly accurate MESA 
reconstruction from error-free autocorrelation data, and 
ended with the challenge "Can any other method do better?". 
This paper takes up the challenge and compares MESA with 
DIMES and with the geometrical MUSIC method (Schmidt, 1986). 

Derivation of DIMES 
MaxEnt is intrinsically a selection procedure 

(Skilling 1986) which produces the single "best" positive 
distribution f(x) from incomplete data. For the "best" 
distribution to be properly defined, there must be a 
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transitive "better than" relationship between distributions. 
Any transitive ranking can be mapped onto a "greater than" 
relationship between real numbers. Hence we seek a 
regularisation procedure, in which f is chosen by maximising 
a functional S(f). 

One property which a useful reconstruction algorithm ought 
to have is "subset independence" (Shore & Johnson, 1980). 
This means that if two datasets pertain to two separate 
distributions, then the same distribution should be 
recovered either by processing the datasets independently or 
by processing them together as one joint dataset pertaining 
to the union of the distributions. Another property is that 
the reconstruction algorithm should be independent of the 
coordinate(s) x underlying the distribution. These general 
properties imply that S can be restricted to the form 

S = f dx m(x) 8(f(x)/m(x)) 

where m is a measure or "prior model" and 
arbitrary function. 

8 

( 6 ) 

is an 

A third property (Gull & Skilling, 1984b; Livesey & 
Skilling, 1985) is "system independence" (Shore & Johnson, 
1980), meaning that marginal data on a two-dimensional 
rectangular distribution f(x,y) should yield the 
uncorrelated direct product of the data as the 
reconstruction f. Finally, if there are no data at all, f 
should default to the prior model m. These properties imply 
that 9 can be restricted to the form 

9(z) = z - 1 - z log z ( 7 ) 

so that S must take the form (4) quoted above. 

Note that this derivation is independent of all 
probabilistic and statistical arguments. It is possible to 
derive the entropy of a normalised distribution from 
combinatoric arguments (Jaynes, 1978, 1979) to illustrate 
the symbiosis between MaxEnt and probability theory, but it 
is not necessary to do this. Neither is it necessary to 
give entropy a quantitative combinatoric interpretation. 

Because the DIMES entropy formula (4) can be applied to any 
positive distribution, regardless of normalisation and 
regardless of the type of data constraints, it can be 
applied in particular to the spectral analysis problem of 
recovering a positive spectrum from Fourier data (1). The 
result of maximising (4) over Fourier constraints (1) is a 
spectrum of exponential form 
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f(x) = m(x) exp( E Wt e-2nixt) 
t 

1. SKILLING 

( 8) 

where the Lagrange multipliers ware chosen to fit the 
constraint values A. 

Any other method which produces a different reconstructed 
spectrum, whether or not it uses entropic formulae, must 
fail to satisfy at least one of the properties above. In 
particular, alternative methods such as MESA do not satisfy 
system independence, and hence induce extra correlation 
structure into the resulting spectrum, over and above what 
is required by the data. 

Derivation of MESA 
MaxEnt can, and should, be used to assign any 

positive distribution. In particular, it is the basis for 
assign~ng probability distributions, such as p(~) in the 
time-series problem. The result of maximising its entropy 

S(p) = - f dNu p(~) log p(~) + constant (9 ) 

subject to the autocorrelation constraints (3) and to 
normalisation is that p(~) should be assigned (Jaynes 1982, 
Skilling & Gull 1984b) as 

p(u) = Z-lexp ( - ~ Wt l Uj Uj+t) (10) 

where the Lagrange multipliers ware chosen to fit the 
constraint values and Z normalises p. This distribution is 
"the result" of the MESA technique. It is proper to use 
this probability distribution in the prediction problem 
that of inferring future (or other un-observed) values of x 
from other values. 

In order to develop the analysis further, it is conventional 
to assume that the time-series is N-periodic. If the 
autocorrelation data are derived from only part of this long 
time-series, as often happens in practice, then the N­
periodic assumption may not be accurate, and Jaynes (1982) 
has argued that the consequential damage to the spectrum 
appears as line-splitting. However, the assumption is exact 
for the examples presented here. The Gaussian form (10) is 
diagonalised exactly by a Fourier transform: 

where 

Wx = E Wt cos(2nxt/N) 
t 

(11 ) 

(12) 

and where only the "positive" frequencies x between 0 and 
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N/2 need be considered for a real time-series~. Rence the 
power spectrum (2) 

fx = f dNu p(~) IUx l 2 = 1 / 2ZWx (13) 

is a sufficient statistic for the MaxEnt 
distribution which can be written as 

probability 

p(~) = Z-lexp ( - E IUx l 2/fx (14) 
x 

Given this form, the autocorrelation components (3) become 
Fourier constraints 

A = (2/N) E fx cos(2rrxt/N) 
x 

on the power spectrum. 

The entropy (9) of the probability distribution is 

(15) 

S(p) = R(f) + constant R(f) = E log fx (16) 
x 

Thus the MaxEnt probability distribution p(~) can 
alternatively be found from (14) after first determining 
that power spectrum f which maximises the Burg entropy R(f) 
over the constraints, taken in their MaxEnt form (15). This 
MESA power spectrum takes the reciprocal form 

fx = (2 E Wt cos(2rrxt/N) )-1 
t 

( 17) 

as opposed to the exponential forms such as (8) which are 
produced by DIMES. 

In summary, the MESA spectrum is obtained by maxlmlslng the 
entropy of the underlying probability distribution p(~), and 
is a convenient way of displaying the selected p(~). 
Through (14), it represents a MaxEnt probability 
distribution, but it is not a MaxEnt spectrum in its own 
right. Its derivation is restricted to ensemble average 
data for which the underlying probability distribution is 
(or is inferred by MaxEnt to be) separable in the spectrum 
channels x, and of Gaussian form. 

General properties of DIMES and MESA spectra 
A DIMES spectrum is obtained by maximising the 

entropy (4) directly over the constraints, whatever form 
they happen to take. The global maximum of S is obtained 
when f = m for each x (Fig. 1a) so that a DIMES spectrum is 
as "close" as possible to the pre-assigned model. The 
"strength" of the entropy maximisation is proportional to 

grad S = as/of = log m - log f ( 18 ) 
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which becomes logarithmically infinite both as f tends to 
zero and to infinity. Thus both positivity and finiteness 
are automatically assured. 

Constraints are usually linear (at least in theoretical 
discussions), in which case the variational equations give 

f(x) = m(x) exp(linear sum of constraint functions) (19) 

of which (8) is a special case for Fourier data. Taking 
m(x) constant, spectrum maxima occur when this linear 
combination is maximum. Assuming the constraint functions 
to be differentiable, it follows that sharply resolved lines 
tend to have Gaussian profiles. 

Particularising to Fourier data (1), the DIMES spectrum (8) 
is an entire function of complex x, with an essential singu­
larity at infinity. Equivalently, t~e only singularities in 
the corresponding z-transform (z=e2n~x) are essential singu­
larities at the origin and at infinity, as far away from the 
unit circle as possible. 

Figure 1. 
(a) Direct entropy S(f) (b) Burg entropy H(f) 

s H 

A MESA spectrum is obtained by max~m~s~ng the Burg entropy 
(16) over the constraints. The Burg entropy is always 
increased by making f larger (Fig. 1b), so that a MESA 
spectrum is as "bright" as possible. This occurs because 
the MESA spectrum displays the variance of the underlying 
probability distribution p(~): MaxEnt applied to p ensures 
that p is spread out as widely as possible in ~, and this is 
accomplished by max~m~s~ng its variance f(x). The 
"strength" of the entropy maximisation is 
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grad H = ~H/of = f-l (20) 

which becomes infinite as f tends to zero, but not as f 
tends to infinity. Thus positivity is assured, but not 
finiteness. Indeed, grad H becomes small when f is large, 
so that there is no smoothing on bright regions of a MESA 
spectrum. 

For linear constraint functions, the variational equations 
give 

f(x) = 1 / (linear sum of constraint functions) (21) 

of which (17) is a special case. Spectrum maxima occur 
where this linear combination is minimum, so that sharply 
resolved lines tend to have Lorentzian profiles. In terms 
of the z-transform, the spectrum singularities are usually 
simple poles which can approach the unit circle to give 
sharp peaks. 

Typical observational constraints are represented by 
integrals over the spectrum, which in turn tend to be 
dominated by the wings of Lorentzian lines, rather than the 
centres. This reflects the fact that the Burg entropy H is 
dominated more by the numerous background channels x than by 
the lines themselves, and can damage the visual appearance 
of MESA spectra. 

DIMES and MESA reconstructions from small datasets 
The ultimate test of any reconstruction technique 

is how it works in practice. However, it is important to 
remember that any continuous algorithm reconstructing a 
distribution must work perfectly in at least one case: the 
mapping from a spectrum through its Fourier or other data to 
its reconstruction by a particular algorithm will have at 
least one fixed point at which the algorithm works 
perfectly. For example, if the "true" spectrum were the 
exponential of an appropriately band-limited function like 
(8), then DIMES could recover it exactly, and if it were a 
reciprocal like (17), MESA could recover it. With this 
proviso in mind, consider the following examples, chosen for 
their simplicity and clarity. 

1) Single line, centre 0, width 1. 
The data are 

L L L 
f dx f(x) = 1 , f dx x f(x) = 0 , f dx x 2f(x) = 1 (22) 
-L -L -L 

with L»l. From these, DIMES recovers the unit Gaussian 
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f(x) = (2n)-~ exp(-x2/2) (23) 

to within corrections which are exponentially small in L. 
The MESA reconstruction is Lorentzian 

(24) 

The width of this Lorentzian (defined as FWHM) is niL, which 
is inversely proportional to the width 2L of the observing 
window. The MESA reconstruction can thus be made 
arbitrarily sharp by widening the observing window. This 
effect arises because the Burg entropy H is dominated by the 
wide background, which is made as large as possible, rather 
than by the line, which is correspondingly squeezed. 

2) Single line, width 1, in asymmetric window. 
The data are 

9190 9190 9190 dx f(x) = 1, dx x f(x) ; 0, dx x 2f(x) = 1 (25) 
- 0 - 0 - 0 

The DIMES reconstruction is effectively the same 
(23) as before, but the MESA Lorentzian is 

Gaussian 

f(x) = 0.0001000 I «x+0.0006907)2+0.0003142 2 ) (26) 

Not only is this narrow (FWHM = 0.0006284), but the 
displaced by more than its full width. This shows 
MESA spectrum can be sensitive to the symmetry as 
the width of the observing window. 

line 
that 

well 

is 
a 

as 

3) Lorentzian doublet f(x) = 1/«x+l0)2+1) + 1/«x-10)2+1). 
The data are 

t OO tOO 100 
dx f(x) = 6.2428, dx x f(x) = 0, f dx x 2f(x) = 1010.0 

- 00 - 00 -100 (27) 
From these, the DIMES reconstruction is a single Gaussian 

f(x) = 0.1958 exp( - 0.003090 x 2 ) (28) 

sufficiently wide (FWHM = 36.0) to span the positions 
x = -10, +10 of both of the original lines. The MESA 
reconstruction is a single Lorentzian 

f(x) = 5.5142 I ( x 2+ 2.7268 2 ) (29) 

Again, the MESA spectrum exhibits structure which is much 
narrower (FWHM = 5.4) than is required by the data. There 
is always a risk of such structure being misleading, as is 
the case here. Both the DIMES and the MESA reconstructions 
are wrong (because of inadequate data) in that they each 
have only one peak, but the resolution of the MESA spectrum 
is over-optimistic. 
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4) Disc in two dimensions. 
The following measurements are taken of an object positioned 
in a circular field of view, with radius R»1 : 

II dxdy f(x,y) = 1 2 (30) 

The DIMES reconstruction is Gaussian 

( 31 ) 

whereas the MESA reconstruction is 

a = R exp(-R2/4) ( 32 ) 

Here the width (linear FWHM = 2a) of the MESA reconstruction 
decreases exponentially with the size of the observation 
window. 

5) Sphere in three dimensions. 
The following measurements are taken of an object positioned 
in a spherical domain, with radius R»1 

III dxdydz f(x,y,z) = 1 , 

III dxdydz (x 2+y2+z2) f(x,y,z) = 3 (33) 

The three-dimensional DIMES reconstruction is again Gaussian 

f(x,y,z) = (2rr)-3/2 exp( - (x 2+y2+z2)/2 ) (34) 

However, the MESA reconstruction is yet sharper than in two 
dimensions. It is 

f(x,y,z) (1-9/R2) B(x)B(y)6(z) + (9/4rrR3) r- 2 (35) 

with all but a small fraction 9/R2 of the intensity 
concentrated into a delta function at the origin. 

This occurs because in three (or more) dimensions, the 
complex zeros of the denominator of a MESA reconstruction 
(21) can become real without giving a large contribution to 
the volume integrals which comprise typical data (Nityananda 
& Narayan, 1982). Delta functions give no contribution to 
the Burg entropy, so are not discriminated against, and can 
build up wherever the denominator of (21) vanishes: the 
phenomenon is akin to a Bose condensation. By contrast, 
delta functions give infinite contributions to the direct 
entropy, so that a DIMES reconstruction can never shatter in 
this way. 

Infinities do not arise in one dimension, because the 
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data integrals would also be infinite. Two dimensions 
an intermediate case in which the data integrals 
become infinite, but only logarithmically, so that 
but exponentially sharp structure can then develop in 
reconstruction. 

The Fougere simulation 

give 
would 

finite 
a MESA 

Fougere (1986) proposed a test in which a spectrum 
having 63 sharp lines of known amplitudes a between 0.002 
and 12.5, systematically separated in frequency x between 
o and 90 (first columns of Table 1) is to be reconstructed 
from its first 251 cosine Fourier coefficients 

63 
Ct = ,E a J' cos(rrxJ·t/90) 

J=l 
t = 0,1, ... ,250 ( 36) 

There are almost twice as many data C as frequencies and 
amplitudes, so that the spectrum is well determined, and 
indeed the true spectrum of 63 lines is the only positive 
spectrum which fits the data. To avoid this singular 
solution, the t=O component is artificially multiplied by 
1.00004, as from a faint background of white noise. 

The DIMES spectrum is of the form 
250 

f(x) = exp( E Wt cos(rrxt/90) 
t=O 

(37) 

Table 2 shows values of the Lagrange multipliers w for which 
the cosine components of the spectrum agree with the data to 
at least 10 decimal places: these were obtained by iterating 
the misfits towards zero with a suitably protected Newton­
Raphson algorithm. The values are large, up to 12000, and 
the spectrum f has a correspondingly emormous dynamic range 
of some 75000 orders of magnitude. The top few orders of 
magnitude define the bulk of the intensity in the spectrum, 
which is confined to a relatively small fraction of the 
total width and is tolerably accurately represented (to 
about 1 part in 1000) by a set of Gaussian lines. 

These lines were assigned the profile 

(38) 

in which the parameters c, ~, cr were determined by least­
squares fit to f(x) between successive m~n~ma, and the 
intensity A is defined as the integral of g(x) between the 
m~n~ma. Because the spectrum is defined by a polynomial of 
order 250 in cos(rrx/90), there could be up to 125 maxima, 
each representing a line. In fact, there are 114. 

63 of these (central columns of Table 1) correspond to the 
lines in the original simulation. The amplitude-weighted 



MAXIMUM ENTROPY SPECTROSCOPY 137 

rms proportional error in amplitude, largely due to forcing 
a Gaussian profile, is 

63 63 
( E a' (A'/a'- 1)2 / E a')~ 0.0016 (39) 
j=l J J J j=l J 

in frequency is 
63 

( Ea' 
j=l J 

63 
(x·_~·)2 / E a' )~ = 0.0003 J J j=l J (40) 

and the amplitude-weighted standard deviation width is 
63 63 
E a' o' / E a' = 0.0012 (41) 

j=l J J j=l J 
Plausibly, the errors and widths are less on the brighter 
lines, ranging from 8x = 0.00000005 , 0 0.0008 on the 
brightest line to 8x = 0.0001 , 0 = 0.027 on the dimmest. 

With cosine data up to order 250, the formal resolution 
width in x is 90/250 = 0.36. The DIMES standard deviation 
widths are around 300 times smaller than this, showing that 
the data are good enough to give super-resolution of this 
factor of 300. Line structure narrower than the DIMES 
widths could be present, but there is no evidence for it in 
the data. As it happens there is no asymmetry in the 
simulated lines, so there is no evidence for it in the data, 
so that the line centres are positioned considerably more 
accurately than the quoted line widths. 

Finally, the remaining 51 satellite lines (first columns of 
Table 3) have clearly lower intensities. 

The MESA spectrum is of the form 
250 

f(x) = 1 / E Wt cos(TIxt/90) 
t=O 

(42) 

where the multipliers w can be obtained to better than 10 
significant figures by the standard Levinson recursion 
(Press et al. 1986). Again, the bulk of the intensity in 
the reconstruction is confined to a relatively small 
fraction of the total width, which is now represented by a 
set of Lorentzian lines. These lines are assigned the 
profile 

(43) 

in which the parameters c, ~, 0 were determined by least­
squares fit to f(x) between successive mlnlma, and the 
intensity A is defined as the integral of g(x) between the 
minima. There are 97 lines out of the possible 125 maxima. 

63 of 
lines 

these (last columns of Table 1) 
in the original simulation. The 

correspond to the 
amplitude-weighted 
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rms proportional error in amplitude is 
63 63 

( Ea' (AJ' / a J' - 1) 2/ Ea·) ~ = o. a a a 13 
j=l J j=l J 

in frequency is 
63 

( Ea' 
j=l J 

63 
(x·-Il·)2 / E a' )~ = 0.000057 

J J j=l J 
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(44) 

(45) 

and the amplitude-weighted half-width to half-amplitude is 
63 63 
E a' 0' / E a' = 

j=l J J j=l J 
0.0000055 (46) 

(These widths are up to 100 times those quoted by Fougere). 
Again, the errors and widths are less on the bright lines 
than on the dim, and the remaining 34 satellite lines (last 
columns of Table 3) are of considerably lower intensity. 
Although the frequency errors on the 63 major lines are 
small, they are some ten times greater than the half-widths 
of the reconstructions, so that the lines are significantly 
misplaced. 

Discussion of the Fougere simulation 
In this example, the MESA reconstruction is closer 

to the original simulated spectrum than is the DIMES 
reconstruction, although the lines are reproduced more 
sharply than is warranted by the data. The answer to 
Fougere's question "Can any other method do better?" is, 
however, "yes". 

The MUSIC algorithm (Schmidt 1986) clearly outclasses both 
DIMES and MESA for this dataset. MUSIC is a geometrically­
inspired method which searches for sharp lines and lists 
them. It reproduces exactly 63 lines with frequencies 
correct to at least 14 significant figures (apparently 
limited only by arithmetic accuracy). 

The Fougere simulation is, in fact, unusual not only because 
the data are very accurate, but also because there are four 
times as many data as significant lines in the spectrum. In 
the happy event that one knows that one is seeking a small 
number of simple lines, and has sufficient accurate data to 
over-determine the free parameters, then clearly one should 
use that information and seek the lines directly. The 
astronomers' CLEAN method (Hogbom 1974) would presumably 
also perform well: Tan (1986) has offered comments on this 
method. 

MaxEnt is designed for the more difficult cases when one 
seeks an initially unknown distribution, and has inadequate 
data. It is not surprising that a technique like MESA which 
encourages the development of sharp structure should out-
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perform DIMES in a simulation limited to sparse, sharp 
structure. But is MESA reliable? 

One simple test is to complicate the line profiles. A 
second simulation was run, in which each line was replaced 
by an equal-amplitude triplet at x-0.1, x, x+0.1. The 251 
data are too few to determine the amplitudes, frequencies, 
and widths of what are now 189 individual components. 

DIMES finds all 63 major signals and separates 27 of them 
into double peaks (there is never sufficient resolution to 
find triplets). Thus the brightest signal, at frequencies 
37.5586, 37.6586, 37.7586 is analysed as a doublet at 
37.58±0.03, 37.74±0.03. Figure 2 shows an adjacent pair of 
unresolved but clearly non-Gaussian signals. All 7 satellite 
lines have intensities less than 0.0002, so are clearly 
distinguished from the major signals. 

MESA also finds all 63 signals and splits 32 of them into 
double peaks. The brightest signal, at 37.5586, 37.6586, 
37.7586 is analysed as a doublet at 37.577±0.003, 
37.739±0.003. The sharp, narrow quality of MESA reconstruc­
tions has now become a more serious disadvantage, because 
the sharpness of the reconstruction is qualitatively 
misleading. Figure 3 plots the same adjacent pair of 
signals as before. These signals have similar strengths, 
frequencies, and neighbours, yet MESA reconstructs two very 
different shapes. This infelicity can not be due to 
incomplete sampling of the time-series, which Jaynes (1982) 
suggested was the cause of line-splitting, because the 
Fourier data (36) are exact. 

There is only one satellite maximum, at frequency 66.0. 
Although its amplitude (0.10) is smaller than its immediate 
neighbours (8.8 and 7.7), it is fifty times brighter than 
the dimmest signals, so it could not be immediately rejected 
as spurious. 
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Figure 2. DIMES reconstructions of adjacent triplets 

58.6277 58.7277 58.8277 60.0095 60.1095 60.2095 

Figure 3. MESA reconstructions of adjacent triplets 

58.6277 58.7277 58.8277 60.0095 60.1095 60.2095 
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Table 1. The Fougere simulation 

Simulation 
Amplitude Frequency 

1 .12648 .4764 
2 .19299 2.6503 
3 .29195 4.8002 
4 .43656 6.9262 
5 .64329 9.0281 
6 .93209 11.1060 
7 1.3245 13.1599 
8 1.8424 15.1897 
9 2.5045 17.1954 

10 3.3196 19.1769 
11 4.2863 21.1343 
12 5.3850 23.0674 
13 6.5790 24.9764 
14 7.8158 26.8611 
15 9.0325 28.7215 
16 10.155 30.5577 
17 11.122 32.3694 
18 11.870 34.1569 
19 12.351 35.9199 
20 12.518 37.6586 
21 12.322 39.3728 
22 11.720 41.0625 
23 10.650 42.7277 
24 9.0287 44.3685 
25 6.7738 45.9847 
26 3.7864 47.5763 
27 1.9892 49.9176 
28 5.3216 51.4477 
29 7.8358 52.9531 
30 9.6281 54.4338 
31 10.817 55.8899 
32 11.498 57.3212 
33 11.757 58.7277 
34 11.662 60.1095 
35 11.266 61.4664 
36 10.620 62.7985 
37 9.7711 64.1058 
38 8.7710 65.3882 
39 7.6722 66.6457 
40 6.5364 67.8782 
41 5.4178 69.0858 
42 4.3693 70.2684 
43 3.4268 71.4261 
44 2.6179 72.5586 
45 1.9480 73.6662 
46 1.4160 74.7487 
47 1.0064 75.8061 
48 .70104 76.8383 
49 .47978 77.8455 
50 .32331 78.8274 
51 .21533 79.7842 
52 .14209 80.7158 
53 .093199 81.6222 
54 .061051 82.5033 
55 .040068 83.3591 
56 .026455 84.1896 
57 .017628 84.9949 
58 .011891 85.7747 
59 .0081315 86.5293 
60 .0056404 87.2584 
61 .0039674 87.9622 
62 .0028267 88.6405 
63 .0020357 89.2934 

DIMES reconstruction MESA reconstruction 
Ampl. Freq. Std.Dev Ampl. Freq. Halfwidth 

0.1266 0.47629739 .0037 0.1266 0.47634476 .000137 
0.1931 2.65020163 .0046 0.1931 2.65028590 .000113 
0.2920 4.80012403 .0049 0.2921 4.80020100 .000082 
0.4367 6.92615265 .0047 0.4367 6.92620677 .000059 
0.6434 9.02807647 .0042 0.6434 9.02810732 .000044 
0.9322 11.10599222 .0036 0.9322 11.10600484 .000034 
1.3246 13.15990164 .0031 1.3246 13.15990092 .000025 
1.8427 15.18970767 .0027 1.8425 15.18969867 .000017 
2.5052 17.19541364 .0023 2.5046 17.19539925 .000011 
3.3230 19.17689203 .0019 3.3197 19.17690036 .000008 
4.2865 21.13429963 .0017 4.2864 21.13430029 .000007 
5.3955 23.06740401 .0015 5.3851 23.06739972 .000005 
6.5889 24.97639728 .0013 6.5791 24.97640006 .000004 
7.8172 26.86110134 .0012 7.815926.86110006 .000003 
9.0334 28.72149952 .0011 9.0326 28.72149992 .000003 

10.1553 30.55770011 .0010 10.1551 30.55770007 .000002 
11.1222 32.36940011 .0010 11.1221 32.36939995 .000002 
11.8701 34.15689995 .0009 11.8701 34.15690004 .000002 
12.3512 35.91990005 .0009 12.3511 35.91989998 .000002 
12.5184 37.65860007 .0008 12.5181 37.65860000 .000002 
12.3238 39.37279972 .0008 12.3221 39.37280000 .000002 
11.7202 41.06250027 .0009 11.7201 41.06250001 .000002 
10.6501 42.72770007 .0008 10.6501 42.72769997 .000002 
9.0323 44.36849939 .0009 9.0288 44.36849996 .000002 
6.7742 45.98469933 .0012 6.7739 45.98470009 .000003 
3.7874 47.57630230 .0014 3.786547.57630036 .000005 
1.9893 49.91759813 .0011 1.9893 49.91759874 .000008 
5.3223 51.44769826 .0010 5.3217 51.44769945 .000003 
7.839552.95309854 .0009 7.835952.95309965 .000002 
9.6343 54.43379885 .0010 9.6282 54.43379988 .000002 

10.8219 55.88989928 .0010 10.8171 55.88990016 .000002 
11.4985 57.32119989 .0010 11.4981 57.32120048 .000002 
11.7588 58.72770075 .0011 11.7572 58.72770085 .000003 
11.6828 60.10950206 .0011 11.6622 60.10950117 .000003 
11.2944 61.46640468 .0012 11.2662 61.46640107 .000004 
10.6209 62.79849918 .0012 10.6202 62.79849990 .000005 
9.8330 64.10579595 .0012 9.7713 64.10579898 .000004 
8.7713 65.38819956 .0012 8.7711 65.38819961 .000003 
7.7079 66.64570398 .0013 7.672366.64570086 .000004 
6.545867.87819715 .0014 6.536667.87820031 .000006 
5.4216 69.08579741 .0014 5.4179 69.08579878 .000005 
4.3724 70.26840602 .0016 4.3694 70.26840114 .000006 
3.4332 71.42609264 .0016 3.4269 71.42609930 .000010 
2.6208 72.55860571 .0018 2.6180 72.55859966 .000008 
1.9498 73.66618957 .0022 1.9481 73.66620167 .000017 
1.4162 74.74870654 .0024 1.4161 74.74869855 .000014 
1.0068 75.80608816 .0028 1.0065 75.80610171 .000031 
0.7012 76.83831579 .0035 0.7011 76.83830161 .000024 
0.4799 77.84549063 .0029 0.4799 77.84548729 .000052 
0.3235 78.82738693 .0056 0.3234 78.82742098 .000063 
0.2154 79.78422187 .0039 0.2154 79.78419302 .000063 
0.1422 80.71573720 .0044 0.1422 80.71574892 .000149 
0.0933 81.62197630 .0107 0.0933 81.62226627 .000255 
0.0612 82.50352304 .0080 0.0611 82.50339331 .000198 
0.0402 83.35919070 .0053 0.0402 83.35909505 .000215 
0.0266 84.18944545 .0054 0.0265 84.18939585 .000335 
0.0177 84.99424259 .0068 0.0177 84.99432611 .000654 
0.0120 85.77287144 .0099 0.0120 85.77349722 .001454 
0.0082 86.52439897 .0164 0.0082 86.52723047 .003393 
0.005687.24406124 .0314 0.0057 87.25584665 .007687 
0.003887.91620770 .0788 0.004087.96170348 .015506 
0.0027 88.71917967 .0839 0.0029 88.64815077 .024386 
0.0019 89.33375156 .0268 0.0021 89.31215811 .019289 

141 
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Table 2. DIMES Lagrange multipliers wO to w250 in row order 

-12497.39250696992 1692.97672245856 11949.87190754904 -1234.44777361718 
3712.24289517012 -3788.67776494679 -3713.83107302494 4795.31676135285 

-1222.16105079234 -1921.90131312691 1563.13225653150 -985.48409691179 
128.80472310321 1109.09145174933 -1856.95955468551 789.80517227866 

2255.26250797851 -2567.05603912498 148.84865315894 2735.35736166389 
-2721.98080856926 -844.94609465040 1951.12764770278 -1882.57671102029 

427.96089576164 1492.89126285382 -1517.88567964258 2048.55631255353 
844.11992239737 -3260.34486208850 1179.02048209850 16.00122895421 

-2642.99240334474 2399.41380239206 111.99733868902 -339.17145101467 
3451.04945843376 -2424.77271145785 -2170.89375742468 1756.89643883490 

-2077.83851674924 1050.44487507791 2023.43669940568 -1951.92016309676 
1514.56119491639 -244.32429004778 -2248.75281271838 1696.18779428191 
-72.87121100201 81.15768980012 1322.52245072659 -1603.23539879206 

-813.70717928800 -392.20760105290 212.71594610510 1509.33988228974 
345.61444343750 863.58413706888 -739.43469587383 -1292.63601048712 

-298.24159177504 -1429.54840320100 1282.82197253623 1387.26087983820 
-575.41458639598 1360.65202995254 -744.34550517463 -1006.19260081130 
832.53172502762 -1150.14514580327 -159.91548224010 322.22827916948 
155.62706352636 635.92653820700 -48.06229768849 24.73608344305 

-300.96355419907 967.47331069581 -725.73171584349 -1069.08608943677 
1414.87897841668 -1050.55207671196 -122.13219430637 237.71121211767 
-876.06691245246 944.07242001105 -480.81214028808 -239.64287537674 
115.65595530707 136.00211615782 -18.82012548430 -995.25614982164 

1417.78911726506 -928.57206767027 -546.45265965293 1989.50362523897 
-2360.77906785266 1162.24984930618 1391.35991031357 -2967.36010281484 
2523.97960041774 -57.54041186155 -2378.29954542402 2850.41506039540 

-1728.52902209899 -844.93372106278 2771.40216633267 -2984.37152608938 
725.35649553698 2521.69952494525 -3531.66494631032 1655.75409978357 

2133.67285034009 -3668.33208489194 1341.69772548184 1640.44927742611 
-3218.23396698984 1009.69711659860 1628.37979072883 -1850.39753491839 
1087.43943470118 851.26255957251 -1325.19897197477 821.70869459439 
-729.49263381824 -1285.39771331518 1866.11758665818 -933.21738491841 
-860.32200844604 3376.91539323130 -1465.25223674648 -2145.31285221814 
3007.39645638947 -1805.90283361549 -1883.84283161439 3393.41843686959 

-1353.76548272206 -568.71802528243 2492.18612212338 -3178.61915297295 
332.97798147272 2565.57100426308 -2633.68032936264 1509.99354345864 
492.35397301049 -2408.02935362027 2154.02896604694 -1545.80488612585 

-1017.17352608198 3152.64725330749 -1222.33856424949 321.39772324437 
562.99073457800 -2109.31707062449 519.12565516770 -216.09641432494 
69.42214500266 853.80428860526 -89.14727180621 316.09369237818 

-598.81490381757 256.16485410084 -503.13930233420 -525.34170916737 
1071.50758174249 -1186.90054203103 379.09482694393 641.37890663668 

-1042.38975748098 910.51241608046 -270.74708778654 -566.17575760087 
471.81705879426 -465.82294974472 -494.88375634012 253.07912135262 

-422.04795984303 -341.22168576122 1182.44735986245 -98.56668968044 
429.72082501078 1182.77366181615 -667.24865069768 -213.41519341532 

-944.17491485627 -1446.53522134451 266.77417362482 601.08403463931 
1198.59725953359 1818.48954286254 -38.94105972577 -1539.56685670958 

-1784.13830805933 -1268.98988403902 1247.59002422075 2232.31859772303 
1359.98646367719 -991.82616166322 -2832.85510176756 -831.90188404630 
1551.84716182037 2666.51334767148 850.45921056435 -2818.11699878208 

-2504.03780318962 770.10343112966 2623.91439582778 1616.18208003740 
-2548.35017361418 -2551.38220016324 2290.39393921464 2763.94889166137 
-716.97711761097 -3053.98785458420 -968.04703215407 2512.52951512651 
1213.70937644639 -1834.79224665120 -946.10788081395 1801.91493881296 
1403.61809779335 -1528.68681665296 -1614.28028917425 345.15729879750 
1221.23553167508 82.30338686021 -1370.61131758095 846.65898951057 
1643.49041682826 -1467.73623673798 -1339.85664844729 1117.25248099782 
760.42156799991 -737.15147792876 -296.76108269748 722.01104861475 

-269.83770871196 -1116.72781708794 153.70464604473 1728.20485144153 
-244.18352400060 -1046.43265774706 1585.41168336593 -1574.73755868094 

-1860.50908383208 2859.09903708727 -1077.85062851306 -1231.42490439611 
3267.95724726926 -447.79994676018 -1997.19745804490 
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Table 3. Satellite lines 

DIMES reconstruction MESA reconstruction 
Ampl. Freq. Std.Dev Ampl. Freq. Ha lfwidth 

.000093 1.0640 .0044 .000076 1.1530 .4639 

.000096 1.7654 .0036 .000097 1.7721 .3228 

.000083 3.1946 .0054 .000066 3.5352 .6128 

.000096 3.8772 .0040 .000091 3.8613 .5051 

.000066 5.3435 .0060 

.000096 5.9814 .0043 .000146 5.8442 .6164 

.000048 7.5187 .0063 

.000093 8.0763 .0049 .000131 7.9370 .4273 

.000039 9.7176 .0068 

.000087 10.1610 .0058 .000122 10.0285 .3139 

.000045 11. 9311 .0081 

.000071 12.2419 .0077 .000118 12.1151 .2647 

.000081 14.1153 .0084 .000117 14.1841 .2595 

.000027 14.3633 .0086 

.000102 16.1913 .0038 .000118 16.2193 .3063 

.000000 16.6121 .0050 

.000101 18.1937 .0012 .000120 18.1923 .3744 

.000012 19.8139 .0041 

.000093 20.1867 .0035 .000116 20.1400 .3089 

.000087 22.0696 .0047 .000113 22.1075 .2725 

.000015 22.3280 .0049 

.000097 24.0250 .0009 .000114 24.0356 .3257 

.000024 25.7629 .0051 

.000076 25.9707 .0049 .000112 25.9091 .2994 

.000095 27.7866 .0009 .000110 27.8021 .2798 

.000093 29.6503 .0011 .000109 29.6378 .3100 

.000092 31.4566 .0010 .000107 31.4685 .2724 

.000091 33.2805 .0009 .000106 33.2639 .2962 

.000089 35.0218 .0009 .000104 35.0438 .2720 

.000089 36.8155 .0008 .000103 36.7893 .2787 

.000088 38.5012 .0008 .000101 38.5197 .2730 

.000084 40.2163 .0009 .000100 40.2219 .2688 

.000086 41. 9292 .0009 .000099 41.8982 .2580 

.000086 43.5343 .0009 .000097 43.5443 .2605 

.000080 45.1274 .0011 .000095 45.1803 .2746 

.000078 46.8369 .0015 .000094 46.7989 .2587 

.000093 48.4591 .0012 .000098 48.3976 .2421 

.000091 49.1406 .0012 .000098 49.0961 .2317 

.000088 50.6060 .0011 .000091 50.6455 .2414 

.000080 52.1006 .0009 .000086 52.1533 .2830 

.000070 53.5893 .0009 .000078 53.6511 .3563 

.000058 55.0749 .0010 .000067 55.1647 .4700 

.000045 56.5611 .0010 .000049 56.7771 .6486 

.000033 58.0507 .0011 

.000025 59.5473 .0012 

.000019 61.0623 .0013 

.000010 64.5787 .0015 

.000010 66.1413 .0015 

.000003 69.7559 .0020 

.000014 71. 9615 .0024 

.000630 88.2939 .2809 
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Conclusions 
When reconstructing an unknown spectrum or other 

positive distribution, theory indicates that one should use 
the direct DIMES method. This produces the "best" possible 
reconstruction, where "best" is defined in terms of 
practical properties which the reconstructions ought to 
possess. DIMES gives spectra which are necessarily finite 
and in which the structure is conservatively broad (while 
still fitting the data). 

By contrast, MESA spectra can be misleadingly sharp, and can 
also be sensitive to the position of the boundary of the 
observing window. These effects are more severe in two and 
three dimensions. They occur because MESA max~m~ses the 
Burg entropy, which is influenced more by the background 
than by the major spectral structure. MESA reconstructions 
always tend to infinity except where expressly prohibited by 
the type of data. In particular cases where the structure is 
sharp and over-determined by the data, MESA can out-perform 
DIMES. However, it is then likely to be itself out-performed 
by algorithms such as MUSIC. 

As the theoretical derivation shows, a MESA spectrum is 
correctly used as a convenient display of the variance of an 
underlying MaxEnt probability distribution. It should not 
be used or presented as an optimal spectrum in its own 
right. At this meeting, whose purpose is to celebrate and 
acknowledge our debt to Edwin Jaynes, it seems appropriate 
to end with a quotation (Jaynes 1982) addressed to this very 
question: "We stress again; a method that is optimal in one 
class of problems can be dangerously misleading in another." 
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INFORMATION AND ENTROPY 
OF PATTERNS IN GENETIC SWITCHS 

Thomas Dana Schneider 
Department of Molecular, Cellular and Developmental Biology 
University of Colorado, Boulder, Colorado 80309 

Abstract. To turn genes on or off, cells use special molecules that 
recognize patterns in the genetic material. These patterns contain about 
as much information as one would predict from information theory. Dur­
ing evolution, mutations tend to destroy genetic patterns in the same 
way that thermal motion tends to destroy patterns in inanimate materi­
als. I am suggesting here that the destructive tendency for entropy to in­
crease in isolated systems may also apply to the genetic material. 

Introduction 

We will look at how the molecular machines in living things recognize pat­
terns in the genetic material. We ask: how much information is contained in 
these patterns and what determines the amount? 

You should be familiar with Shannon's uncertainty measure, (Shannon 1948; 
Pierce 1980) but you won't need to know much molecular biology. If you 
would like more background on molecular biology, I recommend the book by 
Watson et ai. (1987). The original, more comprehensive paper is by 
Schneider et at. (1986). 

Binding Sites and Recognizers 

Living cells use a chemical code to store information about how to build the 
protein structural components of the cell and the enzymes that catalyze 
chemical reactions. The chemical, deoxyribonucleic acid (DNA), is a long 
polymer with 4 kinds of "bases" strung together by sugar and phosphate 
groups. For this paper the chemical structure of bases is not at all impor­
tant, so they will just be called 'a', 'c', 'g' and 't'. In the cell, the DNA is 
usually made of two strands twisted around each other so that every 'a' on 
one strand is paired to a 't' on the other strand, and every 'g' on one strand 
is paired to a 'c' on the other. The strands have polarity and are read in 
opposite directions. 
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Long before the chemical nature of the genetic material was determined, 
geneticists discovered that there are distinct regions - genes - that have 
specific functions. In bacteria, genes are about 1000 base pairs long. (In 
humans and other higher organisms they can cover many thousands of base 
pairs.) Only by looking at the pattern of the bases can the cell machinery tell 
where the starting and stopping points are for reading each gene. These pat­
terns are called "binding sites" because they are the place that special 
molecules, called "recognizers", can bind. 

There are many known recognizers, and they do many things in cells. For 
example, a molecule called RNA polymerase binds to a pattern called the 
"promoter" near the starting point of genes. The RNA polymerase then 
moves along the DNA and copies it by polymerizing bases together to form a 
strand of RNA. Likewise, the ribosome binds to a "ribosome binding site" on 
the RNA, and then moves along the RNA while translating the RNA into 
protein. These two processes, called the "Central Dogma" of molecular biol­
ogy, are performed in all cells. 

A simple two-state molecular switch is formed when a protein, called a 
repressor, binds to the same region as a promoter, at a place called an opera­
tor. For example, the bacterium Escherichia coli has an enzyme for digesting 
the sugar lactose. Normally this protein is not synthesized because a repres­
sor binds to the promoter. When there is lactose in the surrounding water, 
some enters the cell and binds to the repressor. This changes the shape of 
the repressor so that it no longer binds to the operator. The polymerase can 
then make the RNA for the digestive enzyme. 

What determines the patterns of binding sites? Can we find laws to describe 
them? 

The information content of binding sites 

Figure 1 is an example of some binding site sequences. The numbers at the 
top give the coordinates of each base. Each horizontal line of letters 
represents one strand of the DNA, reading from left to right. If you look 
closely at all 14 sequences, you will see this pattern starting at position -7: 
ctgnnnnnnnnnncag (n means anything). 

The protein that binds to these sequences is called LexA. When the DNA in 
an E. coli cell is damaged by chemicals or radiation, LexA, which normally 
sits at these sequences, is destroyed. This turns on a set of genes that repair 
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Figure 1: LexA binding sites 
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1 cttgatactgtatgagcatacagtataatt 
2 aattatactgtatgctcatacagtatcaag 
3 ccttttgctgtatatactcacagcataact 
4 agttatgctgtgagtatatacagcaaaagg 
5 agcataactgtatatacacccagggggcgg 
6 ccgccccctgggtgtatatacagttatgct 
7 tccaatactgtatattcattcaggtcaatt 
8 aattgacctgaatgaatatacagtattgga 
9 tgatgaactgtttttttatccagtataatt 

10 aattatactggataaaaaaacagttcatca 
11 ggatgtactgtacatccatacagtaactca 
12 tgagttactgtatggatgtacagtacatcc 
13 aatcatactgtgtatatatacagtattttg 
14 caaaatactgtatatatacacagtatgatt 

the damage. (The LexA system is another example of a molecular switch.) 
LexA is composed of two copies of a protein chain. The copies are identical 
and stick together strongly, like a yin-yang symbol. LexA is rotationally 
symmetric, and the pattern to which it binds is also symmetric. 

To understand this, we write down the basic pattern we saw above, along 
with the other strand of DNA (recall that 'c' pairs with 'g' and 'a' with 't'): 

ctgnnnnnnnnnncag (reading left to right, the sequence) 
gacnnnnnnnnnngtc (reading right to left, the sequence's complement) 

They are the same pattern because the two strands of DNA are always read 
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in opposite directions (both by convention and by molecular machinery). The 
list of sequences in Figure 1 alternates between sequences and their comple­
ments, all written left to right. (For example, base 15 of sequence 1, a 't', is 
the complement of base -14 of sequence 2, an 'a'.) There are only 7 LexA 
binding sites represented in this example. 

In position -5, there is always a 'g' in the pattern. So our uncertainty about 
what base to expect in another LexA binding site is low. Indeed, Shannon's 
uncertainty for this position is 0 bits. (A 'bit' is the information needed to 
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choose between two equally likely states.) Position -4 gives us more uncer­
tainty while positions outside the site have almost 2 bits of uncertainty 
because there are 4 possibilities. We can write this down as: 

Hs(L) = - ~f(B,L) iog2 f(B,L) (bits per base), (1) 

where L is the position in the site, f(B,L) is the frequency of base B at posi­
tion L and the sum is taken over all bases (B is either 'a', 'c', 'g' or 't'). 
Hs(L) is the uncertainty of what base to expect in another LexA binding site. 

When LexA is searching the E. coli DNA for a binding site, it encounters all 
four bases at about the same frequency. That is, if we messed up the align­
ment of the sequences, we would have 2 bits of uncertainty about what base 
is at each position. As LexA finds sites (or, equivalently, as we bring the 
sequences into alignment) the uncertainty drops for each position. This 
difference is a measure of the information contained in the pattern (Tribus & 
Mclrvine 1971): 

Rsequence(L) = 2 - Hs(L). (bits per base). (2) 

(See Schneider et al. 1986, for an alternative formula.) 

The curve for these differences, running across the site, is shown in Figure 2. 
On the bottom is a table of the number of bases at each position in the site. 
(The curve includes a correction for the small number of sample sequences. 
Shannon's formula is for probabilities, but we only have frequency data to 
work with, and this requires that we make a correction. See the appendix of 
Schneider et al. 1986 for more details.) The curve shows that the center of 
the sites do contain information of varying amounts at different positions. 
Outside the binding site the curve goes to zero. 

By summing across this curve, we obtain a measure of the total information 
in the site. This is called Rsequence. For LexA, we get 21 bits per site. 

How much information is needed to find binding sites! 

If the genome (ie., the genetic material of an organism) has G positions at 
which a recognizer can bind and all the positions are equally available for 
inspection, then to pick one position out requires iog2G bits of information. 

If there are two positions to be picked out, it won't matter which one the 
recognizer binds to because once it has found one it may begin to do its job 
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there. In this case the recognizer does not need to know which site it is at, 
so one bit of uncertainty can remain after it has bound. In general, if there 
are '1 sites, the uncertainty remaining after the sites are located is !og2'1. (The 
full formula for H may be used if the sites vary in their binding capacity.) 
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The minimum information needed to find the set of sites in the genome is 
therefore: 

"I 
Rf requency = iog2 G - iog2 "I = -iog2 - = -iog2 f (bits per site) (3) 

G 

where f is the frequency of sites in the genome. 

Rsequence and Rfrequency are probably related 

We can find out the size of the genome and the number of sites for certain 
recognizers, which means we can estimate Rfrequency. Because we can also 
determine the sequences of binding sites, we can estimate Rsequence. These 
measures are independent of each other, so we can ask how they are related. 
This is shown in Table 1. 

Table 1: Two measures of binding site information (in bits per site). 

Organism Recognizer Rsequence Rfrequency 
Rsequence 

Rfrequency 

E. coli Ribosome 11.0 10.6 1.0 
E. coli LexA 21.1 18.4 1.1 
E. coli TrpR 23.4 20.3 1.1 
E. coli LacI 19.2 21.9 0.9 
E. coli ArgR 16.4 18.4 0.9 
E. coli AraC 19.3 19.3 1.0 

A cI/Cro 17.1 19.3 o.g 

A o (origin) 20.9 19.9 1.0 

T7 RNA Polymerase 35.4 16.5 2.1 
T7 Symmetry 16.4 17.8 O.g 

The ratio of Rsequence to Rfrequency is close to 1 in the first 8 cases listed in 
the table. This suggests that the amount of information in the binding site 
patterns is generally the amount one would expect given the size of the 
genome and the number of sites. 
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Why then is there so much extra information in the T7 RNA polymerase 
binding sites? Two different recognizers could bind to the same place but not 
share information. This explains why the ratio is close to 2. Evidence for 
this hypothesis is a symmetrical pattern in these sites that has as much 
information as one would expect (last line of the table). This may be the 
binding site of another protein, possibly to form a molecular switch like 
LexA. This has not been proven experimentally. 

Entropy Increase and the Evolution of Binding Sites 

Shannon named his uncertainty measure H because it is almost the same for­
mula as Boltzmann's formula for entropy. The only difference is the multipli­
cative constant that determines the units of measure. The Second Law of 
thermodynamics states that H will tend to increase to a maximum in a ther­
mally isolated system. Because living things use solar energy and dump their 
waste heat into space, they are not part of an isolated system and one should 
not expect the entropy of their components to increase to maxima. 

The formula for Rsequence used in this paper, 

Rsequence = ~ (2 - Hs(L)) (bits per site). (4) 
L 

contains an uncertainty that depends on the sequences at binding sites. 
Mutations change the bases of the DNA, and if these are not deleterious they 
are passed on to the progeny. Thus mutation tends to increase the uncer­
tainty of the pattern, Hs(L). If the uncertainty increases too much, then Rse­
quence will become smaller than Rfrequency. Perhaps at this point the 
genetic control system will fail to work correctly because the binding sites 
don't have enough information to be found. These organisms would be less 
effective in genetic control than others with the correct amount of informa­
tion, so during evolution selection would have eliminated them from the sam­
ples we can look at today. 

The net effect is that the entropy of the binding sites increases to a max­
imum determined by the requirement for the system to function. The second 
law may indeed apply here because there are only 4 possible bases in DNA. 
Mutations are simply exchanges between these "states". Clearly it is not 
advantageous for a strong bias to exist in the direction of mutations. 
(Although the DNA of many organisms is not composed of equally probable 
bases, the reason is not known.) From this we might argue that each base 
position in a set of sites is reasonably well isolated from the cellular energy 
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flux. To the degree that this is true, the nucleotide "states" will tend to 
spread out. A similar situation for thermally isolated quantum systems leads 
directly to the second law (Waldram 1985). 

Darwinian variation, now known in part as mutation, has the same effect as 
thermal motion does in common materials such as two miscible liquids. Both 
tend to increase the entropy of the material. One difference is that liquids 
mix quickly compared to the slow accumulation of mutations over millions of 
years. But only the direction of time, not the amount of time, is relevant to 
the second law. 

Thus the entropy of patterns in genetic material tends to increase in the 
same way that the entropy of isolated physical systems tends to increase in 
accordance with the second law of thermodynamics. 
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MAXIMUM ENTROPY AND THE PHASE PROBLEM 
IN PROTEIN CRYSTALLOGRAPHY. 

R. K. Bryan 
European Molecular Biology Laboratory, Meyerhofstrasse 1, 
6900 Heidelberg, West Germany. 

INTRODUCTION. 
X-ray diffraction from a crystal enables the intensity of the Fourier transform of 

the scattering electron density to be measured. From these data we wish to deduce the atomic 
coordinates of the crystallised molecule. A crystal is an object which is translation ally periodic, 
which allows a unit cell to be defined by three non-coplanar vectors al, a2, a3, such that the 
density is the same after a translation by any of these vectors. Using the translation invariance, 
the Fourier transform F(k) = f p(r) exp(27rir.k)d3 r of the electron density p is then non-zero 
only at points k such that hi == k.a; are integers for each i. The vectors {aa reciprocal to 
{ail, so that ai.a; = Oi;, form a basis for the space of k, usually termed reciprocal space, with 
k = l:i hiai. The points given by integral hi are called the reciprocal lattice. It is generally 
convenient to use fractional cell coordinates x, so that r = l:i Xiai, and hence r.k = x.h. 

For normal scattering, p is real, and Fh has complex conjugate (or Friede~ symmetry, F-h = 
Fi',. It is also possible for a crystal to have symmetries additional to translation, such as 
rotation axes, screw axes, mirror reflections, etc., which in various combinations form the 230 
possible space groups. Each symmetry leads to a corresponding symmetry in reciprocal space 
(Bienenstock & Ewald, 1962), and so gives no further independent information. Since only 
the diffraction intensity can be measured, and not the phase, it is not possible to calculate the 
electron density directly by an inverse transform. If the intensity of a continuous transform is 
known, is in principle possible, but rarely practicable, to deduce the phases by analytic means 
alone. However, crystallinity means that there is no redundancy within the data and such 
methods are totally inapplicable. On the other hand, it does enable the diffraction intensity at 
each reciprocal lattice point to be measured by a non-ideal instrument without corruption by the 
values at nearby points in reciprocal space. The phase problem is thus central to X-ray structural 
analysis. 

It will be useful here to give some idea of the orders of magnitude involved. Bond lengths 
between atoms are about l.SA (IA = lO-lOm), and proteins contain upwards of 200 atoms. 
Conventionally, CuKa radiation, wavelength l.S4A, is used, so that data to a spacing of 0.77A 
could be collected, and thus enable individual atoms to be resolved. Usually, the resolution limit 
for proteins is determined by the degree of order within the crystal and by thermal vibration, so 
useful data can often be collected only to 2A or worse. Thus even if the data could be accurately 
phased, we should have to apply some knowledge of molecular structure to the resulting electron 
density in order to deduce accurate atomic coordinates. 

In the rest of the introduction, the principles of protein structure and the classical methods of 
phase determination will be outlined. The limitations of these methods enable us to identify 
areas where other methods, in particular maximum entropy, may prove useful in structure 
determination. 
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Figure 1. A p-strand in a 'ball and stick' representation, comprised of seven 
amino-acids, with various sidechains, which in this conformation protrude on 
alternate sides of the main chain. Hydrogen atoms omitted. 

Protein structure. 
Since about 200 distinct protein structures have been solved, much is known 

about their typical configurations (Blundell & Johnson, 1976). The basic building block is an 
amino acid, which has a main chain of two carbon atoms and one nitrogen, and a sidechain, 
which may contain up to 10 additional non-hydrogen atoms, branching off at the central (Ca ) 

carbon. The four different bonds (2 main chain, sidechain and a hydrogen) to the Ca mean that 
it is chiral. All natural amino acids have the hand illustrated in figure 1. There are 20 different 
sidechains found in natural proteins, all consisting of atoms of hydrogen, carbon, nitrogen, 
oxygen or, in two cases, sulphur. A number of amino acids join together in a chain to give a 
protein. The sequence of amino acids, specified in the organism's gene which codes for that 
particular protein, is known as the primary structure. The various sidechains have different 
properties of electrical charge, hydrophobicity etc, and the interactions between them and with 
the aequeous environment determine how the chain folds to form the protein, although exactly 
how is unfortunately not yet understood sufficiently well for us to predict the three-dimensional 
structure of a protein from the primary structure. 

The folding of an amino acid chain is hierarchically. At the first level, 'secondary structures' 
are formed, of which the a-helix (figure 2) and p-strand are the most common. The a-helix 
is stabilised by hydrogen bonds between successive turns. Such secondary structure elements 
are linked together by loops or turns, and pack together to form the 'tertiary' structure, which 
is stabilised by further hydrogen bonding between adjacent sidechains. Typically, a globular 
protein will consist mostly of a fairly rigid a, p, or mixed a-p, structure supporting an 'active 
site', perhaps of only a few amino acids, which interacts with other molecules. In larger proteins, 
several such domains, sometimes identical, may pack together to form the final product. 

With this knowledge of the structure of proteins, it is not necessary to obtain an electron density 
map to atomic resolution in order to build a model. The main chain, particularly in helices, 
usually has lower thermal vibration than the sidechains, and can be seen as a tube of density 
at about 4A resolution. The degree of order in sidechains varies, with those protruding into 
solvent often very disordered and never visible at any resolution, although generally they can be 
seen at around 3A resolution. The close atomic numbers of carbon, nitrogen and oxygen, means 
that they cannot be distinguished by their density alone, which complicates the identification 
of sidechains, and indeed often makes it difficult to see which way the backbone runs, whereas 
hydrogen atoms have insufficient density to be seen at all in this resolution range. 
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Figure 2. A length of a-helix, with sidechains omitted, illustrating the hydrogen 
bonds (dashed lines) between carboxyl groups and the NH group four amino 
acids along, which stabilise the structure. 

Approaches to the phase problem. 
Several methods are in use for deducing atomic structures from Fourier intensity 

data. For small molecules, less than 100 atoms, with data of sufficiently high resolution, 'direct' 
methods are the norm. It is assumed that the structure consists of equal, resolved atoms, 
and hence that the square of the electron density is proportional to the electron density itself. 
The Fourier transform of this expression gives relationships amongst the Fourier coefficients, 
and by assigning trial phases to a few strong reflections, the others may be estimated. Most 
implementations generate several different possible solutions, from which the user must select 
those agreeing with his ideas on the chemical structure. 

The assumptions made for the derivation of direct methods are usually inapplicable for proteins. 
Additionally, the polymeric form means that the same structural motifs are repeated throughout 
the molecule, thus increasing the scope for ambiguous solutions. Except for those cases when 
there has been some initial information, for instance, the known structure of a similar protein, 
virtually all large molecules have been solved by the method of multiple isomorphous replacement 
(MIR). An isomorphous heavy atom derivative of a protein is one in which one or more atoms 
of large atomic number are added to each native molecule, without significantly changing the 
structure. This is often a considerable achievement in protein chemistry! IT diffraction data are 
collected for the native and one or more derivatives, they can be used to calculate the phases in 
the following way. Let 

Fh = IFhl exp(it/>h) = f. p(x) exp(27rix.h)d3 x 
xEuuitcell 

(1) 

be the Fourier coefficients of the electron density due to the protein alone, a superscript D denote 
those for the derivative, and Hh be the heavy atom Fourier coefficients, so Fh D = Fh P + Hh. 
Taking the component in the direction of Fh D gives 

(2) 

IT the heavy atom contribution is small, t/>r ~ t/>h, so 

(3) 

and hence to lowest order 

(4) 
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Figure 3. The Harker construction in the Argand diagram, illustrating the 
calculation of native phases, given native and derivative amplitudes and the 
heavy atom Fourier coefficients. A circle ofradius IFbl centred on the origin 
intersects one of radius IFb D I centred on - Hb at the two possible phase 
solutions. 

The experimental data consist of measurements '!b 12 and IFb D 12, which are conventionally used 
to compute the inverse Fourier transform of IIFb I - IFbW, (the 'difference Patterson'), as 
an unfortunately rather poor approximation to the autocorrelation function of the heavy atom 
density. This map is corrupted by protein-heavy atom cross vectors, and is usually noisy since it 
is calculated from the differences of experimental quantities. Despite this, if the number of heavy 
atom sites is small, their approximate relative positions can often be deduced from this map. 
In some space groups, this will also fix their positions relative to crystal symmetry elements, 
otherwise, if more than one independent derivative is used, the relative origins must also be 
established, by, for instance, a difference Patterson between the various derivative data sets. 

The transform of the located heavy atoms is then calculated, and used to phase the native 
amplitudes, illustrated by the Harker construction (Harker, 1956), figure 3, 
so that 

A single derivative clearly gives a 2-fold ambiguity in phase for each amplitude, which a second 
independent derivative is needed to resolve. The only exception to this is for those reflections, 
termed centrics, which must have a real phase due to space group symmetry, and hence can by 
phased by a single derivative. Not all reflections from a protein crystal can be centric, because 
amino acids are chiral, hence the protein cannot have a centre of symmetry, although the 
projection of the structure in certain directions (e.g., down a 2-fold axis) may do. In practice, 
due to noisy data and uncertainties and errors in locating the heavy atoms, the phases are still 
not precisely defined, even with more than the theoretical minimum of two derivatives, and a 
probabalistic calculation is used to find the 'best' phase (Blow & Crick, 1959). It is assumed 
that the measured native amplitude is correct, that the probability of the phase being tP is 
proportional to 

(5) 

(6) 
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and that the expectation value of IFhlexp(i.p) over this distribution is an appropriate estimate 
of the Fourier coefficient. This expectation value, which may be written as mlFhl exp(i.pB), is 
known by crystallographers as the 'best' estimate, and m (always less than 1), as the 'figure 
of merit'. If the phasing of a Fourier coefficient is imprecise, m is small, so the measured value 
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is effectively weighted down. Should there be data on more than one derivative, the net phase 
probability distribution is taken to be the product of those for each derivative. The electron 
density is then calculated by a straightforward Fourier transform of the phased amplitudes. 
Although the resultant map is best in a 'least squares' sense, one can criticise several aspects of 
this procedure:- there is truncation error, due to the (inevitable) finite resolution of the data, 
giving ripples on the map and areas of physically impossible negative density; the weighting 
scheme means that the amplitudes of the transform of the map are not the measured amplitudes, 
although at higher resolution the measured intensities tend to be smaller, and hence have a larger 
error and a lower weighting thus reducing the truncation ripple at the expense of resolution; and 
the native data often extends to higher resolution than the derivatives, so cannot be phased by 
this method. 

Typically, a structure may be solved by obtaining isomorphous derivatives which give good 
phases to 2.5-3A, and building an approximate atomic model into the resulting density, using 
idealised bond lengths and angles where appropriate. This model is then 'refined' against 
the native data alone, at the same time imposing geometrical constraints on the bonds. The 
key is still obtaining isomorphous derivatives to this resolution, which is not always easy, as 
the introduction of heavy atoms often disturbs the molecule, either at the sidechain level, so 
that isomorphism is only retained to 5-6A, or such that the packing between molecules is 
affected, and the unit cell dimensions change. Delay in many protein structure determinations 
is frequently due to the difficulty of finding at least two derivatives which are sufficiently 
isomorphous to the native at 3A resolution. Nevertheless, the majority of structural solutions 
have been achieved by these methods. 

The most important variation on this method is the exploitation of anomalous scattering near 
the absorption edge of inner-shell electrons in heavy atoms. The resultant phase shifts cause 
an imaginary component of scattering to appear, and so the Friedel symmetry is lost. The 
differences in intensity between the band -b reflections (usually termed a Bijvoet pair) can 
be measured, and exploited in a similar way to isomorphous differences, although yielding 
information on sin(.p - .pH) rather than cos(.p - .pH). Thus, in principle, if the anomalous 
differences of a single isomorphous derivative are measured, there is sufficient information to 
calculate the phases. However, since the anomalous scattering component is typically around 10% 
of the normal part, the anomalous differences are comparable with the noise level on the intensity 
measurements, and the precision of the phase information is much less than that of isomorphous 
differences. On the other hand, the anomalous differences are free from any additional problems 
of non-isomorphism. One of the finest exploitations of this effect has been the solution of the 
structure of Crambin (Hendrickson & Teeter, 1981), a small protein of 46 amino acids, but 
containing 6 cysteines, each with one sulphur atom in its sidechain. The anomalous scattering 
from the sulphur atoms, about 1.4% of the total, was sufficient for their positions to be found, 
and hence, using also the normal part of the sulphur scattering, the protein phases to be 
deduced. The use of tuneable synchrotron radiation is likely to enable more structures to be 
solved in this manner, as data can be collected near to and far from the absorption edge of a 
particular atomic species, and thus allow one effectively to turn on and off anomalous scatterers 
whilst preserving perfect isomorphism. Another approach has been to combine isomorphous 
replacement and direct methods (Hauptman, 1982), which, like all direct methods, requires the 
assumption of atomicity, and will possibly lose power at lower resolution. 

In fortuitous cases, a protein may crystallise in such a way that some of the symmetries are 
purely local, and not crystal space-group symmetries. This must happen if the structure has 
an internal symmetry which is not a possible space group symmetry, most notably in the case 
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of icosahedral viruses, whose coat proteins have 60-fold symmetry (Harrison et aI., 1978, Hogle 
et al., 1985, Rossmann et al., 1985). The additional symmetry means that there is considerable 
redundancy in the intensity data, which may be exploited if the local symmetry elements can be 
determined and positioned in the crystal unit cell Most successful applications of this method 
have, however, needed some isomorphous derivatives to position the molecule and to initiate the 
phasing, although recent results have been achieved with only one low resolution derivative. 

The usual method of phase determination is seen to rely on the collection of sufficient 
isomorphous derivative data, without in any way using the extensive knowledge of protein 
structure that we have. The effort required is thus several times that required to make crystals 
and collect diffraction data for the native protein alone. Any computational method which can 
aid the determination of phases when complete derivative data is lacking would therefore be of 
great advantage. For this reason, much interest has been shown in recent years in applying the 
maximum entropy method to this problem. 

MAXIMUM ENTROPY THEORY. 
Several authors have described the theory of the maximum entropy method as 

applied to the reconstruction of maps from incomplete and noise data, with conceptually clean 
accounts being given by Gull & Daniell (1978), Gull & Skilling (1984), and in a more specifically 
crystallographic context, by Wilkins et al. (1983), Bricogne (1984), and Livesey & Skilling (1985). 
The latter two papers also discuss the relationship of the maximum entropy formulation that will 
be used here to some others which have been suggested for use in crystallography. In essence, 
the maximum entropy method involves selecting the map having the greatest configurational 
entropy, and hence least configurational information, from the 'feasible set' of maps which fit the 
experimental data to within the noise limits. This technique has been proved to be the unique 
extremum principle which does not introduce correlations in the map which are not required 
by the data (Shore & Johnson, 1980). Selecting the map with least configurational information 
confers many advantages. For example (Gull & Daniell, 1978), there must be evidence in the 
data for any structure seen in the reconstruction. Noise is automatically suppressed, as are 
artifacts, such as sidelobes due to incomplete coverage of reciprocal space by the data. 

First, the 'feasible set' of maps is defined as those which are consistent with the observed 
intensity data. If the differences between the intensities calculated from a given trial map p and 
the observed native intensities can be attributed solely to noise on the data, then we claim that 
our trial map agrees with the data, and is thus a 'feasible' map. If isomorphous replacement 
or anomalous difference data are also available, then, assuming that the positions of the heavy 
atoms have already been established, the calculated derivative intensities can be similarly 
compared with the observations. It is not necessary to go via the intermediate step of explicitly 
calculating the phase probability distribution for each Fourier coefficient. The usual comparison 
measure, already used for many types of data, is the logarithm of the likelihood, giving the X2 

test (Abels, 1974, Gull & Daniell, 1978). Assuming uncorrelated noise of known variance, the 
appropriate form for crystallographic data is 

X2 (pjI,ID',FP) = 2:{ wh(IFhI2 - I h)2 
h 

+ whlFh - FCI2 }, 

(7a) 

(7b) 

(7c) 

where Ih are the observed native intensities, If:' the observed intensities for the ith derivative, 
weighted by Wh and w:?' (usually inverse variances) respectively, the Fh are the Fourier 



THE PHASE PROBLEM IN PROTEIN CRYSTALLOGRAPHY 161 

coefficients calculated from a trial map p, H~ the transform of heavy atom contribution to the ith 

derivative, and the F~ phased data, included to take account of reflections which can be phased 
reliably by conventional isomorphous replacement, such as centrics when a single isomorphous 
derivative is used. 

The form of constraint function we use can be extended to include data from further derivatives, 
simply by adding extra terms like (7b). Anomalous differences can be incorporated most easily 
by treating the Ih and Lh measurements separately, each being compared with the appropriate 
protein Fourier coefficient plus heavy atom contribution. Conventionally, crystallographers work 
with the average and difference of the measurements of a Bijvoet pair, and if the weights of 
the pair are equal, it is possible to rearrange the equations to give a comparison on the average 
intensity plus a further contribution on the anomalous difference itself, so that IF + HI2 + IH"12 

is compared with Iav, and 4~((F + H)H"*) with t:.lanom. Here H is the Fourier coefficient 
calculated from the sum of the normal and the real part of the anomalous scattering factors 
of the heavy atoms, and H" the corresponding quantity for the imaginary component of the 
anomalous scattering factors. 

As in any form of statistical testing, the X2 test enables one to determine whether a trial map 
P is an acceptable fit to the data at a given confidence level. If the total number M of intensity 
measurements is large, the distribution of the X2 statistic can be approximated by a J/(M, 2M) 
Gaussian, and so a trial map p which gives a X2 value significantly greater than M can be 
rejected as incompatible with the data. The feasible set therefore consists of those maps that 
give X2 ~ M. The maximum entropy solution is then the member of this set having the greatest 
configurational entropy S, where 

S(p) = - I>ilogPi/mi, 
i 

Pi = Pi/Ep· (8) 

m is the normalised prior map, which is the estimate of the solution before the data are 
considered, and p = m has the global unconstrained entropy maximum. If m lies within the 
feasible set, it will be the maximum entropy solution, which should only happen if the data 
introduce no new information. Usually, m is taken as the completely unbiased flat map, which 
will only lie within the feasible set if the data are so noisy that they convey no information 
whatsoever. Otherwise, since the entropy function is convex, any feasible maximum entropy map 
will lie on the surface of the feasible set. 

If constraint (7c) alone is used, the map and data are linearly related, the feasible set of maps 
defined by the X2 test is an ellipsoidal cylinder in the space of all maps, and there is a unique 
entropy maximum. The topology of the feasible set if intensity constraints are also used is, 
however, more complicated. Native intensity data constrain the corresponding Fourier coefficient 
to lie within an annulus in the complex plane. If native and derivative intensity constraints are 
both used, there may be disconnected regions of high likelihood. Figure 4a shows an example 
of this. If, however, there is little phase information for a reflection in the SIR data, the X2 
distribution will remain more nearly circularly symmetric (figure 4b). Thus, depending on the 
data, a given Fourier coefficient may be constrained to lie within an annulus, in one or two 
simply connected regions of the complex plane, or be completely unconstrained. The feasible set, 
if data are provided for M reflections, is the M-dimensional product of such regions, extending 
to infinity in those directions for which there are no data. The entropy function automatically 
restricts maps to the positive orthant Pi ~ 0, and so eliminates many of the disconnected regions, 
but may also introduce extra topological complications if the orthant edges intersect parts of the 
feasible set. We may thus expect to find several local entropy maxima when intensity constraints 
are used, corresponding to the possible phase ambiguities of the problem. 

A complete solution to the problem would require that all the possible local entropy maxima 
be examined in order to find the global maximum. The numerical algorithm used to find 
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HKL 1 1 2. Native amplitude 4223 HKL2113. Native amplitude 1232 

Figure 4. Contour maps in the complex plane of contributions to the likelihood, 
exp(-~x2), for single reHections. Contour levels are 0.1,0.3,0.5,0.7,0.9. 
H denotes the heavy atom, B the 'best', and P the 'most probable' Fourier 
coefficients. The measured native and derivative amplitudes (dotted circles) 
intersect at the points P. a) Bimodal phase distribution, with each possible phase 
fairly precisely defined. b) Almost circularly symmetric phase distribution. 

the solutions shown in later sections can reliably locate a local entropy maximum, and has 
been described in detail in Skilling & Bryan (1984) for the case of convex constraints, with 
the extension to non-convex constraints in Bryan & Skilling (1986). Despite criticisms of this 
algorithm (Bricogne, 1984), there is no difficulty in employing it to find local maxima of the non­
convex constrained problem, although which of the possible maxima (assuming that there is more 
than one) is reached will necessarily depend on the starting map. 

APPLICATION TO PROTEIN CRYSTALLOGRAPHY. 
Several authors (e.g. Collins, 1982, Bricogne, 1984, Wei, 1985, Wilkins & 

Stuart, 1986, Navaza, 1986) have presented work showing the effect of maximum entropy when 
used with Fourier coefficient data, although with minor variations in the exact formulation 
of the problem. The resolution of the data used varied from atomic to 4A, but improvements 
in map quality were uniformly reported. These calculations are analogous to those of Gull & 
Daniell (1978), in which the data were Fourier coefficients obtained by radio interferometer 
observations. The phase problem itself has also been tackled by maximum entropy. Gull & 
Daniell (1978) showed that if suitable starting phases are provided, a good maximum entropy 
reconstruction of a 2-dimensional field of point sources can be obtained, and Bryan & Skilling 
(1986) presented an algorithm that could solve a similar problem without assuming the starting 
phases, but also showed that data from a diffuse object could give a maximum entropy solution 
very different from the original object. Livesey (1984) obtained successful reconstructions of a 
small molecule with atomic resolution data. On the other hand, Navaza (1986) reports that the 
density calculated using intensity data only, at unspecified resolution, was uninterpretable, and 
suspects that an alternative entropy maximum was found. Moreover, Bryan (1984) and Bryan & 
Banner (1986) found an example which shows that at 3A resolution, a protein map which is an 
entropy maximum when subject to Fourier coefficient constraints, is not one when constrained by 
intensities only, and that when the entropy is maximised using this as a starting map, the phases 
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shift by an average of 40°, resulting in an uninterpretable map. Following the logic of Jaynes 
(1968, 1982), there is no inconsistency here, but we have simply assumed uniformity in the prior 
distribution, thus ignoring the very strong underlying constraint of atomicity, and then, perhaps 
not surprisingly, obtain a non-atomic map. 

These results show that the phase problem is approachable by maximum entropy if the data 
demand point-like or atomic features, but perhaps not otherwise. Therefore, the problem of 
interest in protein crystallography, that of using intensity data at 2.5-3A to produce interpretable 
maps, seems to be outside the current scope of the method. However, this is not to say that 
maximum entropy is of no use in this field. The relative entropy expression provides a way 
of combining prior information with new data. As already described, we have a very good 
understanding of molecular structure, and one aspect of incorporating this into a prior is 
discussed in the last section. Another application is to problem of inadequate isomorphous 
replacement data. If MIR phases are only obtained to low resolution, we may consider using 
higher resolution native intensity data as a further constraint, the 'phase extension' problem. 
However, the problem that will be considered in the rest of this section will that of single 
isomorphous replacement (SIR). 

Single isomorphous replacement data. 
Whilst in some circumstances a conventional figure of merit weighted SIR 

Fourier map (Blow & Rossmann, 1961) may be interpretable, this is not always the case. As 
outlined in a previous section, each Fourier coefficient is estimated to be the average of the two 
possible phase solutions. In particular, if the heavy atoms form a centrosymmetric array, the 
heavy atom Fourier coefficients will all be real when the point of symmetry is taken as the phase 
origin, hence the SIR protein Fourier coefficients will also be real, and the density will consist of 
the superposition of the true density and its inverse. By using maximum entropy, we can attempt 
to select between the possible phases, so that our map will at least agree with the data. The 
number of acceptable phase solutions will be considerably reduced by positivity alone, although 
it will probably not resolve the ambiguity in phase of weaker reflections, where an incorrect phase 
choice would not cause this criterion to be violated. Maximum entropy has already been used to 
solve the structure of a filamentous virus from SIR data at 4A resolution (Bryan, 1983, Bryan et 
al., 1983). The virus had helical symmetry, so its Fourier transform is sampled in one dimension 
only, and is continuous in the other two. The phases at adjacent data points in reciprocal space 
are thus related, and the possible phase ambiguities therefore very much reduced compared with 
a similar-sized crystallographic problem. 

A calculation using simulated crystallographic data is described here. A representative structure 
was obtained by extracting a fragment of 20 amino acids (160 non-hydrogen atoms) forming 
an 0.-(3 motif from Triose Phosphate Isomerase (Banner et al., 1976). This was placed it in the 
asymmetric unit of a P2121 21 unit cell, a = b = 24A, c = 64A, and Fourier coefficients to 
3A resolution were calculated. Part of the density synthesised from these Fourier coefficients 
is shown in figure 5. A derivative data set was simulated by adding the Fourier coefficients of 
a single zinc atom per asymmetric unit to the native Fourier coefficients, giving a heavy atom 
contribution of about the same size as that expected from a real heavy atom in a medium sized 
protein, e.g. one mercury atom in a protein of molecular weight 16000, using the formula of Crick 
& Magdoff (1956). The data used were the intensities of these two sets of Fourier coefficients. 
A conventional SIR synthesis from these data is shown in figure 6. The average figure of merit 
for all reflections, including centries, was 68%, so not surprisingly the density is generally weaker 
than the original, and the average amplitude weighted phase change for acentrics was 43° from 
the original phases. 

Applying maximum entropy to these 'best' SIR Fourier coefficients would be inappropriate; they 
do not necessarily correspond to a positive structure. Instead, the native and derivative intensity 
data sets were both used as constraints, in X2 terms (7a) and (7b). The single derivative is 
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Figure 5. Density calculated from model protein fragment. Contour map of two 
successive sections at 1A intervals in z. This, and all subsequent contour maps, 
have the same contour intervals. The zero contour is suppressed, and negative 
contours dashed. An a-helix lies with its axis almost horizontal in the lower half, 
and another part of the molecule is intersected obliquely in the upper half. 

sufficient to phase the centric reHections, which were therefore incorporated in the phased term 
(7c), except that those with a low figure of merit, below 0.75, were ignored, as their sign is then 
unreliable. The heavy atom Fourier coefficients used were the same as in the SIR synthesis. 
Since this problem exhibits the full complexity of optimisation with non-convex constraints, it 
takes much more CPU time to solve than a similar sized convex problem. The resulting density, 
figure 7, shows all the correct features and no artifacts. Indeed, due to the constraint of positivity, 
the structure is sharper than the original 3A Fourier synthesis, because of a reduction in series 
termination effects. The average amplitude weighted phase change from the original calculated 
Fourier coefficients was only 8t 0 , so it is clear that the phasing is considerably improved over the 
conventional 'best' map, and that most of the strong reHections must be correctly phased. 

However, there is no assurance that this solution is unique, since without a multisolution 
algorithm, the possible presence of other local maxima cannot be investigated exhaustively. 
Nevertheless, running the algorithm from a variety of starting maps (Bryan & Banner, 1986), 
has not discovered any solutions significantly different from figure 7, although the phases of the 
weak reHections vary somewhat. In the same work, the solution was also found to be stable with 
respect to noise on the data, as would be expected for a maximum entropy solution. 

The constraint functions used here can clearly be used with any number and quality of derivative 
data sets. If some reHections are judged to be reliably ·phased by conventional MIR phasing, 
perhaps low resolution ones if there are several derivatives good to low resolution, the MIR phase 
can be used in a Fourier coefficient constraint (7c). It is then a waste of computer time to put 
in all the intensity data as constraints (7a) and (7b). Less reliably phased reHections can still 
be constrained by the intensities of the native and whatever derivatives provide data. There are 
still several aspects worth investigating, for instance, whether success is also possible if the heavy 
atoms form a centrosymmetric array, what effects errors in the heavy atoms positions have, and 
also whether X2 is the most appropriate test, since the residuals IFhl2 - I are found to be nearly 
all negative. 
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Figure 7. Density from SIR data by maximum entropy. 
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We now turn to the question of incorporating prior information, in terms of the 
molecular structures discussed previously, into the problem. Translation invariance means that 
in the first place we must use a flat initial model m. Perhaps if we have partial or low resolution 
phase information, some of the structure, such as the backbone of an a-helix, can be picked out 
visually. An atomic model of this part of the structure can be built, and used as m in a further 
maximum entropy calculation. However, this will not always be possible, particularly in the pure 
phase problem. The information we wish to use is in terms of atomic bond lengths and angles, 
which means that it is in the form of correlations of atomic positions. A mechanism for dealing 
with such information was proposed by Skilling (1986). The idea is to work in the space of N 
samples from the map, and to apply the entropy to the N-sample joint distribution. It was 
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Figure 8. Histogram of pairwise interatomic distances for a typical globular 
protein, in o.lA bins, calculated by D. W. Banner. 

shown that this is equivalent to working in the I-sample space, but with an effective prior which 
depended on the current map, and was illustrated with a simple example using the position­
independent information that a star (point source) was present in the image. 

Clearly, the prior information in molecular structures extends to very high orders of correlation, 
and will be very difficult to encode. We shall therefore start most simply, and consider 2-point 
correlations. Do they give any useful information. Figure 8 shows the distribution of interatomic 
distances for a protein. It is seen that the nearest, at about l~A, and second nearest neighbour 
distances are fairly well defined, but beyond that the curve becomes close to a quadratic, 
indicating that the positions are uncorrelated. This is quite reasonable, as bond angles are 
all approximately those for tetrahedral coordination, but rotations about bonds are allowed, 
so that the distances of third and subsequent nearest neighbours are not well defined, and in 
addition atoms in adjacent side chains start to appear at this distance. Such a radial average is 
not the whole story, though. Most atom have three or fewer bonded neighbours, so the angular 
distribution is very anisotropic. Nevertheless, we shall first try using nearest-neighbour distance 
information in a one-dimensional example. 

Following Skilling (1986), the 2-sample entropy is defined on the 2-sample distribution Pi; as 

8(2) = - LPi;log(p,;/mii)' 
ii 

(9) 

Since we want mji to represent the correlation of positions, it must be a function of Ii - il only, 
and if successive samples from the map are independent, Pii = PiPi' Hence 

8(2) = - LP,Pi(logpiP;jmj-i) 
ii 

= -2 LPi(logpi - Hp * logm)i), 

and by comparison with (8), the expression 

meff = exp(!p * log m) 

can be identified as the 'effective prior' in the I-sample space. 

(10) 

(11) 
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Figure 9. a) Top curve: simulated distribution of atoms. b) Middle curve: 
reconstruction of the density by maximum entropy using only the 18 lowest 
order Fourier coefficients calculated from the top curve. c) Bottom curve: 
Autocorrelation function of a regular array of atoms similar to (a), but set to 
a constant beyond I! atoms from the centre. This function was used as the 
second-order prior for the reconstructions in figure 10 . 
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Figure 10. Maximum entropy densities as a function of the strength 8 of the 
second-order prior, with s starting from zero (bottom curve) and increasing in 
equal intervals, again using the 18 lowest order Fourier coefficients as data. 

Figure 11. The effective priors exp(sp * log m), corresponding to the solutions in 
figure 10. 
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To test this method, a model molecule was constructed in one dimension on a 256 pixel array 
as groups of Gaussian atoms, with uniform spacing of 6 between atoms within a group, but no 
positional correlation between groups (figure 9a). Fourier coefficients to about the 40th order are 
required to resolve such atoms classically. Using maximum entropy on the Fourier coefficients to 
the 18th order and a Hat prior gave figure 9b, where the atoms are obviously not resolved, but 
the positions of the groups are revealed. The second order prior was taken as the correlation 
function of a regular array of such atoms, but set constant at distances from the centre greater 
than that of the second minimum (figure 9c). One further modification was made to expression 
(11), by making the 'strength' of the prior variable, so meff = exp(sp * log m). s = 0 gives 
a Hat prior, just as if no second-order correlations were included. The programming was fairly 
crude, in that the effective prior was recalculated at the beginning of each iteration, but then left 
fixed, so that the existing I-sample entropy maximisation program could be used with minimal 
changes. The solution was investigated as s was increased from zero. Figure 10 shows the result, 
and figure 11 the corresponding effective priors. It can be seen that there is little effect until 
s reaches a critical value, when the solution undergoes a 'phase change', and turns into a set 
of correctly-spaced spikes within the envelope defined by the data. Where many atoms are in 
contact, they strongly reinforce each other through the prior. The singles and doubles are much 
less affected, except where they are close to a larger group, when the relative positioning may 
even cause unfavourable interactions. Beyond the edges of groups, there are further ripples in the 
prior, which cause a smaller peak in the map, but only to the amount allowed by the data. 

Brief investigation has shown that as s is increased and then decreased again the effect is 
reversible, but the sampling of s has not yet been sufficiently dense to determine whether 
hysteresis is present, nor whether the solution for a given s is unique. Indeed, the second 
derivative of S is no longer negative definite, so 'maximising'S is fraught with danger. 
Nevertheless, this simple example has shown that introducing correlations via the prior can 
produce interesting effects, and no doubt incorporation of higher-order correlations is likely to 
be a very rich field for investigation. 
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1 INTRODUCTION. 
Whilst the only practicable technique for determining the structure of biological 

molecules to atomic resolution is X-ray crystallography, many specimens of considerable interest 
cannot be formed into three-dimensional crystals. Much useful data can nevertheless be obtained 
from smaller amounts of material, for example, single viruses, or two-dimensional crystals of 
proteins, by electron microscopy, because electrons interact much more strongly with atoms than 
do X-rays. However, because of the stronger interaction, and the smaller amount of material 
used, the specimen is destroyed by the electron dose necessary to form an image. Traditionally, 
the specimen has been preserved by negative staining - embedding in a salt of a heavy atom, such 
as uranyl acetate - and thus the image only records the shape of the specimen, and the resolution 
achieved is limited by (inter alia) the grain size of the stain. The staining also protects the 
specimen from dehydration in the vacuum of the microscope. In order to increase the resolution, 
and also to image the internal structure of the specimen, the specimen has been embedded in 
other media, such as glucose (Unwin & Henderson, 1975), and more recently in amorphous ice 
(Lepault et al., 1983). This necessitates using a lower electron dose, decreasing the signal to noise 
ratio, and the object also scatters primarily as a 'phase object'. In section 2 we discuss the image 
formation theory for such objects, and show that the recorded image is, to a good approximation, 
the convolution of the projected atomic potential of the specimen with a space invariant point­
spread function. To obtain a full 3-dimensional reconstruction of an object therefore requires a 
complete set of projections to be obtained. This is usually done by means of a tilting specimen 
holder, but if the object has internal symmetry, there will a proportionate reduction in the 
number of views required, and, for example, a helical virus may be reconstructed from a single 
view. 

Electron microscopes may also be used to give diffraction patterns directly. However, only the 
intensity of the diffraction pattern can be recorded, and quantitatively good data can only 
be obtained for crystalline samples. The problem of deconvolution from a transfer function is 
replaced by the considerably harder phase problem. However, a combination of data from the 
two modes has been used, taking phases from computed transforms of recorded images and 
amplitudes from electron diffraction patterns (Unwin & Henderson, 1975). 

The Fourier transform of the point-spread function (the contrast transfer function or CTF) is an 
oscillating function of reciprocal space radius, and it is essential to correct for its effects if the 
image is to be interpreted correctly. If the specimen is 2-D periodic, few of the reciprocal lattice 
points fall near zeros of the CTF, and correction is comparatively simple (Lepault & Pitt, 1984). 
For non-periodic specimens, such as the helical particles considered here, the complete specimen 
transform cannot be deduced from the recorded image due to the CTF zeros, and so no simple 
'filter' algorithm can be used. 

We show here how the deconvolution can be achieved using the maximum entropy method, and 
prior knowledge of a maximum radius for the particle is imposed. The deconvolution is combined 
with the Radon problem, so that the averaged radial density distribution of the particle 
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is calculated, and the parameters defining the CTF's are also refined as they are not known 
precisely. 

2 IMAGE FORMATION THEORY. 
We shall now develop briefly the theory of image formation in the 'weak phase­

object' approximation, mostly following the treatment of Saxton (1978). 

The magnetic field of the electron lenses has axial symmetry about the microscope axis, which 
is taken as the z-axis of our coordinate system. We consider the propagation of the electron 
wave along the z-axis as a function of a 2-dimensional vector x perpendicular to the z-axis. 
Then, if IjIz(x) is the wave function at z, with the subscript 0 referring to the starting plane Zo, a 
propagation equation in the paraxial approximation, with rotation about the axis removed, may 
be derived from the Schr8dinger equation as 

where k is the electron momentum,,\ = 2: the wavelength, and h(z), g(z) are the two 
independent classical solutions for transverse displacement of the trajectories of electrons in the 
magnetic field of the microscope lenses, with 

h(zo) = g'(zo) = 0, 

h'(zo) = g(zo) = 1. 

There are two sets of values of z of particular interest. At any z such that g(z) 
z = Zd, the quadratic phase shift within the integral disappears, giving 

(2) 

0, say at 

where a - denotes a Fourier transform, showing that the diffraction pattern of the wave function 
at Zo is formed. Furthermore, if h(z) = 0, the integral (1) may be evaluated by the method 
of stationary phase, but more insight is gained by considering the propagation in two stages, 
first from the specimen plane to the diffraction plane, and then by a second application of (1), 
from the diffraction plane to the final plane. In the second propagation, h and g are replaced by 
solutions of the electron trajectory which obey conditions similar to (2), but at Zd instead of zo, 
say hd and gd, related to hand g by 

hd = g/g'(Zd), 

gd = h/h(Zd) - gh'(Zd)/h(Zd)g'(Zd), 

so that the net phase change applied to ~o is 

This expression is clearly zero whenever h(z) = 0, at z = z., say, so that 

is just an inverse Fourier transform. After some manipulation of the h's and g's this gives 

(3) 

(4) 

(5) 
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an image of ,po, magnified by g(z;). The expression (4) also allows us to consider the effects 
of slight defocus, which reintroduces the quadratic phase factor due to a missmatch in the 
conditions (3), of spherical aberration of the lens, giving a quartic phase shift, and of thermal 
spread of electron energies causing a reduction of response at high resolution. Effects due to lack 
of spatial coherence have been shown to be negligible under typical imaging conditions (Frank, 
1973, Henderson & Glaeser, 1985). The final expression for the image-plane wave function can be 
written conveniently as 

up to a constant, where 

"I = ~:IT A 3C. t 4 - :IT ADt2, 

t is a suitably scaled reciprocal space vector, and (Frank, 1976, Wade & Frank, 1977) 

T= exp_~C2(AE)2A2t4 
1610g2 c E • 

(6) 

(7) 

(8) 

C. and Cc are the coefficients of spherical and chromatic aberration respectively, D the defocus, 
and t:l.E the energy spread about the mean electron energy E. Most of the parameters are 
essentially fixed for a given microscope at a given magnification, but the defocus is at the control 
of the experimenter. 

We now consider the effect of a thin specimen in an incident plane-wave electron beam. The 
typical operating conditions of a microscope are such that the specimen thickness is large 
compared with the electron wavelength (j:l:j 0.004 nm), and small compared with the defocus (of 
the order of 1000 nm), so the variation in defocus through the specimen may be ignored. For 
elastic scattering of electrons, the phase of the incident wave is changed by an amount '7(x), 
proportional to the projected atomic potential of the specimen, 

'7(X) ex J 4> (x, z)dz, (9) 

giving expi'7(x) for the wave function just after the specimen. In the "weak phase" approxima.­
tion, '7 is assumed to be small, so 

(10) 

This approximation is accurate for the light atoms (hydrogen, carbon, nitrogen, oxygen) which 
make up the bulk of biological material, up to a total specimen thickness of about 50 nm. Using 
(6), the image wave function is thus 

j:l:j 1-1 Te-;7 (0 + i1'7) 

= 1 + 1-1 T(i cos "I + sin "I) 1'7, 

where 0 is the Kronecker delta. The detecting medium, usually photographic film, records the 
intensity of the incident beam, 

(11) 

(12) 

(13) 

(14) 

ignoring terms of second order in '7, thus showing that the deviation of the recorded image from 
uniformity is linearly related to the projection of the object potential '7, via a convolution with 
the transform of the contrast transfer function Tsin "I . 
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0.2,. 

Figure 1. (a) Left. Phase contrast transfer function at Scherzer focus. 
Parameters C. = 1.3 X 106 nm, Cc = 2 X 106 nm, A = 4 X 10-3 nm, D = 72 nm, 
I!.l = 2.5 X 10-5 (b) Right. Phase contrast transfer function at large defocus. 
Parameters as in (a), except D = 1.8 X 103 nm. 

Other mechanisms, as well as weak elastic scattering, are usually significant in image formation. 
IT any scattering process causes an imaginary 11 in (13), an image will again be formed, but with 
sin 'Y replaced by cos'y in the CTF. This is usually termed an amplitude contrast image, and 
can be attributed to two effects in particular. IT the phase shifts due to the specimen are large, 
because of a thick specimen or because the specimen contains heavy atoms, higher order terms 
in the expansion (10) are significant, and give an imaginary component. Furthermore, some 
electrons will be scattered though an angle sufficiently large that they do not pass through the 
microscope aperture and are absorbed, equivalent to an imaginary scattering potential in the 
object. For stained objects, where the scattering is from the heavy atoms, amplitude contrast 
is the dominant imaging mode, and thus at low resolution, where cOS'Y 1'::$ 1, the images are 
interpretable without correction for CTF effects. Representing the amplitude contrast of the 
specimen by a(x) then gives a total image of 

/'h /21'::$ 1 + 21- 1 T(sin'Y ij - cos 'Y a). 

A positive amplitude contrast corresponds to removal of electrons from the beam. A positive 
defocus (underfocus) gives a negative sin'Y, so that at low resolution any amplitude contrast will 
reinforce the phase contrast image. This effect has been exploited (Lepault & Leonard, 1985) to 
reconstruct images when the two contrast modes are effective in different resolution ranges. 

Inelastic scattering is of comparable magnitude to elastic scattering, but is more strongly peaked 
in the forward direction. Since the position of the focal plane for inelastically scattered electrons 
also depends on the energy loss and on the chromatic aberration of the lens, the net effect is to 
increase the background density, and reduce image contrast. This is also a further mechanism for 
removal of electrons from the unscattered beam, and so will also enhance the amplitude contrast 
image. 

The form, sin'Y = sin(~'II"A3C.t4 - 'll"ADt2), of the phase-contrast CTF is in general rapidly 
oscillating, and correction for its effects is clearly essential. At exact focus, if the lens were 
aberration-free, sin 'Y = 0, and no image would be formed. At low resolution, sin'Y 1'::$ -'II"ADt2, 
which corresponds to the Laplacian operator in real space, giving an 'edge enhancement' effect. 
The optimum focus for use without correction is the Scherzer focus (Scherzer, 1949), with D = 
.;C,>.., which gives the greatest resolution range without a sign reversal in the CTF (figure la). 
However, the response at resolutions below 2 nm, a range of great importance for positioning 
domains in macromolecules, is then negligible. Higher values of defocus give a greater response 
at lower resolution, at the expense of an earlier onset of ringing (figure Ib). We shall consider the 
deconvolution problem in this region of defocus values. 
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3 MAXIMUM ENTROPY. 
The application of the maximum entropy method to deconvolution and similar 

inverse problems has been described sufficiently in the past (Frieden, 1972, Abels, 1974, Gull & 
Daniell, 1978, Bryan & Skilling, 1980) that only a brief outline will be given here. The object 
is described at suitable sampling by a normalised set of positive numbers p, E p = 1. In 
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the absence of noise, such an object would result in data P = T(p) being observed, where T 
defines the response of the observing equipment, in our case, projection and convolution with the 
transfer function. H the actual experimental data D is subject to noise, and P and D agree to 
within the noise, then p could indeed represent the observed object. Agreement between P and 
D is usually measured with a X2 test, 

where (1 is the noise standard deviation. H the value of X2 is sufficiently small that the 
discrepancy between P and D can be accounted for by the noise, then we may conclude that 
p could indeed be the object actually observed. The X2 test thus defines the 'feasible set' of all 
reconstructions agreeing with the data. From this set, the one with the greatest configurational 
entropy, S = - E p log p/m, is chosen as the preferred reconstruction, where m is an initial 
model of p before taking the data into account, and usually chosen to be uniform. This has been 
shown to be the only consistent way to select a single reconstruction by a variational method 
(Shore & Johnson, 1980, Johnson & Shore, 1983, Gull & Skilling, 1984). H T is linear, the set 
of feasible reconstructions is an ellipsoid (or ellipsoidal cylinder), and hence convex. Since S is a 
convex function, it will have a unique maximum in this set. The problem therefore becomes one 
of constrained non-linear optimisation, and in the work described here the algorithm of Bryan 
(1980) and Skilling & Bryan (1984) was used. 

We have so far assumed that the response function is known exactly. H not, but its functional 
form, defined in terms of a few parameters, is known, then we can attempt to optimise the fit to 
the data with respect to these parameters as well. We make an initial estimate of their values, 
and attempt to solve the problem by maximum entropy. The data may be fitted successfully if 
the estimate is sufficiently good, or perhaps not, due to a large number of points being forced 
down to zero. In either case, the values of the parameters are then adjusted so as to minimise the 
value of X2, keeping the current reconstruction fixed. A new maximum entropy solution can then 
be calculated using the new parameters, and the process iterated. 

This technique of parameter refinement has been used in other maximum entropy applications, 
such as calibration phases in radio astronomy (Scott, 1981) and NMR spectroscopy (Sibisi, 
1983), and refinement of heavy atom positions (Bryan et a/., 1983) in isomorphous replacement 
calculations using fibre diffraction data. 

4 MAXIMUM ENTROPY AND THE OTF PROBLEM. 
As outlined in section 2, the image is related to the projected atomic potential 

via a convolution with the CTF. The full problem of determining a three-dimensional structure 
therefore combines the deconvolution problem and the Radon problem. Here we shall consider 
a simplified form of the problem, that of calculating the averaged radial density distribution of 
a helical particle from a single view. We must therefore assume that the particle is undistorted. 
The frozen-hydrated technique has the further advantage over conventional staining that the 
particle is less likely to be distorted by flattening against the supporting grid. 

Let f(r) represent the averaged radial potential. Then the Fourier transform at radius R is given 
by the zeroth order Hankel transform 

F(R) = LX) f(r)Jo (21rRr)r dr, (15) 
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which, by the projection theorem, is the Fourier transform of the trans axial projection of the 
structure. This function, multiplied by the CTF and inverse Fourier transformed, will give the 
simulated data for the trial structure f(r). We shall also include a multiplication by exp(i6R) to 
allow for a possible miss-centering of the data by an offset 5. Thus the simulated data P(x) is 
given by 

(16) 

where we define F(-R) = F(R), R ~ O. 

For practical calculation, a descretised form of these relations is required. Part of our prior 
knowledge in this problem is an upper bound to the particle diameter, which conceptually can 
be applied to the entropy expression by taking m(r) = const. , r ~ rmax , m(r) = 0, r > rmax , 

but of course in practice is implemented by using a grid extending only to rmax. For simplicity, 
equal grid spacing was used, and the Hankel transform performed by matrix multiplication using 
stored coefficients. Equal grid spacing also enables the Fourier transform to be performed by a 
Fast Fourier Transform, but requires the entropy expression to be weighted by the size of the 
pixels, proportional to radius. Thus, in discrete form 

(17) 

where 1 and )( represent the Fourier and Hankel transforms as matrices, and TA: sin "fA: is the 
CTF. This image is superimposed on a uniform background Q, so the final X2 test with the data 
D, for this problem is 

X2 = L w,(P, + Q - D,)2. (18) 
'edata set 

Q must also be estimated from the data. The value of the defocus may be estimated from 
the positions of the zeros of the CTF in the Fourier transform of an image (Thon 1968). The 
noise standard deviation can be estimated from parts of the image adjacent to the object. We 
assume that it is uniform over the image, since the object itself causes only small deviations from 
uniformity. The parameters Q, 5 and defocus D were refined as described in the previous section, 
and the other microscope parameters set to the appropriate values for the operating conditions of 
the microscope (see figure captions). 

We first show the results of a calculation using simulated data. Figure 2a shows the model radial 
distribution of 1/>, based on the idea of a hollow rod virus or phage tail, and figure 2b shows the 
radial distribution after applying the CTF, which would be the result if the Radon problem were 
solved without correction for the CTF effects. This is not really interpretable as the original 
object. 
Figure 2c shows the resulting image data, with the microscope parameters as described in the 
caption. Application of a Wiener filter to this data (by a Fourier transform, filtering with the 
CTF, and an inverse Hankel transform) gives a disastrous restoration (figure 3a), since data has 
been lost over a large proportion of Fourier space. 
The maximum entropy result (figure 3b), with a maximum particle radius considerably larger 
than the real radius (which would be a reasonable guess from the data, given a knowledge of 
typical CTF effects) is much better. In the analysis of actual experimental data, one could then 
identify the maximum particle radius more accurately, and repeat the calculation with a lower 
maximum radius, which would conceivably improve the restoration of detail. Provided an initial 
defocus value is chosen such that the first three or four zeros of the CTF have not crossed over, 
the parameters Q, 5 and D have been found to converged reliably to close to their correct values. 
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Figure 2. Radial distributions derived from cylindrically symmetric simulated 
object. (a) Above. Initial radial distribution. (b) Below left. Radial distribution 
after convolution with CTF. (c) Below right. Projected data from (b). 

Figure 3. Reconstructions of object from data of figure 2. (a) Left. By Wiener 
filter. (b) Right. By maximum entropy, using a maximum radius of 15 nm. 

Figure 4a shows the recorded distribution across a Tobacco Mosaic Virus (TMV) rod, obtained 
by projecting a two-dimensional image in the direction of the virus axis. The structure of TMV is 
known accurately from X-ray analysis (Stubbs, Warren & Holmes, 1977) and we impose a 15 nm 
maximum radius, well above the known 9 nm radius. The maximum entropy reconstruction, 
figure 4b, shows that the amount of information in the data is comparatively small, and only the 
particle edge is shown with fairly low resolution. 

The lack of detail in this reconstruction may be attributed to several causes. The combination 
of the Radon problem with a deconvolution gives an extremely ill-conditioned problem, with a 
correspondingly large set of feasible reconstructions, and hence greater scope for a reconstruction 
with little detail. Secondly, a good background estimate is essential, otherwise it is impossible 
to estimate the low resolution components of the reconstruction. In practice, it is difficult to 
obtain a particle isolated sufficiently that a large surrounding area can be used to calculate 
the background. The simulated data derived from our reconstruction indeed shows significant 
variation outside the interval for which data was provided. Finally, although we have treated 
the problem as one of restoring a positive image, there is no reason that the function tP should 
not take either sign, or indeed that the image also have amplitude contrast components. In fact, 
the assumption of positivity may not be so bad, since the density of TMV derived from X-ray 
analysis relative to a aqueous solvent is known to be positive (Franklin & Holmes, 1958). 

We can envisage extensions to the method described here which could take account of these 
possibilities. Data from several images taken at different values of defocus (which will therefore 
have different CTF's), can be used, with the X2 test now the sum over the X2 values for the 
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Figure 4. a) Above. Measured density of TMV virus (vertical bars), with the 
transform (continuous line) of reconstructed radial distribution, which is shown 
in (b), below. 

15 

individual images, thus providing data over a greater range of Fourier space. Such a focus series 
could also enable estimates of both the amplitude and the phase contrast contributions to the 
image to be made, analogous to the 'colour' images in astronomy (Gull & Skilling, 1984). Initial 
trial calculations show, though, that because of the much larger response for amplitude contrast 
than phase contrast at low resolution, any amplitude contrast present may completely dominate 
the problem. Perhaps a better way to proceed would be to work with the number density of 
atoms of a given type in the object, and then calculate the resultant image taking all relevant 
scattering effects into account, for comparison with the recorded data. 
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CLIMATICALLY INDUCED CYCLIC VARIATIONS IN UNITED STATES 
CROP PRODUCTION: IMPLICATIONS IN ECONOMIC AND SOCIAL 
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'The "correctness" of mathematics must 
be judged by its applicability to the 
physical world. Mathematics is an 
empirical science much as Newtonian 
mechanics. It is correct only to the 
extent that it works and when it does 
not, it must be modified. It is not a 
priori knowledge even though it was so 
regarded for two thousand years'. 

Morris Kline (1980) 

Abstract: Analysis of United States corn yield data dis­
closes evidence for signals near 19 years and 10-11 years 
in the Corn Belt states, and a large number of other 
states, which are significant in economic terms. Yield 
minima in the 19-year wave are in phase with dates or 
epochs of maxima in 18.6-year luni-so1ar tidal forcing, and 
also in phase with the 19-year wave in maximum drought 
measured from tree-ring data to the west of the Great 
Plains (Currie, 1984c). Yield minima in the 10 to 11 year 
wave are also in phase with maxima in solar cycle drought 
as measured from tree-rings (Currie, 1984c). Both waves 
closely aligned near the 1936.1 and 1954.7 tidal epochs, 
thereby enhancing yield shortfalls. These signals are also 
found in most of the major crops grown as well as in live­
stock and poultry production. We propose that the 
systematic modulation of agricultural output is the prin­
cipal cause of the "Kuznets' long swings" in the American 
economy (so named to honor Nobel laureate Simon Kuznets) 
with period about 20 years on average (Soper, 1978). Time 
series on population and the building industry are re­
examined and they yield a bandlimited signal between 16 to 
21 years in period, in agreement with earlier studies by 
the economists Burns and Mitchell (1946), Kuznets (1961), 
and Abramovitz (1964). Precipitation data in the north­
eastern U. S. yield the 19-year 1uni-so1ar term which is 
out-of-phase with the western U. S. for our century. This 
explains why evidence for the Kuznets effect in aggregate 
economic data began to deteriorate after the turn of the 
century. 
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1 INTRODUCTION 
The first recognition that there existed a recurrent clus­

tering of severe drought years on a 20-year time scale in the western 
United States occurred during those of the 1950s. Borchert (1971) 
documented the serious impact on the American economy of the prolonged 
widespread droughts of the 1910s, 1930s, 1950s, and warned that another 
clustering of drought years was imminent, a warning echoed by a few 
other agronomists in the Midwest. This drought began in 1970 in north­
ern Mexico and southwest Texas, advanced northward expanding in space 
with growing severity, and abruptly ended in 1977 shortly after Gover­
nors of western states had met in emergency session (Thompson, 1973; 
Rosenberg, 1978). Those of the 1950s ended in a similar fashion. 
President Eisenhower convened a conference to decide what the gov­
ernment should do and the drought thereupon ended so promptly that 
proceedings were not published (Borchert, 1971). 

By 1980 it was widely accepted in meteorology that the phenomenon was 
due, somehow, to the 20 to 22-year magnetic Hale cycle of the sun where 
the polarity of the field switches by 1800 every 10 to 11 years. In­
deed, the entry of my colleague Sultan Hameed into this field began 
after he viewed a public television program on the subject. I had 
never examined the evidence of Mitchell et al. (1979) because if the 
Hale cycle polarity switch of the solar magnetic field can modulate 
solar luminosity then Maxwell's laws of electrodynamics are invalid and 
that is not plausible. Currie (1981d), from experimental evidence in 
air temperature, air pressure, and height of sea level records, and 
from study of the Mitchell et al. (1979) paper, concluded that the 20-
year drought phenomenon is induced by a highly resonant 18.6-year 
standing wave in the atmosphere. This wave is forced by the 18.6-year 
constituent luni-so1ar tide in Newton's tidal potential which is the 
12th largest of all the tides induced on earth by the moon and the sun 
(Godin, 1972). 

There now exists evidence worldwide for the 18.6 year term (and 10-11 
year signal) in instrumental air temperature and pressure records (Cur­
rie, 1979; 1981b,d; 1982, 1987a). In terms of drought proxy data, as 
for example tree-rings, there is experimental evidence in northeastern 
China for 500 years (Hameed et al., 1983; Currie and Fairbridge, 1985), 
in the Patagonian Andes for four centuries (Currie, 1983), in regions 
of Africa drained by the River Nile for 1400 years (Hameed, 1984; Cur­
rie, 1987b), in South Africa since the 19th century (Tyson, 1980, 
1981), in India since the late 1qth century (Campbell, 1983; Currie, 
1984a), and in the United States and Canada since A.D. 1700 (Currie, 
1984b, c; Hameed and Currie, 1986). 

Currie (1976, 1980, 1981a, c) has also given evidence for one or both 
of the terms in other geophysical data such as height of sea level and 
length of the day. In this paper we will present evidence for the 
signals in precipitation data from the northeastern United States since 
1840. Experimental evidence shows that in terms of barometer data the 
amplitude of the highly resonant 19 year atmospheric standing wave is 
above Newton's equilibrium value by more than an order of magnitude 
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(Currie, 1982, 1987a); in terms of 300 mbar wind anomalies over the 
Himalayas amplification is four orders of magnitude (Campbell, 1983). 
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In the late 1970s and during the 1980s NASA spacecraft have detected 
variations in solar luminosity of order 0.1% on the time scale of the 
solar cycle (Eddy, 1983), in agreement with Currie's (1979) estimate 
based on study of ground based air temperature records which show a 
modulation of about 0.20 C. There is therefore now a recognized forcing 
function for this term. Thus, between 10 and 20 years the atmosphere 
is a resonating physical system at two discrete periods, one periodic 
and the other cyclic. 

In the writer's published work (Currie, 1984c; Currie and Fairbridge, 
1985) there are numerous references to recent evidence obtained by 
others for the luni-solar and/or solar cycle terms in geophysical data. 
The data encompass tree-rings, air temperature, air pressure, height of 
sea level, sea surface temperature, fish catches, and the length of the 
day. In addition, after a historical debate among seismologists, the 
leading opponent has now concluded that the luni-solar solid earth tide 
does trigger large earthquakes (e.g., in southern California). Histor­
ically there was considerable interest in the possibility of this 
tide's influence on climate in the 19th century, but by about 1925 work 
had apparently completely ceased, only to be revived in the 1950's by 
scientists in the Soviet Union led by I. V. Maximov (Lisitzin, 1974). 

This paper surveys in some detail evidence for both signals in U.S. 
corn production and closely related commodities such as hog and chicken 
production. We then discuss evidence for what is known in economic 
science as the Kuznets' 20-year long swings in the American economy, 
named in honor of Nobel laureate Simon Kuznets (Soper, 1978). Our 
proposal is that the long swings in economic variables are principally 
caused by modulation of agricultural output by climate cycles which are 
induced by an orbital characteristic of the moon and sun, and the sun­
spot cycle. A degradation in cyclic behavior occurs as the 18.613 year 
gravitational force is transmitted by Newton's tidal potential to com­
plex systems in climate where cyclical regularity is maintained, and 
eventually to sectors of the economy discussed by Kuznets where complex 
interactions and shocks (e.g., wars or gold discoveries or a collapse 
of the banking system as in 1932 following the financial crash of 1929) 
produce larger departures from the cyclical pattern. The relative 
phasing between the luni-solar and solar cycle terms would also con­
tribute to departures. 

2 DATA BASES 
Fig. 1 shows the yield in bushels per acre for corn since 

1866. Until about 1940 the yield was flat and then began increasing 
rapidly due to the use of chemical fertilizers and advancing technol­
ogy. The lower panel displays the fluctuations of interest after the 
trend and bias have been removed by an N=6 high pass filter (see Fig. 
2). 

To familiarize ourselves with the magnitudes involved consider 1984. 
In that year 80.4 million acres of corn were planted of which 79.6 
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Fig. 1. Upper panel is yield in bushels per acre for corn 
since 1866. Lower panel shows the fluctuations after a 
high pass N=6 filter (see Fig. 2) was applied. 
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million acres were harvested and 0.8 million acres abandoned. Of the 
area harvested 71.8 million acres, that is, 90 percent, produced corn 
for grain with an average yield of 106.6 bushels per acre. The market 
price of corn averaged $2.69 per bushel making the value of the grain 
crop to farmers equal to $20.6 billion. Of the remaining acres most 
were harvested for silage and the rest, comprising about 0.3 million 
acres, was used for foraging, grazing, and hogging. Corn is the larg­
est cash crop grown and seven states accounted for 68 percent of the 
output in 1984. Corn also has a shallow root structure and thus is 
least resistant to drought of all the grains. 

Historical data on corn production exists for all 48 contiguous states 
and are given in a series of statistical bulletins issued yearly and 
published by the U. S. Department of Agriculture. He reference only 
two of these (1954, 1984) and have also utilized compilations of data 
in bulletins 101, 108, 185, 290, 384, 498, 582, and 646. Estimated 
yield for all corn, that is, the sum of corn for grain and for silage 
plus hogged ann siloed, as well as the total acreage harvested begin in 
1866; the time series for all corn was discontinued in 1961 due to 
difficulty in converting silage yield in tons per acre to bushels per 
acre. Separate estimates for corn for grain and corn for silage date 
from 1919, while data on total acres planted begin in 1926. He have 
analyzed four types of data bases: corn for silage 1919-83, corn for 
grain 1919-84, percentage of total planted acres abandoned 1926-83, and 
a 119 year long hybrid series comprising all corn yield from 1866 to 
1943 and corn for grain yield from 1944 to 1984. Prior to maximum 
entropy spectrum analysis a high pass 2N+1 (N=6) weight filter was 
applied to each record so that the four data bases varied in length 
from 46 to 107 years when the spectra were constructed. 

A variety of time series on U. S. livestock and poultry production are 
available (U. S. Dept. Commerce, 1970). The longest records date from 
1867 whereas the shortest start in 1909. For hog production there are 
four series, number of hogs on farms in January, live hogs on farms in 
pounds, number of hogs slaughtered, and dressed pork in pounds. 

He have also reexamined data bases on population studied by Kuznets 
(1961), and on huilding industry variables studied by Abramovitz 
(1964). The population data are various series for U. S. census and 
mid-census dates from 1870 through 1950 while the building sector data 
are sampled annually. The longest series begin in 1853 while the 
shortest start in 1915. 

Finally, using data only from 1932 and much simpler analysis proced­
ures, Marshall (1972) discovered that luni-solar precipitation in the 
eastern U. S. is out-of-phase with the western U. S. (he incorrectly 
ascribed the phenomenon to the 22-year Hale magnetic cycle of the sun). 
In order to confirm Marshall's work we have analyzed 1,104 monthly 
precipitation records for the northeastern U. S. The longest record 
dates from 1814 while the shortest begins in 1915. Results of this 
analysis has been published (Currie, 1987c) and is included in this 
paper to illustrate why evidence for the Kuznets 20-year swings in 
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aggregated American economic data should have begun to deteriorate in 
the 20th century. 

3 PROCEDURES OF ANALYSIS 
In order to eliminate trends and ultra low frequency compo­

nents we applied a high pass 2N+1 weight filter to each time series. 
The frequency response of the N=6 high pass filter over our range of 
interest is shown in Fig. 2, where we see that at a period of 19 years 
a unit amplitude would be reduced to 0.4. 
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Fig. 2. Amplitude response as a function of frequency for 
a 2N+1 (N=6) weight high pass filter, and a N=30 weight 
bandpass filter centered at 19 years. The design of the 
filters is a combination of two side lobe suppression tech­
niques (see Currie, 1967). 
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Spectrum analysis is now done using the standard maximum entropy method 
(MEM) of modern spectrum analysis (Childers, 1978; Kay, 1987; Marple, 
1987). The power spectrum gives the power at frequency f as: 

2PL_1 
P (f) = -L:;----;l,----------

Ij~O a j exp(-2TIifj) I 2 

(1) 

where the sequence a O, ••• ,aL_1 in Eqn. 1 is termed a prediction error 
filter of order L, and PL- 1 is the prediction error power. In Jaynes' 
(1982) derivation of MEM tne coefficients are shown to be Lagrange 
multipliers and we shall so term them henceforth. 

For j=O, a zero order spectrum, Eqn 1 yields P(f)=2PO where Po is the 
zero lag variance of our data. The spectrum is a constant, appropriate 
to white noise. Higher values of j give distribution of power among 
different frequencies in the data. 

The denominator in Eqn 1 is the power transfer function for frequency 
f. Once the Lagrange multipliers a. are obtained we can calculate 

J 
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any number of spectral estimates desired. We computed fifty estimates 
from f=O to f=0.125 cycles per year and reduced the power spectrum to 
an amplitude spectrum (we multiply each estimate by 1/200 and take the 
square root). We then divided by the transfer function of the high 
pass filter (see Fig. 2) to restore lower frequencies because, recall, 
a unit amplitude at 19 years had been reduced to 0.4 by the high pass 
filter. 
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It is important to understand that fifty spectral estimates from f=O to 
f=0.125 cpy (period R years) could be computed even if the number of 
annual value data points were as low as 20. In order to obtain the 
resolution given in this paper with the un smoothed classical fast Four­
ier transform (FFT) one would need 400 years of data. And even that 
would not suffice for Brillinger (1981) who insists an unsmoothed FFT 
is unstable and must be smoothed with low pass filters or "windows". 
Such insistence takes one back to the state of the art in the 1950's 
(Blackman and Tukey, 1Q59). Depending on the length of the filter it 
would require a wait of 500 to 1000 years to obtain evidence that Bril­
linger (1981) and other orthodox statisticians would accept. 

The order L of the Lagrange multipliers is determined empirically be­
cause in our experience the criteria available to determine it do not 
work with real world data (see Marple, 1987). From experience with 
meteorological data we know that if all the time series are of equal 
length, then a pilot study can establish the optimal L for a few series 
and be applied to all to yield reasonable results. This indicates the 
noise characteristics of such instrumental data are nearly the same for 
each record. However, it is known experimentally that when the noise 
level for a synthetic sine wave is progressively increased then the 
order of the Lagrangian must also be progressively increased to detect 
the wave (Chen and Stegen, 1974). For the long 107 year corn records 
we found optimal L varied from 29 to 44, that is, we had to study each 
record individually. This indicates the noise characteristics vary 
substantially from state to state; this is not surprising because the 
corn data are not numerated by instruments but estimated by aggregating 
reports from farmers. 

Orthodox statisticians, who work in time series, complain that this is 
"arhitrary" and thus not valid yet Brillinger (1981), and all orthodox 
statisticians who work in spectrum analysis, advocate applying low pass 
filters of different lengths to unsmoothed FFT and then choosing the 
optimal one. Judgment in this case is not considered "arbitrary". 
Later in the paper we conclude that the entry of orthodox statisticians 
into time series analysis in the 1920's and 1930's was one of the 
greatest disasters ever to befall the sciences, and that the very foun­
dations of Brillinger's (1981) book and all the rest are physically 
invalid. 

Colleagues and reviewers have asked why we do not plot the entire 200 
spectral estimates out to the Nyquist frequency f=0.5 cpy. The reason 
has to do with the problem of "over sampling" which is never discussed 
in textbooks on signal processing because it is entirely a matter of 
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judgment. In principle nothing prevents us from using daily or even 
hourly data values (if available) and computing a spectrum from f = 0 
to f = 0.5 cycles per day or f=0.5 cycles per hour. One difficulty is 
that this would yield far too many estimates at higher frequencies than 
we want. But more fundamentally, as acoustic engineers who model human 
speech find, it is not possible to model a spectrum over too wide a 
frequency range with a single set of Lagrange multipliers (or predic­
tion error coefficients as they are known in engineering). 

In practice we find that with annual values and short records it is not 
possible to model the spectrum of meteorological data from f = 0 to f = 
0.5 cpy with a single set of Lagrange multipliers, that is to say, the 
data are "over sampled". In order to obtain line structure between 0 
f < 0.125 cpy the order L of the Lagrangians must be high, and this 
results in numerous peaks in the spectrum for f > 0.125 cpy which are 
spurious on physical grounds. When modeling the spectrum from 0.125 < 
f < 0.5 cpy we decrease the order and compute about 60 spectral esti­
mates. The writer has discussed the problem of "over-sampling" with A. 
Papoulis, author of numerous textbooks on Fourier analysis, and we 
agree it is one of the most common mistakes in judgment made. Strictly 
speaking, we should low pass filter the yearly sampled data and deci­
mate by 4 before spectrum analysis, but that would eventually yield a 
waveform sampled at every 4 years which we do not want. 

In Brillinger's (1981) text on pure mathematics in spectrum analysis he 
takes the long air temperature records from Europe sampled monthly, 
computes an FFT, applies low pass filters of various lengths, and de­
clares that only an annual term exists. This is an example of gross 
oversampling combined with invalid procedures. Currie (1987a) pro­
cessed the same records and found the 18.6-year and solar cycle terms. 
Unhappily, even modern textbooks on modern methods contain serious 
errors in procedure. Marple (1987) analyzed a U. S. air temperature 
record supplied by the writer and tabulated in an appendix. He sampled 
every six months (mistake 1), tried to model the spectrum from f = 0 to 
f = 0.5 cycles per six months (mistake 2), and declares there is no 
evidence for the signals! 

Spectra are necessary to establish the likelihood of the bandlimited 
terms but their waveforms are more informative. In order to extract 
the waves, two 2N+1 (N=30) weight bandpass filters centered at 10.5 and 
19 years were designed (see Fig. 2 for the 19 year filter). These 
cannot immediately be applied to the data because that would entail 
loss of 60 data points, and most of the series are less than 60 years 
in length. However, the Lagrange multipliers used to construct the 
spectra embody the characteristics of the available data, that is, two 
narrow bandlimited signals plus noise. Therefore, they can be used to 
generate data outside the range of observation and this constructed 
data will also have two narrow ban~limited terms plus noise (Ulrych and 
Clayton, 1976). We thus generated thirty points off each end of every 
record whose spectrum showed the signal near 19 years, and convolved 
each record with the bandpass filter centered at 19 years; in this 
manner no data are loss. Each resultant wave was also divided by 0.4 
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because, recall from discussion of Fig. 2, that was the unit amplitude 
response at 19 years of the N=6 high pass filter originally applied 
before analysis began. 
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Modern methods of spectrum analysis (Childers, 1978; Kay, 1987; 
Marple, 1987) have been widely accepted by engineers because in terms 
of performance they are far superior to the classical methods. Accept­
ance in the physical and social sciences has been very slow because 
modern methods, such as MEM, stand in conflict with ideas advocated by 
orthodox statisticians in time series analysis. In a field such as 
economics, which is completely under their sway, modern techniques are 
unknown and have, to our knowledge, never been used within the pro­
fession. Later we discuss how this situation arose in economics and 
physical science during the 1920's and 1930's. 

4 EXPERIMENTAL RESULTS 
4.1 Hybrid long series 1866-l9R4 

Fig. 3 (see p. 190) displays the maximum entropy spectra 
for aggregate U.S. data and for the three Corn Belt states of Illinois, 
Iowa, and Missouri. Each spectrum shown from 0 = f < 0.125 cycles per 
year was constructed from 50 spectral estimates and ~hows two narrow 
bandlimited signals near 10 and 20 years. The rapid rise of amplitude 
at low frequencies is an artifact due to the amplitude response of the 
high pass filter originally applied which rapidly approaches zero as 
frequency goes to zero. The signal near 20 years is present in spectra 
from 24 states while the smaller 10 to 11 year term is detected in data 
from 30 states. Fig. 4 schematically shows the detection number within 
the four data bases for each of the two terms. In Kansas both signals 
were evidenced in all four data bases so the sum of the two numbers 
shown for Kansas is 8; detection was also especially good in Nebraska, 
Iowa, Missouri, Illinois, and Indiana, a region comprising most of the 
Corn Be 1 t. 

Fig. 5 shows the 19 year waveforms for the two states of Illinois and 
Missouri and aggregate U.S. corn. Vertical bars mark the dates of 
maximum short falls in corn yield. Paired with each bar is a downward 
pointing arrow and date for the U.S. aggregate which marks an epoch of 
maximum in 18.6 year tidal forcing of the atmosphere (see Table 1); as 
is visually evident the paired bars and arrows are generally closely 
coincident. Fig. 6 shows the average time march for all 24 records 
where the mean discrepancy between vertical bars and dates of epoch for 
five epochs is 0.9±1.0 years as shown in Table 1. The mean discrepancy 
between celestial mechanics and modulation of U.S. corn production is 
thus about 5%. 

Table 1 also displays from 1843.0, for comparative purposes, a mean 
discrepancy of 1.4±1.0 years between dates of maximum tide and dates of 
maximum drought D for a tree-ring chronology in Texas. This chronology 
begins in A.D. 1700 and for the whole record the mean discrepancy is 
0.8+1.0. Table 1 also shows dates or epochs of maximum flood F as 
found from tree-rings in southwestern Canada with a mean discrepancy of 
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Fig. 3. Maximum entropy spectra for U. S. corn yield, and 
yields from three Corn Belt States. 
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-0.6±1.5 years. These begin in A.D. 1670 and for the entire record the 
mean discrepancy is 0.8+1.1 years. Thus, for the past three centuries 
tidally induced luni-solar drought maxima in southwestern Canada have 
been out-of-phase with those in the western United States. 

Fig. 4. The two detection numbers per state for four corn 
data time series, three of which are independent. Number 
on left is that for signal near 19 years. 

Such nodes in terms of geography are expected for a standing wave in 
the atmosphere and have been found in the Patagonian Andes since A.D. 
1600 in tree-rings (Currie, 1983), in India since 1890 in an areal 
flood index (Currie, 1984a), in northern China in a drought index for 
Beijing since A.D. 1500 (Currie and Fairbridge, 1985), and in Africa in 
the flood levels of the Nile River since A.D. 650 (Currie, 1987a). 
Since early in the 20th century drought maxima in all of these regions 
have been out-of-phase with those in the western U. S., and are there­
fore in-phase with southwestern Canada. Thus, in any region drought 
maxima can be either in-phase or out-of-phase with dates of maxima in 
tidal force. 

Examination of the individual waveforms making up Fig. 6 for the 19th 
century indicated that noise levels vary from about 0.25 to 0.5 bushels 
per acre. Integrating the product of bushels per acre and acres har­
vested over five yeas intervals centered at the vertical bars gives a 
mean value of 6.5x10 bushels for the shortfall in U.S. corn production 
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Fig. S. The 19-year waves for aggregate U. S. corn and two 
Corn Belt states. 

ILLINOIS 
6~ __ -L ____ ~ __ ~L-__ -L ____ l-__ ~ ____ ~ ____ LI ____ L-__ ~ ____ ~ 

-6 

~ -4 
u 
« 
~ -2 
...J 
w 
~ Or----f~~~T_--~--_H~--f_--_!----M_--~~--~--~4_-­
:=J 
CD 

2 

4 

6~-

- 2 ~ 

2-

4 --
1880 

MISSOURI 
J ___ L _~_.1-.---.J 

1936.1 

+ 

t.LL /GRAIN CORN 
L __ -"---_~ ----'-------'-

1900 1920 1940 
YEAR 

19547 

t 

US.A 
1 

1960 

1973.3 

t I 

1980 



CLIMATICALLY INDUCED VARIATIONS IN U.S. CROP PRODUCTION 193 

w 
n:: 

-3 

-2 

~-1 
'­
(f) 

-.J 
W 

Fig. 6. Arithmetically averaged 19-year wave for 24 states 
where spectra showed evidence for the signal. Arrows and 
associated dates are epochs of maxima in the luni-solar 
tide (see Table 1). 
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TABLE 1. 

Nodal 
Tide(a) 

1843.0 
61. 6 
80.3 
98.9 

1917.5 
36.1 
54.7 
73.3 

1960 1980 

Summary of Luni-Solar 18.6-Year Epochs for Data in North 
America 

U.S.A. Texas S. Western N.E. U. S. A. 
All Corn(b) Tree-Rings(c) Canada(d) Precipitation(e) 

D 1842.7 0.3 F 1842.3 0.7 D 1843.0 
D 59.8 1.8 F 58.8 2.8 D 62.8 -1.2 
0 78.8 1.5 F 80.5 -0.2 D 1880.2 0.1 

M 1897.8 1.1 D 96.9 3.0 F 99.9 -1.0 SWITCH 
M 1915.9 1.6 D 1915.6 1.9 F 1916.0 1.5 F 1919.6 -2.1 
M 34.3 1.8 D 35.9 0.2 F 37.3 -1.2 
M 54.1 0.6 D 53.9 0.8 F 56.0 -1.3 
M 74.0 -0.7 74.2 -0.9 

0.9+1. 0 1. 4+1. 0 -0.6+1. 5 -1.1+0.7 

(a)Dates of tidal maxima for the luni-solar 18.6-yr tide. 

(b)Dates or epochs of minima M in all corn yield based on data from 24 
states, see Fig. 6. 

(c)Dates of maximum in drought D for one tree-ring chronology in Oak 
Park., Texas, (Hameed and Currie, 1986). Currie (l984c) has obtained 
similar results from 50 tree-ring chronologies to the west of the Great 
Plans. 

(d)Dates or epochs of maxima in flood F for 8 tree-ring chronologies in 
southwestern Canada (Hameed and Currie, 1986). 

(e)Dates of maximum in drought D or flood F from 739 monthly precipita­
tion records in the northeastern United States (see Figs. 28-29). 
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in an upswing of the wave, if thesnoise level is taken to be 0.5 bush­
els per acre. The loss is 7.6x10 bushels if the noise is taken as 
0.25 bushels per acre. Comparable values are found for windfalls in 
corn production for epochs represented by downswings of the wave. 

Results for the 10 to 11 year solar cycle wave in all/grain corn yield 
are shown in Fig. 7 for the states of Nebraska, Iowa, and Maine. Esti­
mates for Maine were discontinued after World War II because corn 

-6 

Fig. 7. The 10-11 year waves for two Corn Belt states and 
Maine. Arrows represent dates of solar cycle drought max­
ima from tree-rings (see Table 2). 
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production was no longer a significant factor in Maine's economy. In 
this instance downward pointing arrows are mean epochs of maximum solar 
cycle drought measured from tree-rings to the west of the Great Plains 
(see Table 2); as is evident the paired bars and arrows are nearly 
coincident. Fig. 8 shows the solar cycle time march for 30 states 
where dates have been added to the arrows; for this signal the mean 
discrepancy between solar drought maxima in tree-rings and corn is 
0.2+0.6 years as given in Table 2. The two asterisks above the dates 
1935.1 and 1955.6 mark times when the 10 to 11 year and 19-year waves 
were closely in phase and the effect of drought on corn yield was en­
hanced. Currie (1984c) has discussed in detail the solar cycle drought 
wave in U.S. tree-rings for the past four centuries. 

For the waveform in aggregate U.S. series (not shown) integrating the 
product of bushels per acres and acres harvested over three year inter­
vals c~ntered at t~e vertical bars in Fig. 8 gave mean values of 
1.3x10 and 2.2x10 bushels for noise levels of 0.5 and 0.25 bushels 
per acre, respectively. As was seen in Fig. 3 the amplitude of the 
solar cycle term in aggregate U.S. data is smaller than in Corn Belt 
states. Therefore, the impact of this cyclic modulation of corn pro­
duction in the Corn Belt region is likely to be more pronounced than 

TABLE 2. Summary of Solar Cycle Epochs for Data Sets 
Shown. 

U.S.A. U.S.A. U.S.A. Hog 
Tree-Rings(a) All-Corn(b) Production(c) 

D 1882.7 M 1882.1 0.6 M 1883.6 -1.5 
D 92.5 M 92.1 0.4 M 92.5 -0.4 
D 1902.5 M 1902.7 -0.2 M 1902.7 0.0 
D 13.3 M 13.7 -0.4 M 16.1 -2.4 
D 24.0 M 24.7 -0.7 M 26.7 -2.0 
D 35.1 M 34.9 0.2 M 37.0 -2.1 
D 45.9 M 44.8 1.1 M 47.1 -2.3 
D 55.6 M 54.8 0.8 M 56.6 -1.8 

M 65.0 M 66.0 -1.0 
M 75.5 M 76.4 -0.9 

0.2+0.6 -1.5+0.8 

(a)Dates or epochs of maximum solar cycle drought (D) in 
tree-ring chronologies west of the Great Plains. The 
standard deviations on the dates averaged +0.7 years. See 
Currie (l984c). -

(b)Dates or epochs of minimum (M) in all corn yield from 30 
states. The standard deviations on the dates averaged ~0.4 
years. See Fig. 8. 

(c)Dates or epochs of minimum (M) in hog production from 
four series. The standard deviations on the dates average 
~0.3 years. See Fig. 15. 
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Fig. 8. Arithmetically averaged 10-11 year wave for 30 
states where spectra showed evidence for the signal. Ar­
rows and associated dates are epochs of solar cycle drought 
maxima from tree-rings (see Table 2). 
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the numbers given. At the luni-solar epoch of 1936.1 the solar wave 
was closely in phase as shown by the asterisks in 8ig. 8 and the com­
bined shortfall for both terms amounted to 11.lxl0 bushels, for a 
noise level of 0.25, resulting in an economic loss to farmers of ap­
proximately 0.7 billion contemporary dollars. To put this 0.7 billion 
dollar loss into perspective the total receipts of the Federal Govern­
ment in 1936 were only 5 billion dollars. The two waves were also 
nearly in phase during the 195h.7 lunar epoch and the similarly esti­
mated combined loss was 8.3xl0 bushels or 1.6 billion contemporary 
dollars. Comparable values are found for epochs of corn yield maxima 
and represent windfalls for the economy. It should be noted that food 
from the field to the supermarket is a highly leveraged product in a 
modern economy. Corn in the field selling for $2.50 a bushel will cost 
40 to 50 dollars a bushel when bought as a breakfast food in a super­
market. 

In the upper panel of Fig. 9 is displayed the arithmetically averaged 
lunar and solar cycle waves each of which are replotted in the two 
bottom panels. Due to phasing the maximum combined shortfalls in corn 
production centered near 1915, 1935, 1954, and 1974. It is also 
virtually certain that, given only the composite wave and no prior 
information on how it was obtained, the human eye could not decompose 
it into the two constituents. 

Let us digress for a moment. By 1970 almost all geographical regions 
were grain deficit and imported a portion of their food from North 
America, Argentina, and Australia. This year foreshadowed the lunar 
epoch 1973.3 and passed with food reserves as days of world consumption 
standing at three months. In 1974 fifty million acres of idled Ameri­
can cropland, the only major reserves left on the planet, were put into 
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production but could not stem the tide. World reserves had fallen to 
month, 130 nations met in Rome to discuss the world food crisis, and in 
three out of four consecutive years the U.S. limited exports due to 
soaring domestic food prices and consequent poli.tical pressure. It was 
not until the 1980s that grain again became a glut on world markets. 
For extensive discussion see Currie (1984b, Section 7) and Currie 
(1984c, Section 9). 

Fig. 9. Bottom two panels replotted from Figs. 6 and 8. 
Top panel is the arithmetic average. When closely in-phase 
as at 1936.1 and 1954.7 the adverse effect on corn yield is 
enhanced. 
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4.2 Short time series 
A certain percentage of land which is planted is not har­

vested each year. These time series are only 46 years in length when 
spectra are constructed but Fig. 10 shows that both signals are evident 
in aggregate U.S. percentage of acres abandoned. The two panels on the 
right show the two waves where it is evident they were closely in phase 
at lunar epoch 1936.1; they were also approximately in phase at epoch 
1954.7. The two sets of downward pointing arrows above the solar wave 
are dates of maximum shortfall in all corn yield seen earlier and max­
ima in drought as experienced by trees to the west of the Great Plains. 
Fig. 11 displays the 19-year wave for U.S. aggregate yield of silage in 
tons per acre, as well as for the states of South Dakota and Nebraska. 

The 19-year term in percentage of acres abandoned was evident in only 
11 states and their waveforms did not average in a coherent fashion. 
The bottom panel of Fig. 12 displays the wave for Nebraska where it is 
exceptionally large. The upper two panels display the luni-solar wave 
in corn for grain from 15 states and corn for silage from 14 states. 
In both instances it is evident the waves are closely in phase. The 
consistency in phase between these two independent data sets and tree­
rings to the west of the Great Plains strongly indicate that a common 
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Fig. 10. Left panel is spectrum of percentage of planted 
acres abandoned, while right panels are the two waves (see 
text). 
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Fig. 11. The 19-year luni-solar wave for two states and U. 
S. aggregate data for silage yield in tons per acre. 
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Fig. 12. The two top panels display arithmetically aver­
aged luni-solar waves for corn for grain (15 states) and 
corn for silage (14 states). The bottom panel is wave for 
percentage of planted acres abandoned in Nebraska. 
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causative agent, namely a highly resonant standing wave in the atmos­
phere modulating precipitation, affects these time series with a period 
of about 19 years. 

Fig. 13 displays three panels for solar cycle modulation of corn 
production. The top panel is corn for grain from 18 states, the middle 
is corn for silage from 16 states, and the bottom is percentage of 

Fig. 13. The two top panels display arithmetically aver­
aged 10-11 year waves for corn for grain (18 states) and 
corn for silage (16 states). The bottom panel is the aver­
age wave for percentage of acres abandoned (17 states). 
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abandoned acres for 17 states. Evidence for the solar wave in aban­
doned acres is more clear cut than for the longer period luni-solar 
term. The two sets of arrows linking the three panels are dates of 
solar cycle drought maxima measured from tree-rings (see Table 2). All 
four waves are closely in phase providing strong evidence that a common 
causative agent, in this case a thermally driven tide in the atmosphere 
induced by a solar cycle variation in solar luminosity of order 0.1% 
(Eddy, 19B3), affect these time series with a period of 10 to 11 years. 

We see that each of the two signals under discussion can contribute to 
the abandonment of 2 to 3 percent of the planted acreage at its maxi­
mum. To estimate the impact of the luni-solar wave we again integrated 
over five year windows at epochs of 1936.1, 1954.7, and 1973.3 and 
found that a mean value of 2.5 million acres were abandoned due to 
upswings of this wave. A similar integration over three year intervals 
gave an average of 1 million acres abandoned due to the upswing of the 
solar wave. All of the capital and labor expended in planting and 
caring for these abandoned acres were lost to the economy. These loss­
es are in addition to those caused by, synchronous decreases in corn 
yield discussed earlier. 

4.3 Livestock and poultry production 
It is well known that a close association exists between 

corn production and production of hogs and chickens. Moreover, since 
numbers of hogs and chickens can be rapidly increased or decreased we 
might expect production would track, fairly closely, the modulation of 
corn output. Market forces internal to the economy could be a factor 
so we should not expect to find phasing as exact as exists between corn 
and growth of trees. 

The left panels of Fig. 14 display spectra for number of hogs on farms, 
number of hogs slaughtered, and dressed pork in pounds. Clearly evi­
dent are two signals near 10 and IB years. For lunar epochs 1917.5 
through 1954.7 the panels on the right for the IB-year wave show that 
hog production closely tracked corn production, that is, when corn 
production reached a minimum so did production of hogs. The wave is 
small and seriously distorted at epoch 1973.3. 

The single left panel in Fig. 15 displays the spectrum for number of 
live hogs on farms as measured in pounds. It shows the solar cycle 
term but no evidence for the luni-solar Signal. The four panels on the 
right are the solar cycle wavetrains for hog production, three of whose 
spectra were shown in the previous figure. Table 2 tabulates the aver­
age dates or epochs of solar cycle minima (M) in hog production seen in 
Fig. 15 and compares them with solar minima (M) in corn production (see 
Fig. B). The mean discrepancy in minima between corn and hogs is 
-1.5+0.B years as shown. Thus, minima in hog production lags that in 
corn-by a mean of 1.5 years which is physically realistic. Also shown 
in Table 2 is the comparison of solar cycle drought maxima as measured 
by tree-rings to the west of the Great Plains and minima in corn pro­
duction. The mean discrepancy is 0.2+0.6 years. 
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Fig. 14. Left panels are spectra for hog production, while 
right panels are waves for the long period luni-solar term. 
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Fig. 15. Two top panels and bottom panel are 10-11 year 
waves seen in spectra in previous Fig. 14. Remaining panel 
is spectra and corresponding wave. 
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The left panels of Fig. 16 displays the spectra for number of chickens 
on farms, number of chickens produced, and number of eggs produced. 

205 

All three spectra display a term near 18 years, but no evidence for the 
10-11 year signal. The corresponding wavetrains are shown in the right 
panels of Fig. 16 and are very similar to those for hogs seen in Fig. 
14. Minima in chicken production are highly correlated with minima in 
hog production through 1960. We mentioned earlier the world food cri­
sis and soaring food prices of the 1970s which, according to Volcker 
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Fig. 16. Left panels are spectra for chicken and egg pro­
duction, while right panels are waves for the luni-solar 
term. 
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(1978), along with soaring oil prices contributed to the severe re­
cession and economic shocks that befell the nation during that decade. 
In this instance the historic pattern of hog, chicken, and egg pro­
duction was significantly distorted. 

We would not expect other livestock production to be tied to that of 
corn, but rather to production of grass, fodder, and hay. There were 
six time series on cattle, cow, calve, and heifer production all of 
which had a term between 10 and 11 years. However, only one spectrum, 
shown in Fig. 17 (left panel), showed a term near 18 years. The wave­
form (right panel) displays perplexing behavior. For epochs 1880.3 and 
1898.9 minima in cattle/calves lead maxima in drought which is not 
realistic. The remaining four epochs are correlated more closely with 
maxima in cattle/calves which is not realistic either. 

15 

o 

Fig. 17. Spectrum and wave of long period term in a pro­
duction series for cattle and calves. 
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Fig. 18 (left panels) show the spectra for the remaining five series 
and all display a term from 10 to 11 years. The wavetrains and dates 
of minima are shown in the right panels. After 1915 the phasing among 
the six waves are closely in-phase and calculations show minima in 
production lag maxima in solar drought by 4.6+1.0 years. We think this 
lag realistic because a cattleman thinks very-seriously before drastic­
ally reducing his herd (because a cow produces only one calve each year 
so it takes several years to rebuild the herd). 

We segregated the dates in terms of mi'nima in cattle slaughtered versus 
minima in live cattle on farms and find the former lags with a mean of 
1.4 years. Again this is consistent with the sound business practice 
of a cattleman. The standard deviations on the dates of solar minima 
and maxima for slaughtered cattle and dressed beef are smaller by a 
factor of three than those for live cattle on farms which is also what 
one expects on ordinary thought since there are very few slaughter 
houses compared to number of farms and records are accurate and easily 
collected. 
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Fig. 18. Top four panels and bottom panel are spectra and 
waves for the solar cycle 10-11 year signal. Remaining 
panel is wave for spectra seen in previous Fig. 17. 
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For sheep and lambs there were four series. Three showed a term near 
18 years and three a term near 10. As for cattle, the phasing for 
sheep/lambs for the luni-solar term did not seem realistic. However, 
for the 10 year signal results in terms of phasing were consistent as 
shown by the three solar waves in Fig. 19. Moreover, the dates are 
closely coincident with those for cattle. The mean discrepancy between 
minima in cattle and minima in sheep production is -0.5+0.8 years. 
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Fig. 19. Three solar cycle waves from spectra (not shown) 
for sheep and lambs. 
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We also find the two signals under discussion in most of the major 
crops grown in the United States. For reasons unknown the terms are 
clear cut in yield of spring wheat but difficult to establish in yield 
of winter wheat. However, the evidence in percentage of acres of aban­
doned winter wheat is good. Fig. 20 shows the spectra for Colorado and 
Texas where we note that the scale for Texas is twice as large as for 
Colorado. 

The next major clustering of drought years in the western United States 
is likely to center near the next lunar epoch of 1991.9. The luni­
solar and solar cycle waves will not be closely in phase so, all other 



CLIMATICALLY INDUCED VARIATIONS IN U.S. CROP PRODUCTION 209 

4 

~p 
~ z 
« 
-.J 
a.. 
...... 
o 
w 
~ 
C/l2 
w 
> a:: 
« 
J: , 
o 
w 
~ 
z 
«1 
-.J 
a.. 

o 

Fig. 20. Maximum entropy spectra for percentage of planted 
winter wheat acres abandoned in Colorado and Texas. 
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things being equal, these droughts should not be as serious as those of 
the 1930s and 1950s. 

5 IMPLICATIONS IN ECONOMICS 
Climatically induced cyclic variations in United States 

corn, livestock, and poultry production are significant in economic 
terms, especially for the five Corn Belt states that produce about half 
the total output. We have noted that these variations are also found 
in most major crops grown (R. G. Currie, unpublished data, 1986). 

As pointed out earlier the luni-solar droughts of the past have seri­
ously affected the U.S. economy due to their impact on agriculture and 
water resources as documented by Borchert (1971). In the analysis 
presented we have shown that the years of drought correspond to de­
creases in corn yield and increases in acreage abandoned, all three 
responding in a systematic fashion to the atmospheric standing tidal 
wave of period 18.6 years and the atmospheric solar cycle thermal wave 
of period 10 to 11 years. This leads us to propose that the 19-year 
wave in crop output, induced ultimately by an orbital characteristic of 
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the moon and the sun, is a significant factor in causing the "Kuznets' 
long swings" in the American economy, characterized by Kuznets (1961) 
as follows: "These swings, approximately twenty years long, are quite 
distinct from business cycles and must he considered in any discussion 
of long-term changes in the economy". And further, these swings are 
" ••• long alternations in the rate of growth, which we designate 'long 
swings'-not cycles". 

It should be noted that farming is only one component of a modern agri­
cultural economy. Modern agriculture consists of the input supply 
sector (machinery, fertilizer, power, pesticides, etc.), the marketing 
sector (truck, barge, and railcar transport, processing, packaging, 
storing, retail distribution in supermarkets, fast food outlets, etc.), 
and public agricultural service (Wilcox et al., 1974). It has been 
estimated that even today about one quarter of the labor force is in­
volved in the agricultural economy (Perelman, 1977). Obviously, the 
dependence of the economy on agricultural output was much greater in 
the 19th century when industrial production was much smaller. Accord­
ing to our proposal, climatically induced cyclic variations in crop 
output propagate into major sectors of the national economy and largely 
cause the Kuznets' long swings. 

Kuznets (1961) has pointed out that the long swing affects diverse 
sectors of the economy. He states: "These long swings, about twenty 
years in duration on the average, are clearly observable in additions 
to population, immigration, gross nonfarm residential construction, 
gross durable capital expenditures by railroads, net changes in claims 
against foreign countries (capital imports and exports), and indexes of 
stock market prices for some groups of securities. We find them also 
in other components of national product, capital formation, and finan­
cing". 

Fig. 21 schematically illustrates the long swings in an economic vari­
able. Superimposed on the trend are systematic zig-zag changes in 
slope. Study of these fluctuations has been almost completely eclipsed 
since World War II by neo-Keynesian line of analysis because Keynes' 
theory was not a business cycle theory; concern has focused almost 
entirely on the trend and how to keep it rising as steeply as possible. 
We see that as long as the trend keeps rising the minima labeled A, B, 
and C are not much lower than the preceding peaks of prosperity labeled 
D, E, and F. The economy is always pretty good and at the peaks D, E, 
and F it is much better. But, if the trend levels off we see that this 
is no longer true and the economy is either very good at point G or 
very bad at point H. 

We have applied modern signal processing techniques to all of the data 
bases examined by Kuznets (1961). The data sets presented in this 
paper are population time series for U.S. census and mid-census dates 
from 1870 through 1950 so there are a total of 16 data points. Two 
points were lost due to the high pass filter applied leaving 14 points 
to construct the spectrum. Fig. 22 displays maximum entropy spectra of 
total U.S. population for different orders of the Lagrange multipli­
ers. For L=6 no structure is apparent, while for L=7 through 9 a 
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Fig. 21. Trend with a zig-zag wave of 20% amplitude super­
imposed for an economic variable. 
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strong bandlimited signal with period 17 to 20 years is clearly evi­
dent. The spectrum becomes unstable when L is increased to 10. Fig. 
23 shows spectra for six subsets of total population data and clearly 
there is a bandlimited signal whose period is from 15 to 18 years. 

We have analyzed all the yearly sampled data published by Kuznets 
(1961) which begin in 1869 or 1871, and most of which end in 1953. 
These series encompass the value of finished commodities and construc­
tion materials, balance of exports over imports, GNP and its major 
components, flow of various type goods to consumers, capital formation 
and consumption, gross and net construction by type as well as depreci­
ation, changes in inventories and claims against foreign countries, 
population of native and foreign born (male and female) and nonwhite, 
and labor force (male and female). We found that during the World War 
II and post-War era the distortion in the Kuznets wave is so serious 
that in terms of a spectrum we could not establish a bandlimited signal 
in the period range 16 to 22 years. However, restricting analysis from 
lR70 to 1939 a bandlimited term between 16 and 22 years was found in 78 
of the 96 time series, and a bandlimited signal between 9.5 and 10.5 
years was found in 61 series. The spectra and phasing of the wave­
forms, the long swings of Simon Kuznets, will be presented elsewhere. 
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Fig. 22. Maximum entropy spectra for total U. S. popula­
tion for Lagrange mul tipliers of order 6 through 10. Data 
from Kuznets (1961. 
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Fig. 23. Maximum entropy spectra for subsets of total U.S. 
population. Data from Kuznets (1961). 
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As an example of a parallel phenomenon we discuss the so called 
"Building Cycle" studied by Burns and Mitchell (1946) who state: "Our 
studies indicate that building construction is characterized by long 
cycles of remarkably regular duration. They run usually from about 
fifteen to twenty years; they are clear-cut in outline, attain enormous 
amplitudes, and are paralleled by long cycles in other real estate 
processes". We have calculated the average cycle duration for the 25 
U.S. time series given by Burns and Mitchell (1946, Table 161) and find 
it to be 18.9±3.2 years. 

Fig. 24 shows an index of building construction from 1830 through the 
1930s. We have superimposed upward pointing arrows and dates which 
mark maxima in the luni-solar tide; minima in the building wave are 
highly correlated with lunar epochs and thus with maximum shortfalls in 

x 
w 

150 

120 

90 

~ 60 

30 

o 

Fig. 24. The long swings of Kuznets in U. S. building 
construction from 1830 through the 1930's. Data from War­
ren and Pearson (1937). 
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crop production; and vice-versa with respect to mid-epochs. Burns and 
Mitchell (1946) measured the turning points and the mean discrepancy 
between their dates on building and our dates on corn is 0.2+1.6 years 
(see Currie and Hameed, 1986). Building accounts for roughly 25% of 
total investment and like hog production has a fast response time to 
changing economic conditions. Fig. 25 displays an index of real estate 
activity since 1795 and the same wave with the same phasing is evident. 

Abramovitz (1964) examined numerous sectors of the building industry 
and found that the pattern we have seen held in all cases through the 
1930s. During the World War and postwar era the wave was seriously 
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See Dewey and Dakin (1947, p. 116). 
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Fig. 26. Autocorrelation functions for six of the U. S. 
building series examined by Abramovitz (1964). Series 
number is same as given by Abramovitz. 
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distorted and Abramovitz (1968) later came to believe that the Kuznets 
phenomenon was restricted to the period between 1840 and 1914. We 
think we have the explanation as to why aggregate economic data for the 
20th century would begin to cast doubt on the Kuznets' effect, but 
first let us discuss some building data through to the end of the 
1930s. 

Fig. 26 (see p. 214) shows autocorrelation functions for some of the 
building series examined by Abramovitz (1964). The functions peak at 
between 16 to 21 years and at between 34 to 42 years. Note that for 
series 21 there were only 49 data points so clearly these functions 
were not computed in the conventional manner; instead, the Lagrange 
multipliers employed in constructing the frequency domain spectra were 
used to construct the time domain correlation functions as well. 

In Fig. 27 the left panels show unsmoothed fast Fourier transforms for 
three building series and an average of the transforms for fourteen 
series. In order to obtain the resolution shown, available data were 
padded at each end with enough zeros to get a 400 point record. The 
signal in the available data is so enormous that even after unrealisti­
cally padding with zeros it is evident. The right panel displays the 
fast Fourier transforms after the data were extrapolated to 400 points 
by the Lagrange multipliers. Since these embody the statistical char­
acteristics of the available data they should do a better job than 
padding with zeros and we see that they do. 

Soper (1978), in a 1970 Ph.D. thesis later published, has presented the 
most extensive discussion of the long swings in the economy of the 
United States and other nations. Studies were so successful that by 
the 1940's Davis (1941), in a textbook on economic time series, exten­
sively discussed the "10" and "20" year waves in economic data. Other 
books containing evidence in terms of graphs include Warren and Pearson 
(1937), Long (1940), Dewey and Dakin (1947), Hoffmann (1955), Matthews 
(1959), Easterlin (1960), Abramovitz (1964), Lewis (1965), and Dewey 
(1970) • 

The economic downturn in the 1950s to be expected on the basis of our 
proposal was mild, yet a retardation in economic growth did occur of 
such persistence that Abramovitz (1959) testified before Congress on 
the phenomenon of Kuznets. However, the downturn to be expected in the 
1970s was severe. Building investment, residential and non-residen­
tial, reached a deep trough in 1975 (van Duijn, 1983). Soaring food 
prices combined with shocks in oil prices led to a 6% plunge in GNP, 
the most severe recession since the 1953-1954 downturn. The resulting 
pervasive economic distress and schisms within the economics profession 
led Paul Volcker (1978), present Chairman of the Federal Reserve Board, 
to announce the rediscovery of the business cycle, that is to say, the 
long swings of Kuznets. 

We have been unable to find books on economics which discuss the con­
tribution of the agricultural economy to business fluctuations. There 
were differences from situation to situation, but Kindleberger (1973, 
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Fig. 27. Left panels are fast Fourier transforms (FFT) for 
three of the Abramovitz (1964) building series, padded with 
zeros to yield 400 points. Right panels are FFT after the 
series were extrapolated to 400 points by the Lagrange 
multipliers (see text). 
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p. 85) states that generally until 1857 or perhaps 1866, the harvest 
was the measure of business conditions. A bumper crop lowered the 
price of bread, and hence industrial wages, and simultaneously provided 
an outlet for industrial produce by enlarging farm income. Crop fail­
ure, on the other hand, led to depression. Subsequently, he says, 
there was a tendency for economists to forget agriculture altogether 
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when seeking explanations for business fluctuations; and to relate them 
to financial conditions or the state of industrial inventories, ex­
penditure for plant and equipment, or population movements. Most 
economists seem to equate agricultural workers with number of farmers 
on farms and this leads to estimates a factor of five or six times 
lower than that given by Perelman (1977) as discussed earlier. 

6 ANALYSIS OF CLIMATE DATA 
Numerous precipitation records in the northeastern U.S. 

exist of sufficient length to investigate the signals under discussion. 
In Fig. 28 the left panel is the average spectrum of yearly total pre­
cipitation data from 74 rain gauge stations while the right panel is 
the average 19 year wave for these data. For some reason the solar 
cycle signal in rainfall is weak in this region (see Currie, 1987c). 
From 1843 to 1880 shortfalls in precipitation were approximately in 
phase with lunar epochs, that is, lunar induced drought was in phase 
over the entire United States. A polarity switch of 1800 then occnrred 
and by epoch 1917.5 windfalls in precipitation were approximately in 
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Fig. 28. Maximum entropy spectra and luni-solar wave for 
yearly total precipitation data over northeastern U. S. 
Seventy four station records were employed. See Currie 
(1987c) for details. 
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phase with epochs. Bistable 1800 phase switches with respect to time 
in drought/flood data have also been found in South America (Currie, 
1983), India (Currie, 1984a), China (Currie and Fairbridge, 1985), and 
in Africa (Currie, 1987c). Once a polarity is established, the time it 
remains in the same state varies from 100 to at least 300 years (Cur­
rie, 1984c). Bistability in physical systems has been extensively 
studied by physicists and engineers and can occur when the parameters 
in the equations of motion are periodically forced (Stoker, 1950). 
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Under our proposal once the bistable switch in eastern U.S. precipita­
tion data occurred, then aggregate economic time series would begin to 
present a confused picture with regard to the long swings and this is 
what Abramovitz (1968) observed. Fig. 28 thus has important implica­
tions in future research by economists on the long swings, both in the 
United States and in other nations. 

Prior to the 1940s the amplitude of the wave is fairly constant and an 
upper bound on the effect is obtained by integrating over 5 year win­
dows. We find an average upperbound value of 17.8+3.5 centimeters. 
Since this area is humid with a mean annual rainfall of 100 to 130 
centimeters the effect might be moderate. However, for some reason as 
yet unknown, the amplitude after the 1940s rapidly increased. At the 
1964 mid-epoch the integrated shortfall was 36 centimeters which 
amounts to a wall of water 14 inches high over this portion of the 
country. This region did experience a severe water crisis near mid­
epoch 1964 (Barksdale et al., 1966; Palmer, 1965-67). According to 
Namais (1966, 1967) the drought lasted nearly half a decade from 1961 
to September 1966. 

Given our present state of knowledge, but placing ourselves back in the 
1970's, we would on the basis of Fig. 28 (truncated during the 1970s) 
confidently anticipate a serious water crisis near mid-epoch 1983. 
This crisis occurred. For example, by 1985 the cumulative deficit in 
rainfall had reached such a magnitude that New York City was forced to 
draw some of its drinking water supplies directly from the Hudson 
Ri ver. 

Although not visually evident in Fig. 28 the dates of lunar rainfall 
minima in the 19th century and rainfall maxima in the 20th century 
systematically lag lunar epochs by 1.1+0.7 years (see Table 1). Thus 
at current mid-epoch 1982.6 the window-of drought potential should cen­
ter at about 1983.7. The water crisis in the northeast peaked in 1985 
whereas in the southeast it peaked in 1986, drought and high tempera­
tures so extreme that the situation received extensive national media 
attention. 

We thought that perhaps the amplitude might be unevenly distributed 
over the year but Fig. 29 shows this not to be the case. The amplitude 
is uniformly distributed over April, May, and June and for each of the 
other 9 months as well. In retrospect we realized the amplitudes 
should be uniform because the forcing function is long in relation to 1 
year. The mean period for monthly rainfall spectra is 18.324+0.133 
years so the discrepancy from celestial mechanics is 155 parts in 
10,000 or 1.5%. It is interesting to note that Newton established the 
lunar theory with a discrepancy between observation and his theory of 
400 parts in 10,000 or 4%. 

Currie (1979, 1981b, d) has exhaustively studied air temperature re­
cords in the United Sates from the world records, and also those for 
the whole world (Currie, 1987a). We were thus surprised to learn that 
there are available an order of magnitude more records for the U. S. 
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Fig. 29. Left panels are spectra and right panels are 
luni-solar precipitation waves for months of April, May, 
and June in northeastern United States. See Currie (1987c) 
for details. 
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than we had thought, although they are considered to be of lesser 
quality. 

Using monthly data we detected the luni-solar and solar cycle signals 
in 994 air temperature records over the northeastern U. S. The left 
panels of Fig. 30 show arithmetically averaged spectrums for the months 
of October, November, and December. Those for other months are very 
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Fig. 30. Left panels are spectra and right panels are 
1uni-solar air temperature waves for three months in the 
northeastern U. S. 
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similar. The right panels display the averaged wavetrains for the 
1uni-so1ar term. Results are similar to those presented by Currie 
(1981d), that is, maxima in air temperature came closely into phase 
with the tidal epoch of 1880.3 and thereafter systematically lagged 
epochs by an average of 3.4 years. Such systematic phase shifts have 
also been found elsewhere in air temperature (Currie, 1987a), but are 
not observed to occur in data directly related to precipitation. In­
tegrated amplitudes over five year intervals centered at wave maxima 
are upwards of lOCo 
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7 IMPLICATIONS IN SOCIOLOGY 
Soper (1978) proposes that the relevance of the long swings 

extend beyond economic history into the realms of sociology and polit­
ical history. And that the pressures of a prolonged downturn in 
economic conditions might well go far in explaining profound intellec­
tual pessimism, political unrest, and generalized social discontent 
over a sustained length of time. Conversely, a long upswing would be 
conducive to an era of relaxed sociopolitical tensions, buoyant expec­
tations, and an enterprising or "progressive" spirit within a nation. 
We have obtained experimental evidence which supports Soper's (1978) 
thesis. 

During almost all of human existence people have lived by hunting or by 
subsistence agriculture. This continues to be true for the majority in 
Africa, South America, and Asia. Any economy based largely or entirely 
on subsistence farming is inherently poor and highly susceptible to 
economic distress caused by shortfalls in food production due to lack 
of rain. The unhappy events in recent years in Africa with regard to 
prolonged luni-solar drought and consequent famine at mid-epoch 1983 is 
a good example and widely known. Luni-solar drought also led to seri­
ous famine in Brazil at the most recent mid-epoch but received little 
notice in the U.S. because Brazil did not ask for food assistance. 

Although much human conflict has been rooted in opposing religious 
ideologies, it is probable that most civil unrest and conflict between 
nations has been the result of economic adversity. We have analyzed 
two indices for the past 26 centuries, one for civil war battles and 
one for international battles. These were constructed by R. H. Wheeler 
(see Dewey, 1970) giving value one to a mild engagement, value two to a 
moderately severe encounter, and value three to a very exceptionally 
heavy engagement. The index for each year is the sum of the values so 
determined. 

We computed 26 spectra for each series in two hundred year overlapping 
swaths and found for the total 52 spectra evidence for a bandlimited 
term between 16 and 21 years in 45 instances: 38 spectra displayed a 
term between 10 and 11 years. Fig. 31 displays spectra of combined 
international and civil war battles from the third through the sixth 
centuries after the birth of Christ. The earlier two centuries wit­
nessed the decline of the Roman Empire, while the following two 
centuries witnessed its fall when the last Emperor was deposed in A.D. 
472; we see that the term near 20 years is enormous, larger than any­
time during the past twenty six hundred years. 

Fig. 32 displays the 'long swing' waveform from A.D. 200 to 600. The 
recurrent wave is especially strong during the sixth century, the cen­
tury following the collapse of the Roman Empire and its central 
authority. It appears that, contrary to general belief, mankind is a 
part of nature and subject to natural law; and that more than one tide 
exists in the affairs of men and woman. 

The moon has long played an important role in the lives of people. 
Each Jewish month begins with the appearance of a new moon. In the 
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Fig. 31. Maximum entropy spectra for international and 
civil war battles for two 200 year intervals. 
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Engl ish Book of Common Prayer: "Easter-Day is always the first Sunday 
after the Full Moon ... ". This led, in part, to the first ecumenical 
(worldwide) council of the Christian Church held at Nicaea in Asia 
Minor in A.D. 325. One of the world-unifying questions the council 
addressed was the date of Easter. Islam continues to live by the cy­
cles of the moon for the Prophet said: "Do not fast until you see the 
new moon, and do not break the fast until you see it" (Boorstin, 1983). 

Everywhere we find relics of mythic, mystic, romantic meanings--in 
"moonstruck" and "lunatic", in "moonshine", and in the moonlight set­
tings of lovers' meeting. When Romeo begins to swear by the moon his 
love for Juliet she interrupts and asks that he not swear by the in­
constant moon. Today we know different. Two billion years ago this 
celestial object was much closer to the earth and the Kuznets' phen­
omenon much stronger, and two billion years from today the effect will 
be much smaller as the moon continues to recede from earth. But in the 
short run of human existence its orbit has been very constant. And it 
appears that it has been responsible in large measure for a great deal 
of human joy when the rains came and a great deal of suffering when 
they dirin't. 

Emlyn Williams (1968), the distinguished British actor and author, 
wrote a book entitled "Beyond Belief", an account of a particularly 
brutal and gruesome series of murders in the 1960s. Near the end, 
Williams in poetic fashion attributes human emotion to the moon who has 
witnessed these grisly events and writes: "And if after a moment the 
clouds move on, the moon's .face will tell nothing. Too old for shock, 
or even sorrow. If it were not, tonight the puzzled world might stare 
skyward, and point in awe". 

R WHAT WENT WRONG? 
Part of what went wrong in economics was accurately des­

cribed by the Nobel Prize winner Wassily Leontief (1982): "Not having 
been subjected from the outset to the harsh discipline of systematic 
fact-finding, traditionally imposed on and accepted by their colleagues 
in the natural and historical sciences, economists developed a nearly 
irresistible predilection for deductive reasoning. As a matter of 
fact, many entered the field after specializing in pure or applied 
mathematics. Page after page of professional economic journals are 
filled with mathematical formulas leading the reader from sets of more 
or less plausible but entirely arbitrary assumptions to precisely 
stated but irrelevant theoretical conclusions". Instead of mathematics 
being a servant to this science it became the master, and the same 
thing has happened to all other inexact non laboratory sciences. 

Toe other part is that the very axioms and postulates on which the 
mathematics is based are not physically valid. For example, the modern 
method of spectrum analysis employed in this paper is unknown to econ­
omists because it stands in opposition to the orthodox statistical 
views on time series analysis espoused by John Wilder Tukey and his 
numerous disciples such as Fishman (1969) and Brillinger (1981). This 



224 R.O.CURRIE 

is ironic for, in his book on probability theory, Keynes (1921) strong­
ly attacked the orthodox view of this subject. Jaynes (1979) presents 
at length a non-technical history of how Bayes' theorem and Laplace's 
outlook on the subject were rejected in the 19th century when physi­
cists abandoned the field to pure mathematicians, and we shall later 
discuss this. It led to the greatest disaster ever to befall modern 
science. 

Adam Smith (1776) and his successors erected an imposing conceptual 
edifice based on the notion of the national economy as a self-regulat­
ing system of a great many different but interrelated, and therefore 
interdependent, activities known as Classical Economics. Later, two 
mathematically trained engineers (Leon Walras and Vilfredo Pareto) 
translated Smith's common sense edifice into the concise language of 
algebra and calculus, and called it the General Equilibrium Theory. 
This theory posits an equilibrating interplay in demand, supply and 
price, and postulates that when supply equals demand one has the price. 
Here again there is irony, for Keynes writing to a colleague said: 
" •••• I shall hope to convince you some day that Walras's theory and 
all the others along those lines are little better than nonsense" 
(Eichner, 1983, p. 133). 

\-1. S. Jevons became in 1862 the first economist to insist on the rhyth­
mical character of business fluctuations and sought to explain business 
cycles not by any economic cause, but by an II-year modulation of crop 
production caused by the sunspot solar cycle. It is pleasing to note 
that Keynes (1936), in what many claim to be the most influential book 
of the 20th century, defended Jevon's hypothesis. Thus hegan empirical 
studies of economic time series which were so successful that, in a 
1940's book on economic time series analysis, Davis (1941) discusses at 
length the 10 and 20 year cycles discussed in this paper. Such people 
as Mitchell (1927), Kuznets (1930a), and Burns (1934) posited no mathe­
matical theory but relied on measurement; this brought them into con­
flict with pure economic theorists. 

Classical economic theory assigned a small place to the problem of 
business crises because they were associated with causes external to 
the theory such as wars, technical changes, crop failures, and specula­
tive manias. The persistence of booms and busts led some critics, most 
notably Karl Marx, to insist that the simple explanations of classical 
economics were misleading. But until the regularity of the disturb­
ances was established, until it was made certain that the fluctuations 
are ever present and quite pervasive, that they are not mere excep­
tions, these fluctuations presented no question, and their explanation 
was no challenge to theoretical economics (Kuznets, 1930b). 

Broadly speaking there are two views on what causes recurring waves in 
economic activity, and thus two methodologies arose; classic papers are 
reprinted in Haberler (1944), Hansen and Clemence (1953), and Gordon 
and Kline (1965). The first is our proposal, namely that climate 
cycles induce cyclic modulation of crop output and the economic conse­
quences ripple through the economy with a multiplier effect. This 
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possibility is not discussed in the post 1930s literature, possibly 
because Burns (1934) could not find the long swings in American commod­
ity series. But, in any event, work along this line was always minute. 
A 1944 classified bibliography of books and papers lists only 24 vis-a­
vis 690 devoted to theory (Haberler, 1944, p. 443). Kuznets (1930b) 
opines that to explain business cycles in this way is to confess the 
failure of economic science to explain their appearance, but this is 
surely too harsh a judgment. A science that produced such figures as 
Adam Smith, Karl Marx, John Maynard Keynes, and Simon Kuznets cannot be 
rated a failure. 

The other view is that the recurrent waves are self generated within 
the economy by some means. This was the belief not only of Western 
economists, but also of Karl Marx who considered them endemic to a 
capitalistic market economy. And it is true that the unrestrained 
laissez faire capitalism of the 19th century was an excellent system 
for allowing the Kuznets' long swings to have maximum impact. 

Western economists sought to explain the waves by means of lags between 
different economic variables. For example, let us suppose (Davis, 
1941, p. 340) that I(t) is the total volume of orders for capital goods 
per unit of time t, and that L(t) is the corresponding volume of de­
liveries of orders for capital goods. It is clear the relationship 
between these two quantities is expressed by the equation: 

L(t) = I(t - t ) 
o 

where t is the lag between order and delivery. This quantity of lag 
is extr~mely fundamental in the theory of economic oscillations accord­
ing to Davis. The problem is, it is always assumed to be constant for 
a particular industry, but different investigators get wildly different 
lags. 

In 1927 the orthodox statisticians G. U. Yule and E. Slutsky (see 
Davis, 1941) showed mathematically that a linear combination of uncor­
related random variables can generate damped wavetrains which possess 
an oscillatory aspect. Accordingly, business cycles could be explained 
by cumulative random shocks hitting the economy. This random shock 
theory is the basis of econometric modeling which has been, and still 
is, Establishment economics in the United States since about 1947. 

Irony enters yet again, for Keynes (1936) was very critical of such 
explanations and wrote: "Too large a proportion of recent mathematical 
economics are merely concoctions as imprecise as the initial assumption 
they rest on, which allow the author to lose sight of the complexities 
and interdependencies of the real world in a maze of pretentious and 
unhelpful symbols". A good example of what Keynes objected to is 
Slutsky's sinusoidal limit theorem (see Davis, 1941, p. 57). If from a 
random time series we form a new series by n iterated summations by 2, 
followed by the forming of the mth differences, then if min is kept 
constan£l the difference series will tend to a sine curve of period T 
2n/(Cos r 1), where r 1 = (l-m/n)/(l+m/n) as n tends toward infinity. 



226 R.G.CURRIE 

This theorem is nothing more than numerology and one could, without 
violating logic, use such theorems to explain Newton's lunar theory, 
the celestial mechanics of Laplace, or the emission spectra of atoms. 

An example of econometric modeling to "explain" the building wave dis­
cussed earlier in this paper (see Figs. 24-25) is Derksen (1940). He 
starts with a restatement of Tinbergen's (1939) stock-adjustment equa­
tion: 

df!dt = -af(t-t ) o 

where f(t) is the total available supply of housing at time t, express­
ed as deviations from a normal level; df!dt is the net incremental 
increase in total supply; and the product at = c is the solution value -I 0 
of the equation. For c = e the solution is an exponential function, 
for c > ~!2 one has explosive oscilla~lons, and for c = ~!2 one has a 
sine wave with period T = 4t. For e < c < ~!2 the solution is a 
damped oscillation with T > ~t • Econometric modelers always choose 
the damped oscillation as the ~olution, and then assume that a stream 
of cumulative shocks (never identified) introduce energy into the sys­
tem to maintain the swings which are not observed to damp out. 

Using multiple regression analysis he used the equation: 

b = 16.3r -8.5c_1 + 5.8(i+1-i) + 0.44p_2 -545 

to "explain" the wave in U.S. residential building over the period 
1914-1938. Such data existed of course from 1830 as we have seen ear­
lier (see Figs. 24-25) but that is ignored. 

In the above equation b is the number of dwelling units in thousands on 
which construction started annually, r is an index of rents, c_1 is an 
index of building costs lagged one year, i is the average nonfarm fam­
ily income, and P-2 is the annual increase in the number of nonfarm 
families.lagged two years. Derksen (1940) claimed the explanatory 
factors fell into two groups. First, the "incentive to build" con­
sisting of rents and building costs, and second, the "acceleration 
principle" consisting of incomes and number of families. All the 
regression coefficients were claimed to be significant and the coeffi­
cient of multiple correlation was 0.96. 

By some additional computational equations he found c = 0.72 and con­
cluded "The period of the cycle is about 12 years. The oscillations 
are very damped and the cyclical fluctuations disappear practically 
after completion of one cycle". But the historical data on U.S. build­
ing, one series extending back to 1795 as we have seen (see Figs. 24-
25), clearly show that every statement of Derksen's is false. The 
period is near 19 years and the wave does not damp out. 

Derksen's work followed the method advocated in Tinbergen's (1939) book 
which Keynes (1939) harshly denounced as follows: "In practice Prof. 
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Tinbergen seems to be entirely indifferent whether or not his basic 
factors are independent of one another", and later concludes, "In plain 
terms, it is evident that if what is really the same factor is appear­
ing in several places under various disguises, a free choice of 
regression coefficient~ can lead to strange results. It becomes like 
those puzzles for children where you write down your age, multiply, add 
this and that, subtract something else, and eventually end up with the 
number of the Beast in Revelation". Keynes concludes his lengthy po­
lemic with a fear that Tinbergen's "reaction will be to engage another 
ten computors and drown his sorrows in arithmetic. It is a strange 
reflection that this book looks likely, as far as 1939 is concerned, to 
be the principal activity and raison d' etre of the League of Nations". 
Clearly, Keynes would be most unhappy that the econometric modeling 
advocated by Tinbergen (1939) became mainstream American economics 
after World War II, and that those who practiced it called themselves 
"neo-Keynesians". 

Mitchell (1927, p. 265), a distinguished American economist and founder 
of the Na tional Bureau for Economic Research, sounded the alarm much 
earlier by writing "Once started upon this career of transforming time 
series into new shapes for comparison, statisticians have before them a 
limitless field for the exercise of ingenuity. They are beginning to 
think of the original data, coming to them in a shape determined large­
ly by administrative convenience, as concealing uniformities which it 
is theirs to uncover. With more emphasis upon statistical technique 
than upon rational hypothesis, they are experimenting with all sorts of 
data, recast in all sorts of ways. Starting with two series having 
little resemblance in their original shape, they can often transmute 
one series into 'something new and strange,' which agrees closely with 
the other series. In work of this type, they rely upon the coefficient 
of correlation to test the degree of relationship between the success­
ive transformations." 

The Kuznets' long swings have been attacked on various grounds and all 
are invalid (see Soper, 197R for a survey). In one case (Adelman, 
1965), conventional Blackman and Tukey spectra were computed for short 
economic time series and 17 spectral estimates obtained from 0 < f = 
0.5 cpy. Only four estimates were in the frequency range shown-in the 
figures of this paper so it is self evident the signal could not be 
resolved. The author nevertheless asserts that the spectrum shows no 
evidence for the Kuznets wave (which is true) and solely on this basis 
questions it's existence. The assertion is not relevant. 

In a second case, Fishman (1969) and Sargent (1979) compute the fre­
quency transfer response of filtering operations carried out with an 
imaginary time series sampled yearly and a peak occurred near 20 years. 
They then charged that Kuznets had performed a "Slutsky effect" on the 
data he analyzed; that is, the filtering procedure itself generated the 
cycle. But we examined the data and found it had been originally sam­
pled at 5 year intervals (census and mid-census data on population) and 
the spectra of the data are shown in Figs. 22-23. Since the 1930's the 
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"Slutsky effect" has been elevated to the status of a "law of econom­
ics" in popular books (Silk, 1978), yet economists know that the effect 
need never occur unless you want it to occur (Granger and Hatanaka, 
1964) • 

In a third case (Bird et a1., 1965), the investigators start with a 
sequence of random numbers, apply filtering operations, obtain a fabri­
cated series with fluctuations on a time scale of 20 years, and claim 
this explains the long swings. No one seems to have pointed out that 
the data Kuznets examined were not fabricated in such a manner, and 
again such exercises date back to the mathematical theorems deduced by 
Slutsky in the 1930's (see Davis, 1941). Kuznets (1961) stresses that 
the long swings can be seen by eye in the raw data which is true (see 
Figs. 24-25). 

Mainstream Amerlcan economics since World War II is termed the "neo­
classical synthesls", the wedding of Keynes ldeas to 19th century pure 
economic theory, a theory Keynes himself rejected. This synthesis 
fared very poorly in coping with the economic shocks of the 1970s 
caused by the Kuznets' long swing, and economics schismed into several 
competing schools of thought. The polemics are harsh (see Balogh, 
1982; Eichner, 1983), and the heretics place most blame on the enormous 
influence Paul Samuelson's (1947) textbook, and its successive editions 
issued as recently as 1985, have had on American economists. 

It is apparent that after the War a great deal went wrong in economics 
and from Keynes own words quoted earlier we know his revolution was 
aborted, just as the heretics claim. But in a broader sense Jaynes 
(1979) presents in a non-technical manner the history of what went 
wrong in all the sciences when the physics community abandoned proba­
bility theory in the 19th century to pure mathematicians, and there 
came into existence "orthodox mathematical statisticans" who rejected 
Bayes theorem and Laplace's outlook on this subject. 

Until about 1925 time series analysis was still under the influence of 
Newtonian determinism and many believed that time series arising in 
economics (and meteorology and geophyslcs) might contain deterministic 
components (Kendall, 1973). But because trade "cycles" of the 19th 
century were not perfect sine waves (of fixed amplitude and period) 
orthodox statisticians rejected the possibility and eventually obtained 
a contrary consensus. This was a gross error in judgment, as is self­
evident to any scientist, because although the sunspot cycle as 
measured by number of spots, for example, does not have fixed amplitude 
and period, it is a bandlimited signal and thus has considerable 
predictive value (Currie, 1980, 1981a). 

It was in 1927 that Udny Yule (Kendall, 1973, p. 4) changed the outlook 
of economic science (as well as meteorology and geophysics) in an 
investigation of sunspot numbers. His "fresh" approach included a 
"classic" illustration: if we have a clock pendulum its motion is 
harmonic. But if we pelt it randomly with peas the motion is dis­
turbed; it will still swing, but with irregular amplitudes and 
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intervals. The pelting peas provide a series of random shocks which 
are incorporated into the future motion of the pendulum. This concept 
of Yule (1927) led to the theory of stochastic processes and stochastic 
time series, which became the cornerstone of mainstream economics (and 
meteorology and geophysics) after the strong attack on spectrum analy­
sis by Kendall (1945). 

The result, half a century later, is shelves of books on "stochastic 
processes" and "stochastic time series analysis". The books start with 
a series of postulates which a mere scientist is not allowed to ques­
tion; and the world view expressed by these postulates completely 
dominates economics and meteorology, and are dominant in all the other 
sciences. In order to escape these postulates one has to abandon sci­
ence and become an electronic or acoustic signal processing engineer 
(Childers, 1978). I shall discuss three of the sacred scriptures of 
pure mathematics in time series analysis as posited by Brillinger 
(1981). 

I am not allowed, as a mere scientist, to consider just the time series 
observed and get on with the calculations. I must believe that the 
observed series is only one example of an infinite set of time series 
(the ensemble) which I might have observed but did not. Such a reason­
ing format is completely foreign to the scientist, the detective, the 
attorney, the medical doctor, and the housewife. As Jaynes (1985) 
notes, if you go to a doctor and tell him your symptoms, he does not 
start thinking about the class of all symptoms you might have but don't 
have. He thinks about the class of all disorders that might cause the 
symptoms you do have. The first one he will test for is the one which, 
in that class, appears to be a priori most likely from your medical 
history. 

Second, I am forced to believe that time-series are "stationary". 
Broadly, this means there is no systematic change in the mean (no 
trends), there is no systematic change in the variance, and all peri­
odic variations have been removed. To put it baldly, orthodox 
statisticians are not interested in signals but rather in noise, in 
systems driven by "stochastic" processes. The writer has analyzed time 
series arising in the fields of geomagnetism, seismology, oceanography, 
astronomy, weapons detection, meteorology, and economics, and has never 
encountered the posited "stationary" series. Yet, outside of acoustic 
and electrical engineering, the mainstream view in time series analysis 
is that if the postulate does not describe observed data I must, 
perforce, accept it anyway. 

And finally, I am forced to believe that time series satisfy "ergodic 
theorems" that arise, and are an active area of inquiry, in pure mathe­
matics. That is, the time average over the one observed infinite 
record is equivalent to an ensemble average of an infinite number of 
records not observed. Such theorems are completely without relevance 
to the real world because our observed time series are of finite, not 
infinite, length. And they do not apply unless all bandlimited signals 
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have been removed from the time series. Again we have the fact that 
orthodox statisticians are not interested in signals but rather noise. 

The proposal of this paper will eventually be accepted in the science 
of economics. Aspects of classical theory which are valid in the short 
run, such as the equilibrating interplay of countervailing changes in 
demand, supply and price, will be retained. The distinction drawn 
between production and trade vis-a-vis distribution should be dropped 
because economics is also about "who gets what". To this should be 
added the concept of circular causation in the economy with cumulative 
effects (Myrdal, 1957), driven by modulation of crop output. Tools 
such as "input-output" analysis pioneered by W. Leontief are available 
to learn how the long swing (and the 10-11 year wave) ripples through 
the economy; one can then apply counter measures to smooth them. 

But until then, Keynes' (1936) most famous words hold true: "The ideas 
of economists and political philosophers, both when they are right and 
when they are wrong, are more powerful than is commonly understood. 
Indeed the world is ruled by little else. Practical men, who believe 
themselves to be quite exempt from any intellectual influences, are 
usually the slaves of some defunct economist. Madmen in authority, who 
hear voices in the air, are distilling their frenzy from some academic 
scribbler of a few years back". Writing today Keynes would add that 
the defunct economists, in turn, have become the slaves of defunct 
orthodox mathematical statisticians, the very same people Keynes (1921) 
denounced. 

It was self evident to Keynes (1936, p. 300), Karl Marx, and the great 
classical economists that if economics was to mean anything at all it 
would have to be political economy, and that is what it should become 
when the proposal of this paper is accepted. Economics was not created 
by Adam Smith to delight the aesthetic sense of pure mathematicians who 
refuse to adopt the reasoning format of scientists. For science, un­
like mathematics, is played on a logical field that is open at both the 
bottom and the top. We cannot start at ground level with axioms and a 
set of propositions which cannot be questioned. We start in the middle 
and are thus, of necessity, creatures of the bog (Jaynes, 1986). And 
in the quest, mathematics is supposed to be the servant and not the 
master it has become in economics and other inexact non laboratory 
sciences. 

Finally, if Keynes and Marx came back they would have no difficulty in 
accepting our proposal. Marx gave credence to a 10 year wave in eco­
nomic activity and Keynes (1936) defended the hypothesis that such a 
wave existed. Keynes almost single-handedly built the modern theory of 
national income and justified a policy of government intervention in 
economic affairs. Their disagreement would be over the degree of in­
tervention needed to effectively apply counter-cyclical measures to 
smooth out the long swings of Simon Kuznets. 

9 CONCLUDING REMARKS 
It is clear that in every department of economics in the 

United States the writer would not only be regarded as a heretic, but 
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most probably worse, an outsider. But economics is a healthy science. 
When the long swing of Kuznets struck in the 1970's this science 
schismed, as any healthy science would have done, into numerous ,schools 
of thought. And in the process the Kuznets' phenomenon was rediscover­
ed by Volcker (1978), who was then Chairman of the Federal Reserve Bank 
of New York. 

In climatology and meteorology Pittock (1978) has become the spokesman 
for denying evidence for cycles in climate. He adopted the principle 
that no effects exist until they are proven to exist beyond a reason­
able doubt since this is the traditional hypothesis which safeguards 
the purity of established scientific theory. This principle is echoed 
again when Pittock (1983) speaks of 'scientific truth'. But on what 
basis has this 'truth' been established? 

Campbell (1983) and Currie (1983, 1984a, b, c) state that the charac­
teristics of long period highly resonant atmospheric tides do not exist 
in scientific literature. There is a present-day consensus, with the 
support of a vast literature, concluding that beyond about a week 
weather is inherently unpredictable. But since none of this deals with 
characteristics of the aforementioned tides and current experimental 
data it completely fails to address the subject of prediction. In 
reply to a request in 1983 that Pittock provide scientific papers es­
tablishing the 'truth' he sent the writer a long list of references 
with discussion. These papers, part of the vast literature, treat the 
equation ma=O, whereas the relevant equation is ma=F, Newton's second 
law. 

In virtually all papers the 'scientific truth' that Pittock claims he 
is defending is implicit. A rare exception is Shutts (1983), who gives 
no references, but simply states that atmospheric tides have a negligi­
ble impact on the global transfer of energy and momentum within the 
troposphere and can be safely neglected. Such statements, whether 
explicit or implicitly implied, are based on nothing more than an as­
sumption which has been transformed into a 'scientific truth' and 
defended as such. There is no evidence, experimental or theoretical, 
to support the current paradigm or weltanschauung. It is a unique 
situation in the history of science, and especially deplorable since 
the problem of climate and its variations is becoming one of the lead­
ing problems in world science, because the variations affect a great 
variety of human activities of an economic and social character. 

In addition, the assumption was written into international law in the 
1930's. In that decade the forerunner of the present day World 
Meteorological Organization, then attached to the League of Nations, 
obtained a legal agreement from all national weather agencies that 
"normal" weather is to be defined in terms of a 30 year moving average. 
Such a procedure applied to yearly data precludes the detection, and 
thus the existence, of the luni-solar and solar cycle signals. As 
recently as 1985 the best known climatologist in Europe took all the 
long air temperature records from that continent, applied the legally 
defined 30-year moving average, and then discussed the remaining fluc­
tuations with respect to the CO2 greenhouse effect. 
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The first forecast along the lines given in this paper was made in the 
Bible. Joseph was brought before the Pharaoh who listened to the 
dreams of seven healthy and seven sick cows and of seven strong and 
seven withered ears of corn. Joseph had forecast a fourteen year agri­
cultural cycle. Pharaoh was so pleased that he said unto Joseph: 

"Foreasmuch as God has shown you all this, there 
is none so discreet and wise as you. You shall be 
over my house and according to your word shall all 
my people be ruled •••• ". And Pharaoh took off his 
signet ring from his hand and put it upon Joseph's 
hand, and arrayed him in vestures of fine linen, 
and put a gold chain around his neck. And he made 
him to ride in the second chariot which he had 
(Genesis 41:30). 

Talk about the declining status of today's economists after the econ­
omic debacle of the 1970's! Souvenir jackets from Camp David are 
scarcely a match for the Pharaoh's signet ring. Our evidence for 
modulation of crop production differs from that of Joseph in two 
respects. First, the primary forcing function has a period of 18.613 
years. And second, that systematic modulation in agricultural output 
will occur is not a forecast, but a prediction due to the work of a man 
who lived three centuries ago, Sir Isaac Newton. 

Since this paper, in a real sense, weds economic and social science to 
physical science it is proper to discuss what the Master of the first 
thought of the Master of the second. Keynes (1972) wrote two essays on 
Isaac Newton. The second was completed two weeks before his death 21 
April, 1946. He had just returned from the Savannah Conference in the 
United States where the World Bank and International Monetary Fund were 
establi shed. 

When Newton left Cambridge for London he stored his unpublished writ­
ings in a trunk, and upwards of 1,000,000 words survive of which Keynes 
had acquired and studied milch. Most people think of Newton as the 
first and greatest rationalist, one who taught us to think in the lines 
of cold and untlnctured reason. Keynes saw him differently: "He was 
the last of the magicians, the last of the Babylonians and Sumerians, 
the last great mind which looked out on the visible and intellectual 
world with the same eyes as those who began to build our intellectual 
inheritance rather less than 10, 000 years ago". 

Keynes believed that Newton was a most extreme example of a profoundly 
neurotic man and that his deepest instincts were "occult, esoteric, 
semantic--with profound shrinking from the world". For it turned out 
among those 1,000,000 words that perhaps the most absorbing of Newton's 
occupations were devoted to topics wholly magical and wholly devoid of 
scientific value. Studies and experiments in alchemy--transmutation, 
the philosopher's stone, the elixir of life. Studies of apocalyptic 
writings--the measurements of Solomon's Temple, the Book of Daniel, the 
Book of Revelations. Along with hundreds of pages of Church History 
and the like, designed to discover the truth of tradition. 
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If it is true, as the author F. Scott Fitzgerald (1956) believed, that 
the test of a first-rate intelligence is the ability to hold two op­
posed ideas in the mind at the same time, and still retain the ability 
to function, then it is true as Keynes stated: "His peculiar gift was 
the power of holding continuously in his mind a purely mental problem 
until he had seen straight through it. I fancy his pre-eminence is due 
to his muscles of intuition being the strongest and most enduring with 
which a man has ever been gifted". Newton held two opposed ideas in 
mind for a quarter century working on both simultaneously in dynamo 
fashion, and Keynes tells us how: "There was extreme method in his 
madness. All his unpublished works on esoteric and theological matters 
are marked by careful learning, accurate method and extreme sobriety of 
statement. They are just as sane as Principia, if their whole matter 
and purpose were not magical ,,-.--

The collected wri rings of Lord John Maynard Keynes encompass twenty 
seven volt~es and, as we noted, his second essay on Isaac Newton was 
written two weeks before his death. Except for official notes, it was 
the last thing Lord Keynes wrote. 

Notes Added in Press 

On p. 224 and p. 230 we stated that Keynes (1936) defended Jevons' 
hypothesis that the 10 to II-year sunspot cycle induced modulation of 
crop output. This inference was based on a strange book, which I 
cannot now locate, where the author assaulted every aspect of Keynes 
(1936), devoting a whole chapter to ridiculing his remarks on the 
"harvest cycle" of W. S. Jevons. Keynes (1936, p. 330) actually 
adopted the position that the question of physical causes for a regular 
cycle of good and bad harvests is one with which he is not concerned. 

Keynes (1936, p. 329) is, however, emphatic that if cyclic modulation 
of crop output exists then his General Theory explains the resulting 
recurrent wave in economic activity, for he says that Jevons' 
hypothesis: 

••• appears as an extremely plausible approach to 
the problem. For even to-day fluctuation in the 
stocks of agricultural products as between one 
year and another is one of the largest individual 
items amongst the causes of changes in the rate of 
current investment; whilst at the time when Jevons 
wrote--ann more particularly over the period to 
which most of his statistics appUed--this factor 
must have far outweighed all others. 

Jevons' theory, that the trade cycle was primarily 
due to the fluctuations in the bounty of the 
harvest, can he re-stated as follows. When an 
exceptionally large harvest is gathered in, an 
important addition is usually made to the quantity 
carried over into later years. The proceeds of 
this addition are added to the current incomes of 
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the farmers and are treated by them as income; 
whereas the increased carry-over involves no drain 
on the income-expenditure of other sections of the 
community but is financed out of savings. That is 
to say, the addition to the carry-over is an addi­
tion to current investment. This conclusion is 
not invalidated even if prices fall sharply. 
Similarly when there is a poor harvest, the carry­
over is drawn upon for current consumption, so 
that a corresponding part of the income-expendi­
ture of the consumers creates no current income 
for the farmers. That is to say, what is taken 
from the carry-over involves a corresponding 
reduction in current investment. Thus, if invest­
ment in other directions is taken to be constant, 
the difference in aggregate investment between a 
year in which there is a substantial addition to 
the carry-over and a year in which there is sub­
stantial subtraction from it may be large; and in 
a community where agriculture is the predominant 
industry it will be overwhelmingly large compared 
with any other usual cause of investment fluctu­
ations. Thus it is natural that we should find 
the upward turning-point to be marked by bountiful 
harvests and the downward turning-point by defi­
cient harvests. 

R. G. CURRIE 

Keynes (p. 331) points out that agricultural causes of investment 
fluctuation are much less important in the modern world for two rea­
sons. First, agricultural output is now a much smaller proportion of 
total economic output. And second, that international markets for 
agricultural products tend to average out the effects of good and bad 
seasons in the harvests of individual countries. He then states: 

But in old days, when a country was mainly depend­
ent on its own harvest, it is difficult to see any 
possible cause of fluctuations in investment, 
except war, which was in any way comparable in 
magnitude with changes in the carry-over of agri­
cultural products. 

It is rather evident that Lord Keynes, the pre-eminent economist of the 
twentieth century, would be a supporter of our proposal regarding the 
cause of the long swings. 

In Section 8 (p.228-229) we pointed out that Yule's (1927) concept of a 
low order autoregressive scheme to model sunspot numbers changed the 
history of economics and meteorology, a change dictated by his eyeball 
judgment of two figures. He concludes: " ••• it seems desirable to 
break away from the periodogram method. The problem is, in fact, no 
longer one merely of determining the period, but also ••• ". Also of 
what? The also problem of I"Ietermining the "disturbances" or random 
shocks as they are universally known today in economics. The joke on 
today's economists is that Yule's "disturbances" were not at all random 
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but hfghly systematic with a half-period of "some 40 to 42 years in 
duration", a bandlimited signal in sunspot numbers known today as the 
"Gleissberg cycle"! 

Yule's eyeball juc1gment was seconded by Kennall (1945, p. 100) who set 
up the usual strawdata (the Beveridge wheat-price index reproduced in 
countless books since) and says: "To my eye this diagram clearly 
i nni ca tes an autoregressi ve scheme ••• ". HI" later (p. 11 q) announces: 
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"Where, therefore, there is any serious possibility that a series is of 
autoregressive type, the periooogram may not only be worthless, but 
extremely dangerous in suggesting periods of no reality. The effect of 
this work has been to lead me to the conclusion that for economic 
series, ann probably for meteorological and geophysical series as well, 
periodogram analysis is simply not worth the trouble of the arithmetic 
which it involves". Spectrum analysis was thus simply written off and 
dismissed by the eyeball judgment of two orthodox statisticians from a 
community who, for over a century, have regarded their methods as 
"objective" and scorned those of everyone else, including the thought 
of Lord Keynes (lq21). The ancient Greeks had a word for it: hubris-­
overwhelming pride or self-confidence: arrogance. 

The final glance at this endless landscape of postulates, axioms, 
assumptions, mathematical theorems, and mathematical modeling in time 
series analysis is the text by Kendall (1973), purchased by the writer 
in a London bookstore April, 1976. Kendall (1973, p. 13) tabulates 
annual immigration nata into the Unjted States from 1820 through 1962, 
on p. 14 the raw data are graphed, and the long swings of Simon Kuznets 
(Figs. 22-23) are clearly evident to the eye; and on p. 104 he presents 
the power spectrum of the detrended data which contains only seven 
spectral estimates for 0 < f < 0.125 cpy. The spectrum displays a 
broad peak near 20 years and ;n inflection point in the curve as one 
approaches 10 years. Kendall (1973, p. 18) calls such a systematic 
effect an "oscillation" to avoid: "describing it as a cycle unless it 
can be shown to be genuinely cycljc in the pattern of recurrence, and 
in particular that its peaks and troughs occur at equal intervals of 
time. Very few economic series are cyclic in this sense". As a matter 
of fact, no time series arising in the real world, including those in 
astronomy, are cyclical in Kendall's sense. His dictum couln only 
arise in pure mathematics which is where it arose. 

Modern methods of signal processing invented by engineers to solve real 
world problems were applied to the immigration data tabulated by 
Kendall (1973) and yielded two bandlimi ted signals (Currie, unpublished 
data, 1987); one enormous signal is near 20 years (the long swings of 
Simon Kuznets), and another much smaller one is near 10 years (the 
"harvest cyc Ie" of W. S. Jevons). 

In the methodological issues raised by Keynes' economics (Lawson ann 
Pesaran, 1985), it is pointed out (p. 134) that rather like military 
historians re-fighting Waterloo, econometricians dissect the savage 
attack of Keynes (1939) on Tinbergen (see p.226-227 of this volume) for 
its lessons; and that just as Napoleon loses the battle every time it 



236 R.G.CURRIE 

is re-fought so does Keynes. Well, the battle begins again with the 
advent of this paper and this time around Keynes is not going to lose. 

Keynes used econometrics of course--informal and sensible calculations 
for the short run done by hand on envelopes. What Keynes objected to 
most vehemently (and correctly as we now see) was the premise of 
structural stability of the autoregressive equations over long periods 
of time. Keynes argued (correctly as we now see) that the material was 
non-homogeneous through time and that the coefficients were not 
constant (Lawson and Pesaran, 1985, p. 147). 
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Abstract We consider the maximum entropy method of expert system construc-
tion. We show that the construction of the expert system is equivalent to the minimization 
of a convex function in as many dimensions as there were pieces of knowledge supplied 
the system. We show that in the case where the knowledge presented the system is self­
contradictory, the minimization of this function creates an expert system for a set of con­
straints that is consistent and 'close' to the original inconsistent constraints. Monte Carlo 
methods for minimizing the function are discussed, and illustrated by computer experi­
ment. One of the examples given suggests an approach to the problem of invariant. optical 
character recognition. 

Introduction An expert system is designed to answer questions. We consider prob-
abilistic expert systems - if the system is given an event, it should be able to calculate 
its probability. Such an expert system is actually a distribution on the set of all events 
we wish to consider. Typically the knowledge the system is based on will be insufficient to 
answer all questions. In many cases we wish to consider, the sheer size of the state space 
precludes such knowledge. A medical expert system could be asked for the probability of 
a disease given some combination of symptoms, yet the set of all possible combinations of 
symptoms is huge, and the knowledge base can not be expected to contain all the different 
probabilities. We desire our system to answer questions even in such cases, and to do so 
in a reasonable manner, much like a human expert would. For this purpose we consider 
'the principle of maximum entropy'. Of all the distributions which satisfy the knowledge 
supplied the system, we will pick the one with maximum entropy to be our expert system. 
The entropy H of a distribution p is defined as 

H(p) - L p(w) log p(w) 
wEn 

where w is an event, n is the set of all events, and p(w) is the probability of the event 
w. Entropy has an information-theoretic meaning; the distribution with maximum entropy 
can be viewed as the one containing the least knowledge. By maximizing the entropy over 
all distributions that agree with the knowledge base, we are picking as our expert system 
the distribution that makes the fewest unnecessary 'assumptions'. For more information 
regarding the justification of the principle of maximum entropy, we refer the reader to [1]. 

1. Knowledge The construction of a probabilistic expert system begins with knowl-
edge. We classify as knowledge anything that answers probabilistic questions; we think of 
a probabilistic question as a function of probabilities and we consider an answer to be the 
value we say the function will take on. (This brings up a more general way to view knowl­
edge; we could view an answer as specifying that the function, that defines the question, 
has a value in a certain range. We will not be using this type of answer.) Using these ideas, 
we see that the knowledge supplied the system can be broken up into distinct 'pieces' of 
knowledge, each of which corresponds to a distinct probabilistic question and its answer. 
Each piece of knowledge is a constrain t that must be satisfied by the expert system; if the 
answer to the question we ask the system is included in the knowledge base, then the expert 
system's answer is constrained to duplicate it. We can write a constraint in its most general 
form as 

B(p) c 
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We consider a restriction of the above to the case where B is a linear function of p, our 
constrain t can thus be written as 

I: b{w )p{w) = c 
wEfl 

The above constraint is the same as specifying that the expected value of b is c. Since 
c = c I:WEfl p{w), we consider the function a, where a{w) = b(w) - cp{w), and we re-write 
the above constrain t as 

I: a{w )p{w) o 
wEfl 

It may seem that this form is very restricted, but it is sufficient for several important types 
of constraints ([3],[4]). It is capable of representing any piece of knowledge that can be put 
in terms of the expected value of a function; it can thus represent knowledge about marginal, 
joint and conditional probabilities. To illustrate this consider the following example: 

Using Bayes's rule, we can re-write the above as 

This can be written as 

which is the same as 

I:( XSlns2(w)- .5XS2 (w)) p(w) = 0, 
wEfl 

where X s denotes the indicator function on the set of events in S; when w E S we will have 
Xs(w) = 1, when w rt. S we will have Xs(w) = o. 

1. Lagrange Multipliers Recall our goal. We wish to find a distribution that satisfies 
a set of constrain ts, and has higher entropy than any other such distribution. Using the 
form for knowledge that we introduced in the previous section, we can state the problem 
as follows: 

over all p satisfying (1) 

I: ai(w )p(w) = 0 i = 1, ... m 
wEfl 

wEn 

p{w) 2: 0 wE (1 

With suitable care, we can use Lagrange multipliers to reduce the above, constrained, 
problem to an unconstrained problem. In order to apply the theory of Lagrange multipliers 
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we must add some assumptions. For the complete details, we refer the reader to [2]; here 
we will note that the required assumptions are that 

{ai(· )} are linearly independent vectors 

:J p(w ) such that I:: a;(w)p(w) = 0\1 i and p(w) > OV wE 0 (2) 

wEn 

The Lagrangian is 

I:: p(w) log p(w ) + f Ai( I:: ai(w )p(w)) + .s( I:: p(w) - 1) 
wEn i=l wEn wEn 

We know from Lagrange multiplier theory that there exist X = {Xl, ... , Xm} and 8 such 
that the derivative of the Lagrangian (with respect to Ai,.5 and p(w)) at X,8 is zero, and 
that such X, 8 define local extrema. Performing some algebraic manipulations, we arrive at 
the following equations 

v wE 0 

(3) 

o k = I, ... ,m 

The function LwEn exp(- L:1 Aiai(W)) will be denoted Z(A), where A = {All ... , Am}. The 
function Z is sometimes called the partition function. 

Notice that Z is a convex function. Hence there is at most one X, corresponding to 
the global minimum of Z, at which Z has an extremal point (i.e., a~.Z(A)IA=>: = OVi) . 

• 
Under the assumptions (2) we know that such a X must exist, hence the maximum entropy 
distribution exists and is unique. A interesting property of Z is that when the assumptions 
(2) do not hold, Z has no extremal point (see [2] for the details). Hence, if we try to minimize 
Z and succeed, we have found the maximum entropy distribution (since the maximum 
entropy distribution is defined, through (3), by the X at which the minimum occurs). Our 
computational goal (section 4) will thus be to minimize Z. We note that there have been 
many ideas and methods for the computation of the maximum entropy distribution, some 
involving Lagrange multipliers, others not; some examples are [1],[5]-[7]. The method we 
use is based on work by Geman[3] and Geman[4]. 

3. Contradictions Let us consider the case where the assumptions (2) do not hold. 
We will still assume that the It; are linearly independent. It; will usually be a simple function 
of w (for example a; is often a combination of indicator functions), in such cases indepen­
dence is relatively easy to verify. If the constrain ts are dependent, some can be removed so 
as to provide independence. Hence, the restriction that the It; be independent is often easy 
to satisfy. 

More hazardous is the assumption that 

:Jp{w) such that L aj{w )p{w) = OV i and p{w) > OV wE 0 
wEn 

This assumption can fail in two fundamentally different ways. The first occurs when there 
exists distributions p that satisfy the constrain ts (so LwEfl It;(w )p(w) = 0), but all such 
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distributions assign probability zero to some events. The other way this-assumption can 
fail is when there exists no p that satisfies the constrain ts. This is the case when the 
constrain ts are self-con tradictory. In both the above situations we can show that trying 
to minimize the partition function (i.e., driving the gradient of Z close to zero) and using 
the form for the probabilities found by the use of Lagrange multipliers (3), does something 
useful. 

The original constrain ts we supplied the system with were 

L Clj(w )p(w) = 0 i= 1, ... ,m (4) 
wEn 

Consider the system of constrain ts 

L Clj(w )p(w) = f; i= 1, .. . ,m (5) 
wEn 

1 
When Iifll = (fi + ... f~)1 is small enough, we would expect the two systems of constraints 
to be interchangeable. Now, let P>. be defined as follows 

where Z is defined with respect to the constraints (4). If Z has an extrema at.x then Px is 
the maximum entropy distribution for the constraints (4). For any A, we can show (see [2]) 
that p>.. is the maximum entropy distribution for the system of constrain ts 

L a;(w.)p(w) = L a;(w)exp( - f>.;a;(w)) / Z(A) =-'V;Z(>')/ Z(>.) 
wEn wEn ;=1 

where 'V i is the zth component of the gradient. So, if, for a given A, II'V Z(>.)/ Z(A)1i is small 
(corresponding to liEll being small in (5)), then P>. is the maximum entropy distribution for 
a system of constrain ts that is close to the original system of constrain ts. 

Hence, our desire is to find a A such that II'V Z(A)/ Z(>.)1i is small. In light of this, let 
us examine the cases where the assumptions (2) do not hold. When a system of constrain ts 
has as its only solutions distributions p that assign probabilit y zero to some events, we 
can show (see [2]) that Z(>.) is bounded below by 1. Hence, all we need to do is make 
the gradient of Z arbitrarily small, and we will have found a >. that defines a maximum 
entropy distribution which satisfies constrain ts arbitrarily close to those originally supplied. 
When the constraints are contradictory, we can show (see [2]) that when V Z goes to zero, Z 
will also. But, we can also show (see [2]) that using a continuous gradient descent method 
(define >.(t) by the O.D.E. dfdt>.j(t) = -VjZ(>.(t))fIlVZ(>.(t))ll, with the initial condition 
>';(0) = O'V i) to minimize Z yields a path >.(t) such that IIV Z(>.(t))/ Z(>.(t))11 decreases as 
t increases. In this sense, we get a maximum entropy distribution for a consisten t set of 
constrain ts that approximates the inccnsisten t set. 

4. Minbnizing the Partition Function In this section we consider the computational 
side of finding a maximum entropy distribution. Recall that finding the maximum entropy 
distribution is equivalent to minimizing a convex function, the partition function Z(>.), as we 
showed in section 2. Recall also that Z(>.) and V Z(>.) are defined by sums over all elements 
in fl. When fl has a small number of elements, computation is simple. The gradient of Z 
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can be calculated exactly, and Z minimized by gradient descent. However, even in a small 
letter recognition problem, for example, we may have our letters described by ten features, 
each feature being able to take on thirty different values. This yields a state space with 
3010 elements, and a sum of 3010 terms (each of which involves the exponential of a sum of 
m terms), as would be necessary to explicitly compute V Z, is beyond the practical limits 
of computation. This difficulty can be overcome by estimating the direction of V Z, instead 
of calculating it exactly. Before we delve too deeply (for more details see [2]), let us first 
outline the general idea. The crucial observation is that we can find a distribution p).., such 
that V Z(A)/Z(A) is just an expected value (with respect to the distribution p)..) of some 
simple function. Notice that V Z (A)/ Z(A) supplies us with both the direction of the gradien t 
(so we can minimize Z by gradient-descent type methods) and also tells us how close we 
are to satisfying our constraints (see section 3). Since by using Monte Carlo type methods 
we can simuiate such a distribution P>., and since the sample mean from a simulation is 
close to the real expected value, we can actually approximate VZ(A)jZ(A) without doing 
a size of 11 number of calculations. The idea of using sampling to find the direction of the 
gradient of Z, was first proposed by Geman [3]. 

Consider a distribution p).. on the space 11 where the probabilit y of the event w, P>. (w) 
is defined, as before, as 

The expected value of the function I(w) with respect to the distribution P>. IS 

E (I) ~ I() () :=WEO I(w) exp(- :=:1 ai(w)Ai) >. == L w p>. w == m 
wEO LWEO exp(- Li=1 ai(W)Ai) 

and for the function - ai(W) we have 

V;Z(A) 
Z(A) 

Since all a gradient descent method needs is the direction of the gradient, we can use the 
above. Also note that a measure of how close we are, at a certain A, to satisfying the original 
constraints is just liE>. (a;)!1 == IIV Z(A)jZ(A)li (see section 3). 

Now that we have V Z / Z in terms of an expected value we come to the problem of 
simulation. The goal is to find an ergodic sequence wi with marginal distribution P>.. In 
this way the sample expected value of I(w) using S samples is 

(6) 

and for S large this should be close to the true. value of E>. (f). 

The method we use to find an ergodic sequence requires that 11 have some sort of 
neighborhood structure, we will thus revise our view of the state space 11. For the sake 
of clarity we will consider each event in 11 as t.he state of a I-dimensional lattice with Nl 
elements. An element W in 11 will thus be of the form W == {Wl, ... ,WN1}. Furthermore, 

each component of W, Wk will be restricted to N; different values (11 will thus have n~~1 N; 
elements). We note that with a lattice structure 11 can get very large, without much effort. 
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Our ergodic sequence will start at a random point wI in O. We will then pick w/+ I 

given wI as follows; we will fix most of the components of w l+I to be the same as the value 
for wI. The values we don't fix will allow w,+! to be any element in some subset of 0, call 
it T, containing r elements, {tI' ... , t,.}. We will then randomly pick an element from T, 
according to the probabilities P>. (t;), to be wI+!. This is done as follows: we first calculate 
Z()')· p>.(ti) for every ti in T, then we randomly (according to a uniform distribution) pick 
a number between 0 and Z()')· E~=l p>.(t;). This randomly chosen number will be between 
Z()')· p>.(tj) and Z()')· p>.(tj+d for some t; in T, and we will let w l+ I = tj. Note that 
Z()')· p>.(ti) equals expZ=:l(-ai(t;).i), which just requires an order of m operations to 
calculate. Since we usually have m less than several hundred, we are in good computational 
shape. Of course, one has to be carefull when picking T at each step I (i.e., decide which 
components of wI to fix) in order to avoid creating numerical artifacts. This is not too 
difficult; one approach is to fix components in a random order and with equal likelihood. 
This method of finding an ergodic sequence is known as Stochastic Relaxation [3] and is 
closely related to the Metropolis Algorithm [8]. 

Now let us say a word about the minimization of Z, given that we have estimates 
for the gradient. We note that finding the gradient is still a computationally difficult task, 
and hence we desire to use a method that requires the direction of the gradient at as few a 
number of points as possible. A discrete analog of the continuous gradient descent scheme, 
suggested in section 3 for handling contradictions, would prove too costly; we will therefore 
assume that the constrain ts are not self-con tradictory, so any method that drives \7 Z to 
zero will be acceptable. 

We implement a modification of the standard gradient descent method. Typically, 
gradien t descent refers to constan t small steps in the direction opposite to the gradien t. 
Instead, to minimize the number of times we need to compute the gradien t, we employ a 
slight modification. We will still move in the direction opposite to the gradient, but the 
size of the step we take will not be constant. When we begin we will pick a value for our 
step-size 8 (positive). We will always start at).o = 0, since this corresponds to the uniform 
distribution on 0, a logical starting point. At the point ).i we will find a ).i+! such that 
).i+l =).i _ 8\7 Z().i)jZ().i) where 8 is picked as follows. Since Z().i - 8\7 Z().i)jZ().i)) is a 
convex function of 8 its derivative (with respect to 8) can only be zero for at most one 8, 
which we shall call 5. If 5 does not exist, then Z (). i_ 8\7 Z (). i)/ Z()' i)) is a decreasing function 
ofb, and since Z ().) is bounded below by zero, we would have Y' Z (). i - 8Y' Z (). i)j Z ().i)) going 
to zero; so for 8 large enough ).i_ 8Y' Z().i)jZ().i) would define an adequate solution (section 
3). When 5 does exist, we see that the derivative of Z().i - 8\7 Z().'")jZ().i)) (with respect 
to 8) is negative for all 8 greater than zero and less than 5. Hence, picking 8 between 0 
and 5 would yield Z().i+l) less than Z().i). However, the closer 5 is to 5 the smaller Z().i+I) 

will be. We will pick 5 between 5 and 5jf (f around 2) by doing a binary search: if the dot 
product Y' Z().i). Y' Z().i - 5Y' Z().i)jZ().i)) (remember that Z is positive, so the sign of this 
term is computable even without normalizing) is negative we try 8 = 5jf, if positive we try 
5 = 8f. When \7 Z()''} V' Z().i - 5Y' Z().i)jZ().i)) switches sign from the last 8 to the current 
8, we will have completed our search in the direction Y' Z().i); we will define ).i+l using the 

8 (choosing from either the current or the last) for which the sign was positive. In this 
manner we will be sure that Z().i+l) < Z().i). Making f smaller (close to, but above, one) 
yields higher accuracy, but since our gradients are not exact, and since we would need to 
find many more gradien ts, a computationally expensive task, it is not worth it. We save the 
value of g that we used last, for the next step, since it is usually of the correct magnitude. 

A useful feature of the above method is that it provides a means to test our sampling 
method. As we increase 8, the dot product Y'Z().i). Y'Z().i- 8Y'Z().i)jZ().i)) should be a 
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decreasing function. Likewise as we decrease 8 it should be an increasing function (keeping 
8 positive). If this is true for the sampled values of the dot product, we can have more 
confidence in the sampling method. If it is not, we know that our estimate of the gradient is 
wrong, in which case we can take appropriate·action. We can increase the number of samples 
we are averaging over (8 in (6)), we can start at multiple begining points (w1,w1, ... ) and 
then average over the different trials ({ w 1, ... , wi, wI, ... ,wi, ... } ), we can discard the first 
n elements of the series to get rid of the effects of the random starting point, etc ... There 
are many things that can, at the expense of increased computation, be done to improve the 
accuracy of the sampling method. 

The next section is composed of two examples. The first is a test of our simulation 
methods. We construct a distribution and extract statistics. We then find the maximum 
entropy distribution. We then calculate V' ZIZ exactly, and see that the simulation was 
successful (since the values for V' ZIZ are quite small). The state space for this example is 
of size 224 , so the exact calculation of V' Z was quite lengthy. 

The second example we consider is the problem of letter recognition. Sample letters 
were presented and features extracted from them. Statistics of the features conditioned on 
the letter served as our knowledge. The maximum entropy distribution was found and used 
to identify the sample letters. Considering the primitiveness of the features the results are 
encouragmg. 

5. Results 

Example 1: A test of our method 

In this section we conduct a test of our simulation methods. We will consider a 
distribution on a large state space and use the statistics generated by the distribution to 
form constrain ts. We use sampling methods to conduct the gradient descent (section 4), and 
find a point 5. that will serve as our guess for the extremal point of the partition function. 
We then compute V' Z (5.)1 Z (,\) exactly. This will serve to tell us how the statistics generated 
by the distribution generated by ,\ differ from the statistics of the original distribution. \Ve 
will present (on the following pages) the statistics of the original distribution, the estimated 
value of V' Z (,\)1 Z (,\) and the true value of V' Z (,\)/ Z (,\). 

We will have as our state space, 0, the set of all strings of length 24 composed of l's 
and -1's, so 0 has 224 elements. We picked this state space so that the exact calculation 
of V' Z and Z is possible, although quite lengthy. The distribution p we use to generate 
statistics is 

A(W) = exp(- L;~l LZ~iWi W(i, k)wk - L:~l T(i)wi) 
P LwEIl exp(- L:~l LZ~iWi W(i, k)wk - L:~l T(i)wi) 

Where W (i, j) was picked randomly to be either +c or - c, and T (i) was picked randomly 
to be either +d or - d. The values of d and c were chosen so that the distribution p is 
neither too fiat nor too sharp. We used c = 1/5 and d = 1/2. Our constrain ts are the 
expected values of Wi and W,Wj with respect to p. Our constrain ts are thus 

E(Wi) - L WiP(W) = a for all i 
wEll 

E(w,wj) - L W,Wjp(w) = a for all i,j withi ~ j 
wEll 

where E(w;) and E(WiWj), the expected values with respect to p, were computed exactly. 
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We can write the partition function, Z(A) (where A = {AI, ... A300}) as 

u u u 

Z(A) = L exp(L L AU-I) (25-U/2))+k-i+1 (W,Wk - E(W,Wk)) + L A276+i(Wi - E(Wi))) 
wEn i=1 k=i i=1 

On the computational side of things we used 20 starting points in the sampling. Each 
sample involved 80 steps, {W 1 , ... ,W80 } , the last 50 being kept to form the expected value. 
Each step was composed of randomly dividing the 24 components of the string into six 
groups (four in each). We then chose a group and, holding the other groups fixed, picked 
a value for it according to the distribution P)" (see section 4). We repeated this procedure 
until each of the six groups had been allowed to vary once. 

We note that the computational time taken to conduct all the steps of the gradien t 
descent (involving the estimation of V Z/Z several hundred times) was less that that needed 
to do one exact computation of V Z/Z. 

Recalling that). was our estimate, we have (see section 3 and 4) 

b">.(W,Wk) = E(WiWk) - V(i-l) (25-(i/2))+k-i-.qZ(A)/Z(>') 

E~ (Wi) = E(Wi) - V 27G+i Z(>.)/ Z(>.) 

E~ being the expected value under the distribution generated by).. The percent error m 
E~ IS 

the true value of ViZ / Z 

the value of the associated statistic in the original system 

One measure of the "fit" of the maximum entropy distribution generated by). is the median 
value of the percent error, which was, for the). we found, .07. So, compared to the original 
statistics: the errors in the statistics for the maximum entropy distribution generated by ); 
were typically small. 

The results on the following pages contain more detailed information about the be­
havior of the maximum entropy distribution generated by ).. They are the statistics of the 
original distribution, the estimated value of V Z(),)/Z(j) and the true value ofV' Z(j)/Z(j). 
The results are presented in ten row, thirty column tables. (On the first row we will have 
{VI Z/ Z, ... , V' lOZ/ Z}, on the second {V'11 Z/ Z, .. _, V' 20Z/ Z}, etc_) They are presented in 
such a way that the statistics in the first table have the same position in their table as the 
gradient associated with that statistic has in its own table. The statistics concerning the 
E(w,wj) are thus on the top of the table. 
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0.0806 0.4255 -0.5389 0.4194 -0.0658 0.1038 -0.2769 -0.169& -0.0471 -0.4299 
-0.2675 0.1587 -0.4326 -0.1210 -0.0087 -0.5435 -0.2733 -0.1378 0.0675 -0.2034 
-0.1561 0.ll39 -0.2435 0.1101 -0.2267 0.0143 -0.1123 -0.1405 -0.0727 0.0058 
0.2384 -0.1810 0.1295 0.1596 -0.0861 -0.2ll8 -0.1079 -0.2927 -0.1603 -0.0798 
0.ll53 -0.2382 0.0820 0.0935 0.0209 -0.3710 0.1078 '0.0310 0.0578 -0.2163 

-0.2566 -0.0483 -0.3900 0.0760 -0.0324 -0.1739 -0.1297 0.1580 -0.5501 -0.3170 
-0.0611 0.1214 -0.3010 0.1056 0.2089 -0.2999 -0.4132 -0.0192 -0.2100 0.2303 
-0.0626 0.0139 0.3400 0.2605 -0.3386 0.5548 0.3427 -0.1447 0.4944 0.2766 
0.1199 0.1702 0.4366 0.1741 -0.0355 0.1152 -0.1655 0.0974 -0.0307 0.1474 

-0.0506 -0.1471 -0.3767 0.1875 -0.4381 -0.2993 -0.1297 -0.2945 -0.0289 -0.1637 
0.0578 -0.1158 -0.2955 0.1512 -0.1849 0.3361 0.2909 -0.0898 0.1631 0.0670 
0.0747 0.2564 -0.0816 -0.1574 -0.0171 0.2316 0.2813 0.0894 -0.2684 -0.1118 
0.1283 -0.3382 0.2184 0.1454 0.0056 0.0848 0.1245 -0.1346 0.2802 -0.1257 

-0.1996 0.1433 0.0238 -0.0056 0.0272 -0.3076 -0.1960 -0.1132 -0.2609 0.1727 
0.1411 0.0855 0.1670 -0.1307 -0.0344 0.0115 -0.0492 -0.1137 0.3927 0.4310 

-0.1274 -0.1325 0.1253 0.0540 -0.3286 0.0894 -0.1906 0.2345 -0.1451 0.1649 
-0.1359 -0.1806 0.1306 0.2210 -0.0150 0.0971 -0.2461 -0.0658 -0.1536 -0.0483 
-0.0332 0.0306 0.1210 0.1267 -0.0879 -0.0752 -0.2189 -0.0902 0.1518 -0.1577 
0.1225 -0.1729 -0.0798 0.0621 0.1784 0.1587 0.0587 0.2528 0.0247 0.0028 
0.4491 0.1652 0.0265 -0.1744 0.0841 0.0775 -0.2494 0.1086 -0.0153 0.3228 
0.0290 0.1046 0.0138 -0.0861 0.2085 0.1336 -0.0243 0.2994 0.1015 -0.0400 

-0.3274 -0.3316 0.1087 -0.0558 0.0223 0.1356 -0.3317 -0.1941 0.0738 -0.1794 
0.0815 0.3093 -0.1086 0.3438 0.0098 0.1848 0.1888 0.3935 0.1908 0.0734 
0.1954 0.1346 0.1088 -0.0214 -0.0820 0.0429 0.2873 0.1646 -0.1003 -0.0602 

-0.0993 -0.1701 -0.0309 -0.2673 -0.2077 0.1756 -0.2132 -0.1913 0.3897 0.1054 
-0.1502 0.3540 -0.0165 -0.2966 0.3280 -0.1534 0.0292 0.0823 0.0419 -0.2966 
0.0808 -0.1662 0.1384 0.2146 0.1215 -0.0259 0.1721 -0.1384 0.3438 -0.0841 
0.0553 0.0776 0.1831 -0.1699 -0.1746 -0.0~39 -0.6172 -0.3503 -0.5228 0.6238 

-0.4085 0.1994 0.0478 0.3981 0.1448 -0.0911 0.4876 0.1390 -0.2291 0.4696 
0.2816 0.0204 0.7344 0.3949 -0.0182 -0.0226 0.3911 0.0047 -0.3163 0.3157 

Table of E(w;,,-:,), E(,,-";) 

0.0181 0.0044 Om03 -0.0576 0.0205 0.0128 0.0354 -0.0573 -0.0112 -0.0207 
0.0526 -0.0433 0.0646 0.0483 -0.0115 0.0238 0.0049 -0.0582 0.0352 0.0075 
0.0459 -0.1033 -0.0199 0.0230 -0.0314 -0.0270 -0.0332 0.0172 0.0277 0.0107 
0.0089 -0.0006 0.0140 0.0496 -0.0075 0.0112 0.0152 -0.0301 -0.0083 -0.0053 

-0.0019 -0.0347 0.0754 -0.0593 -0.0005 -0.0170 -0.0432 -0.0054 -0.0363 -0.0052 
-0.0027 0.0156 0.0104 0.0496 -0.0028 0.0264 0.0278 0.0160 -0.0186 -0.0580 
-0.0189 0.0001 -0.0323 0.0506 -0.0181 -0.0392 0.0497 -0.0578 -0.Q270 -0.0151 
0.0076 -0.0114 0.0145 -0.0614 -0.0072 -0.0147 0.0072 -0.0130 -0.0220 -0.0437 
0.0466 0.0200 0.0033 -0.0422 0.0862 -0.0520 0.0346 0.0025 0.0689 0.0136 
0.0134 0.0287 0.0575 -0.0071 0.0232 0.0174 -0.0222 0.0441 0.0726 -0.0476 
0.0137 0.0614 0.0371 -0.0227 0.0176 0.0547 -0.0176 0.0389 -0.0030 0.0127 
0.0183 0.0~45 -0.0850 -0.0454 0.0182 0.0142 0.0230 0.0347 -0.0603 -0.0647 

-0.0331 0.0112 0.0113 0.0776 -0.0295 0.0342 0.0191 -0.0370 0.0079 0.0057 
-0.0248 0.0096 0.0523 0.0355 -0.0403 -0.0448 -0.0213 -0.0560 -0.0749 0.0524 
0.0834 -0.0371 0.0368 -0.0412 0.0673 -0.0717 -0.0453 0.0335 -0.0058 -0.0162 
0.0240 -0.0730 -0.0221 -0.0160 0.0146 0.0747 0.0260 0.0130 -0.0213 -0.0192 

-0.0263 -0.0442 -0.0489 0.0198 0.0603 -0.0337 0.0176 -0.0155 -0.0457 0.0396 
0.0524 -0.0090 -0.0063 0.0133 -0.0652 -0.0188 -0.0057 -0.0195 0.0259 0.0063 
0.0252 -0.0466 -0.0233 0.0099 -0.0020 -0.0233 0.0006 -0.0170 -0.0228 -0.0263 
0.0516 0.0211 -0.0190 -0.0321 -0.0085 -0.0110 0.0063 0.0075 0.0340 -0.0543 

-0.0406 -0.0124 -0.0615 -0.0315 0.0615 0.0441 -0.0648 -0.0273 0.0446 -0.1162 
0.0178 -0.0483 -0.0144 0.0403 0.1209 -0.0200 -0.0304 0.0106 0.0494 -0.0770 
0.0250 0.0564 0.0125 -0.0317 -0.0714 0.0483 0.0162 O.OllO -0.0118 0.0310 

-0.0513 -0.0110 -0.0483 -0.1200 0.0366 0.0231 0.0208 -0.0155 0.0306 0.0119 
0.0016 0.0281 -0.0513 0.0288 -0.0188 -0.0227 -0.0221 0.0133 -0.0107 0.0304 

-0.0363 -o.oon -0.0792 0.0160 0.0388 0.0365 -0.0204 -0.0463 -0.0299 0.0240 
0.0323 0.0200 -0.0552 0.0275 0.0142 -0.0724 0.0058 -0.0108 -o.oon -0.0415 

-0.0188 0.0411 0.0186 0.0623 -0.0883 -0.0424 0.0195 -0.0346 -0.0599 -0.0191 
0.0643 0.0026 0.0519 0.0355 0.0610 -0.0524 0.0213 -0.0826 0.0023 -0.0123 

-0.Dl08 0.0230 0.0034 -0.0136 -0.0389 0.0168 0.0367 -0.1384 0.0327 0.0507 

Table of estimated" Z(X)/Z(X) 
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-0.0233 0.0004 0.0116 -0.0173 0.0168 0.0138 -0.0258 -0.0143 -0.0304 -0.0050 
0.0088 0.0029 0.0204 0.0477 0.0017 0.0095 -0.0259 0.0077 0.0056 0.0386 
0.0042 -0.0317 -0.0117 -0.0152 -0.0069 -0.0288 -0.0116 -0.0147 0.0091 0.0114 
0.0049 -0.0140 0.0130 0.0087 0.0282 -0.0004 -0.0071 -0.0014 -0.0171 0.0035 
0.0081 -0.0035 0.0215 -0.0188 0.0214 -0.0027 -0.0297 0.0244 0.0249 0.0135 

-0.0135 -0.0196 -0.0130 0.0241 -0.0123 0.0262 0.0044 0.0198 0.0049 -0.0208 
0.0026 -0.0019 0.0015 0.0301 -0.0010 -0.0112 0.0188 -0.0195 -0.0145 0.0258 

-0.0129 0.0259 0.0057 -0.0064 0.0000 -0.0185 -0.0125 -0.0276 -0.0139 0.0189 
0.0029 0.0281 -0.0028 -0.0001 0.0279 -0.0257 -0.0197 0.0059 0.0068 0.0244 

-0.0388 0.0301 0.0052 0.0022 0.0205 0.0093 0.0014 0.0183 0.0120 -0.0009 
0.0000 0.0401 0.0010 0.0006 -0.0094 0.0058 -0.0060 0.0031 0.0023 -0.0132 
0.0213 0.0045 -0.0235 -0.0115 0.0045 0.0065 -0.0008 0.0152 -0.0188 -0.0323 
0.0065 -0.0001 -0.0046 0.0057 -0.0079 0.0034 0.0077 -0.0069 0.0025 0.0225 

-0.0036 0.0243 -0.0186 -0.0180 0.0083 -0.0144 -0.0173 -0.0136 -0.0128 0.0019 
0.0324 -0.0094 -0.0030 -0.0055 -0.0238 -0.0071 -Om05 0.0030 0.0184 0.0057 

-0.0095 -0.0159 0.0169 0.0132 -0.0046 -0.0230 -0.0011 0.0057 -0.0165 0.0074 
-0.0256 -0.0285 -0.0130 0.0238 0.0146 -0.0065 0.0043 -0.0159 -0.0240 0.0129 
-0.0079 0.0203 0.0315 0.0142 0.0012 0.0306 0.0129 -0.0136 -0.0041 0.0124 
-0.0097 -0.0131 0.0050 0.0218 0.0098 0.0016 0.0128 0.0009 -0.0316 -0.0288 
0.0036 0.0049 -0.0353 -0.0014 -0.0258 -0.0010 -0.0069 -0.0120 0.0307 -0.0157 

-0.0292 0.0070 -0.0269 -0.OOB9 -0.0022 0.0189 -0.0253 -0.0034 0.0195 -0.0142 
-0.0053 -0.0039 0.0180 0.0210 0.0176 0.0094 -0.0033 0.0144 0.0152 -0.0099 
0.0133 -0.0107 -0.0375 -0.0175 -0.0173 -0.0007 0.0311 0.0001 0.0005 0.0259 
0.0120 0.0049 -0.0465 -0.0200 -0.0194 -0.0037 -0.0021 0.0017 -0.0100 -0.0199 

-0.0240 -0.0005 -0.0344 0.0008 -0.0130 0.0004 -0.0170 -0.0019 0.0167 -0.0035 
-0.0038 -0.0087 -0.0272 0.0035 0.0050 -0.0045 0.0021 -0.0245 0.0099 -0.0006 
-0.0143 0.0111 0.0005 0.0045 0.0213 -0.0234 0.0275 -0.0046 0.0039 -O.OlOB 
0.0041 0.0229 0.0031 0.0017 -0.0148 0.0223 -0.0016 -0.0240 -0.0092 -0.0002 
0.0066 0.0200 0.0274 0.0393 0.0226 -0.0146 0.0205 0.0019 -0.0198 -0.0030 

-0.0054 0.0204 0.0006 0.0308 -0.0525 0.0347 0.0002 -0.0478 -0.0175 0.0187 

Table of true"\" Z();)/ Z(5.) 
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Example 2: Letter recognition 

Let us consider the problem of invariant letter recognition. We will be presented with 
a picture of a letter of unknown size, orientation and font, and we wish to find out which 
letter it is. For the sake of simplicity we will use simple images with just two grey levels 
(black and white), and we will just consider the capital letters A, .. .. C. 

There are many ways to approach this problem, the one we will consider is based on 
feature extraction. We will deal with the invariance of the problem by extracting features 
(scalars) that are independent of the orientation or size of the letter. Our expert system 
will be a distribution on the space of features and labels, where the latter identify the 
letter. This distribution will be used to find the probabilities of the labels conditioned on 
the observed features (e.g., P ( 'the letter is an A' I featurel == 5, feature2 = 6) = .3) 

Choosing the features is a crucial task, and should be given as much consideration as 
the construction of the expert system that uses them. Features can be roughly separated 
into two groups, local and global. Global features deal with the whole picture and are what 
we used in the results presented in the following pages. Local features deal with the local 
behavior of the picture elements. Hence, local features are ideal for occluded pictures. Local 
features seem more powerful and, it is our belief, will be essential for a true solution to the 
invarian t character recognition problem. 

The features we used in our example were non-standard. They were picked because 
they seemed reasonable and not too difficult to compute. They mostly deal with holes 
and indentations. A hole being a white (non-letter) region completely surrounded by the 
letter (typically A has a hole, C does not), and an indentation being a white region that 
is connected, is in the convex hull (the convex hull of the set S is the smallest convex set 
containing S) of the letter, and yet not a hole. Some thought will show that this is exactly 
what we mean by an indentation (typically 0 has no indentations, T has two). Below are 
listed twelve of the features we use. 

1 The size of the largest hole I The size of the convex hull of the letter 
2 The size of the second largest hole I The size of the convex hull of the letter 
3 The size of the third largest hole / The size of the convex hull of the letter 
4 The size of the largest indentation I The size of the convex hull of the letter 
5 The size of the second largest indentation / The size of the convex hull of the letter 
6 The size of the third largest indentation I The size of the convex hull of the letter 
7 The ratio of longest to shortest axis of the largest hole 
8 The ratio of longest to shortest axis of the largest indentation 
9 The ratio of longest to shortest axis of the second largest indentation 
10 The ratio of longest to shortest axis of the third largest indentation 
11 The total area of the indentations in the largest hole / The size of the letter 
12 The total area of the indentations in the largest indentation / The size of the letter 

We also have several other features that deal with the points that span the convex 
hull. We construct these features as follows. Let our original set of points be the smallest 
set that spans the convex hull of the letter. At every step .remove one point from our set of 
points, picked to maximize the area spanned by the remaining points. Continue doing this 
until no points are left. Our final features shall be 

13 The number of points that span the convex hull of the letter 
14 The area spanned by six remaining points / The area of the convex hull 
15 The area spanned by five remaining points / The area of the convex hull 
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16 The area spanned by four remaining points / The area of the convex hull 
17 The area spanned by three remaining points / The area of the convex hull 

These features are useful since they tell us how curved the letter is. For example the 
letter 'E' is square so the area left after removing all but four points should be large, but 
when only three points remain the number should be much smaller. 

The knowledge we used to form our expert system deals with the expected values of 
the features, the features squared, and the products of selected features, all conditioned on 
the letter (eg. E(featurell the letter is an A) = CI , E((featureJ)21 the letter is an A) = C2 , 

E(featurel· feature21 the letter is an A) = C3 ). We also give our system the very important 
piece of knowledge that the letters are of equal probability (each of probability 1/7). It 
would be nice to use all the products of features as constrain ts, but with seven letters and 
17 features we would have several thousand constrain ts and this is computationally difficult. 
In the experimen t· that yielded the results on the following pages we used the conditional 
probabilities of only fifteen different products. The total number of constraints was thus 
350. 

On the computational side we use several techniques to improve the behavior of the 
gradient descent. The first technique deals with the constraints themselves. In general 
a constrain t is of the form E( G;} = C;, where G; is some function and C; is a constant. 
Typically we find Cj by taking a test sample, and using the sample mean of G;. However 
this does have problems. Since our gradient descent is not exact we typically end up with 
"iljZ/Z small for all i and typically of the same order of magnitude, but not exactly zero. 
Thus if we have as a constraint E(100· Gj) = 100· C; for some j, then E( Gj ) = Cj will 
come much closer to being true in the resulting maximum entropy distribution than if we 
had E( Gj) = Cj as the constraint. Also, there is a problem caused by wanting our expert 
system to recognize things not in the sample that formed our constrain ts. In the following 
results we trained our system with 5 samples of each letter. Now, what will happen if we 
try to recognize a letter that was not in the population we used to train the system? We 
would like it to be recognized, especially if it is similar to the original population. This 
does not always happen. One particular case of this problem is caused by boundry effects. 
If a feature has range 0 to 1, and all the sample letter C's had value 0 for this feature, 
then the only way to satisfy the constrain t E(feature I letter is a C) = sample mean = 0, 
is to have P (feature = 0 I letter is a C) = 1. If we present a C which has value .001 for 
this feature, it will not be recognized. While this problem could be cured by having a large 
sample (and should be), it and the previous problem can both be dealt with by scaling and 
slightly modifying the constrain t functions. For the full details we refer the reader to [2]. 

Now let us consider the sampling method itself. In this problem the constrain ts have 
a rather odd form, almost all of them are conditioned on the letter. This can lead to 
difficulties in the sampling method. When the letter is an A, for example, the features 
tend to have certain values, as the constrain ts specify. At every step in the sampling we go 
through the feature vector, holding most of the features fixed and then picking those that 
are not fixed according to a distribution. However when the label is 'A', the features tend 
to stay within a certain range. When it comes time to fix the features and vary the label, 
the distribution that we use to pick a label, being generated by features that correspond to 
an A, will emphasize the label 'A'. This is to be expected, since we can think of the label 
'A' as corresponding to some region in the state space, and forming a sort of 'well' in the 
energy landscape (a region of very likely events, corresponding to 'A's, surrounded by a 
region of low probability that corresponds to feature values not associated with any letter). 
Once such a 'well' is entered it can be difficult to get out of. So, if the label 'A' is turned on 
it tends to stay on, and our sample will quite possibly over-emphasize one particular letter 
at the expense of the rest. 

Since all the constraints involving the features are conditional, we can use the following 
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change in the sampling method to cure the problem mentioned above. We will first fix label 
at 'A'. We will then conduct gradient descent on Z until the values of "iliZ/Z are small for 
all the i's corresp onding to constrain ts conditioned on the label being 'A'. Then we fix the 
label 'B' and continue. After we have gone through all the letters (in our case A, ... ,G) we 
start sampling normally (letting the label vary). Since the values of "il iZ/ Z are small for 
all i's corresp onding to conditional constrain ts, we need only conduct gradient descent until 
the constraint that all letters be equally likely is (close to being) satisfied. 

Now let us present the results. The letters we wished to identify are on the following 
pages. They are the same letters that were used to find the sample means in the constrain ts. 
The probabilities of the labels conditioned on the observed features, given by the maximum 
entropy expert system, is provided underneath the letters. Only the top three probabilities 
are listed for each letter, in the interest of saving space. The energies are also listed, where 
the energy is 2:::1 - ai(w );i (where w is the element of n corresp onding to the feature vector 
plus the hypothesized label, and); is the result of our minimization of Z). The energies are 
given to provide some comparison between differen t letters ("this E looks more like an E 
than that E"). 
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Picture Hypothesis Probability of Hypothesis Energy of Hypothesis 

Al it is an A 0.67I9~73 3.8487754 
Al it is an E 0.0002583 11.7124262 
Al it is an F 0.3~77985 4.5665264 

A.~ it is an A 0.9809950 ~.1446524 

A2 it is an E 0.0012927 8.7764645 
A2 it is an F 0.Ql77039 6.1594334 

A3 it is an A 1.0000000 0.2035229 
A3 it is an B 0.0000000 18.8109589 
A3 it is an E 0.0000000 23.3654041 

A4 it is an A 0.9920666 1.6209198 
A4 it is an E 0.0000050 13.8176394 
A4 it is an F 0.0079282 6.4502902 

A5 it is an A 0.9974482 5.4865880 
A5 it is an E 0.0001584 14.2343798 
A5 it is an F 0.0023898 11.5205803 
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1 
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1 :2 3 

TOO 

L--'---_______ ~._ . !~." 
4 5 

P icture Hypothesis !'robability of HY}J othesis Energy of HYJ> othesis 

Bl it is an B 1.0000000 5.7593~93 

81 it is an C 0.0000000 26. 1249256 
81 it is an D 0.0000000 26.0998402 

B:! it i5 an B 1.0000000 6.2038503 
B:! it is an C 0.0000000 26.32241 8:! 
B:! it is an E 0.0000000 26 .6758900 

83 it is an A 0.0000000 29.8165340 
83 it is an 8 1.0000000 9. 1290588 
83 it is an E 0.0000000 30.7371 597 

84 it is an 8 0.9999986 5.9010286 
84 it is an E 0.0000006 20.2056236 
84 it IS an F 0.0000003 20.8549023 

85 it is an B 0.9999995 5.5978689 
85 it is an E 0.0000000 ~3. 7445774 

85 it i s an F 0.0000004 20.2729683 
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c 
1 

4 

Picture Hypothesis Probability of Hypothesis Energy of Hypothesis 

C1 it is an C 0.6604182 -1.9814487 
C1 it is an E 0.0184070 1.5986940 
C1 it is an G 0.3191914 -1.2543660 

C2 it is an C 0.6313014 -1.3120894 
C2 it is an E 0.1306149 0.2634406 
C2 it is an G 0.2368994 -0.3319414 

C3 it is an C 0.5955555 -l.6064481 
C3 it is an E 0.0437944 1.0035404 
C3 it is an G 0.3588811 -l.0999445 

C4 it is an C 0.6606517 -0.5129181 
C4 it is an E 0.D676684 1.7656897 
C4 it is an G 0.2695387 0.3835969 

C5 it is an C 0.6386604 -1.4192295 
C5 it is an E 0.0491251 1.1457740 
C5 it is an G 0.3097548 -0.6956378 
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Picture Hypothesis 

D I it is an A 
DI it is an B 
DI it is an D 

D2 it is an B 
IJ2 it is an D 
D2 it is an G 

D3 it is an B 
D3 it is an D 
D3 it is an F 

D4 it is an B 
D4 it is an D 
D4 it is an G 

D5 it is an A 
D5 it is an B 
D5 it is an D 

.. " . 
" i . 

V 
2 3 

M' . . . . ...........-.,--

<; 
M' 

.............l-
j~, 

5 

Probability of Hypothesis Energy of Hyp othesis 

0.000005 1 19.0304546 
0.0011396 13.61 19480 
0.9988480 6.8360224 

0.0003877 12.2251072 
0.9994236 4.3704495 
0.0000976 13.6045828 

0.0000000 89.0601807 
1.0000000 ·12 .7670460 
0.0000000 82.0110168 

0.0005200 12.7396383 
0.9994300 5.1784315 
0.0000154 16.2575455 

0.0000039 17 .1760368 
0.0003292 12.747i312 
0.9996585 4.7292614 

. . 
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1 2 3 

E 
4 5 

Picture Hypothesis Probability of Hypothesis Energy of Hypothesis 

E1 it is an A 0.0000728 7.3868618 
E1 it is an E 0.9531993 -2.0928898 
E1 it. is an F 0.0467241 0.9226741 

E2 it is an C 0.00005Oi 7.1914301 
E2 it is an E 0.9832692 -2.6817935 
E2 it is an F 0.0166214 1.3983997 

E3 it is an A 0.0003051 8.8423738 
E3 it is an C 0.0000295 11.1 ii1812 
E3 it is an E 0.9996634 0.7478167 

E4 it is an A 0.0003749 6.4038081 
E4 it is an E 0.9340211 -1.4169102 
E4 it is an F 0.0655886 1.2391865 

E5 it is an A 0.0000976 6.7060304 
E5 it. is an E 0.9618846 -2.4899280 
E5 it is an F 0.0380000 0.7413796 
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Picture Hypothesis Probability of Hypothesis Energy of Hypothesis 

Fl it 1;0 an A 0.0009967 5.9281058 
Fl it is an E 0.0000012 12.6835003 
F1 it is an F 0.9990017 -0.9819657 

F:: it is an A 0.0136954 3.9498260 
F:? it is an E 0.0032687 5.3824973 
F2 it is an F 0.9830301 -0.3237556 

F3 it is an A 0.0021422 5.9868760 
F3 it is an E 0.0016594 6.2422500 
F3 it is an F 0.9961985 -0.1552548 

F4 it IS an E 0.8462385 -0.0166720 
F4 it is an F 0.1515211 1.7034043 
F4 it is an G 0.0020051 6.0284510 

F5 it 15 an A 0.0003445 8.3701258 
F5 it is a n E 0.8101026 0.6073851 
F5 it is an F 0.1895521 2.0598819 
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1 2 3 

4 5 

Picturt' Hypothesis Probability of Hypothesis Energy of Hypothesis 

G1 it is an C 0.1939279 1.1415343 
G1 it is an E 0.2315701 0.9641383 
G1 it is an G 0.5542700 0.0913689 

G2 it is an C 0.2378499 0.9435763 
G2 it is an E 0.1392609 1.4788672 
G2 it is an G 0.6008883 0.0168073 

G3 it is an C 0.3128236 0.1166506 
G3 it is an E 0.0234408 2.7078128 
G3 it is an G 0.6587726 -0.6280884 

G4 it. is an C 0.2702022 0.0306356 
G4 it is an E 0.0150385 2.9191945 
G4 it is an G 0.7069070 -0 .9310930 

G5 it is an C 0.3253015 -0.3527871 
G5 it is an E 0.1510101 0.4146184 
G5 it is an G 0.5172358 -0.8165337 
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STOCHASTIC RELAXATION METHODS FOR IMAGE RESTORATION 

* AND EXPERT SYSTEMS 

Stuart Geman 

Division of Applied Mathematics 
Brown University 

Providence, Rhode Island 

In trod uction 

This is an introduction to "stochastic relaxation" (SR), a highly parallel 

computational algorithm for various inference and optimization problems. The 

presentation will be nontechnical and by example, highlighting possible 

applications to image processing and expert systems. Concerning image 

processing, SR algorithms have been implemented and numerous experiments have 

been performed. Although the pictures used so far are quite simple, the 

restorations and segmentations are extremely good, even at low signal to noise 

ratios. The application to expert systems is more speculative. SR seems 

especially well-suited for the combinatorial and statistical matters that arise in 

expert system problems, but we have not yet experimented in a real problem 

domain. For concreteness, our discussion will focus on medical diagnosis, an 

often-chosen prototype problem. 

The common thread between these two applications of SR is our "Bayesian" 

formulation. This means that we formalize the relevant prior information, 

whether a bout real-world images, or a bout symptoms and diseases, as a probability 

distribution. For image processing, this distribution is on all possible configur-

* This paper was written in 1983. Since then, applications to tomography [11], 
texture segmentation [14] and classification [9], and character recognition [21] 
have been explored. The theoretical underpinnings of stochastic relaxation 
have been advanced considerably ([5],[12],[16],[18], for example), and various 
extensions have been introduced and analyzed ([10], [13], for example). 
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at ions of pixel grey levels, locations of edge elements, and states of other image 

attributes that may be of interest for a particular problem. For medical diagnosis, 

the distribution is on the entire collection of medically-relevant features: diseases, 

tests, patient characteristics, and so-on. In either case, this prior distribution 

captures our knowledge or experience about what is likely and what is not. In 

short, it plays the role of a "knowledge base". Then, given a prior distribution 

and an "observation", we form the posterior distribution: the conditional 

distribution given what is observed. In image processing, the observation is of a 

degraded and possibly transformed (as in tomography) image. In medical 

diagnosis, it is the collection of signs and symptoms of the presenting patient. In 

principle, the posterior distribution contains the information necessary for optimal 

image restoration or, in medicine, for hypothesis formation and diagnosis. 

There are legendary practical problems with the actual implementation of 

Bayesian methods. It is difficult to choose appropriate prior distributions in all 

but the most simple (low dimensional) problems. Our problems are very high 

dimensional: at least 250,000 (roughly 500x500 pixels) for image processing, and 

many thousands (e.g. all relevant medical features) for interesting expert systems 

problems. Yet we must choose probability distributions on these spaces that 

meaningfully capture the important real-world relationships. And, having 

constructed a suitable prior, there is still the host of computational problems that 

arise in trying to exploit the information implicit in the posterior distribution. 

Here again, the dimensionality is confounding. We will want to compute 

expectations or choose most likely states with respect to these posterior 

distributions, but direct evaluation is already impossible with one hundred 

dimensions, much less thousands or hundreds of thousands. 
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We shall exploit an analogy to statistical physics through which these practical 

problems are largely overcome. This analogy will suggest a class of prior 

distributions (namely, Gibbs distributions) that are easily constructed and 

especially suitable for application to image processing and to expert systems 

problems. Furthermore. this analogy suggests a tractable computational scheme. 

stochastic relaxation, for the necessary manipulatiolls with posterior distributiOlls. 

Under the analogy, pixel grey levels and possibly other image attributes (locations 

of edge elements, locations and scales of objects, etc.) play the role of the states of 

individual particles, such as atoms or molecules, in a real physical system. For 

the medical problem, the parallel is between the states of particles and the states 

of the various disease entities, possible test results, patient characteristics, and 

other medically important features. SR is the procedure of simulating the 

dynamics of the imagined physical system. Through the analogy, these dynamics 

are actually equivalent to the desired manipulations on the posterior distributions. 

And, because real physical systems execute a parallel dynamics, the resulting 

computational algorithm (SR) is parallel as well. All of this will of course be 

made more concrete in the sections that follow, first in the context of image 

processing and then for a proposed approach to expert systems. 

We have benefited from the advice and encouragement of Ulf Grenander. Our 

work reflects the influence of his Theory of Patterns [15], as is especially evident 

by the analogy to statistical physics. Also, many other colleagues have contributed 

ideas and technical assistance. Among these, we thank in particular Eugene 

Charniak, Donald Geman, David Hoffman, Donald McClure and Vincent Mirelli. 

1. Image Processing 

The application of SR that we have explored in greatest depth is to image 

processing, specifically image restoration and boundary finding. An introductory 
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discussion follows, minus many of the technical details. Our forthcoming paper 

[8] will more thoroughly discuss the relation to existing approaches and the 

underlying mathematics, and we also refer the reader there for the proofs of 

theorems. 

A. Formulation 

For now, we will concentrate on image restoration. Our formulation of the 

boundary finding problem fits the same general framework, as will be illustrated 

later when some simulation results are presented. 

As is customary, we take as our starting point an observed digitized image 

... 
o = {Oij} I ~ i,j ~ n, where Oij is the grey level of the pixel at the lattice location 

... 
(i,j). "n" is typically a power of 2, such as 256, 512, or 1024. We think of 0 as 

the result of a degradation of some "true" image F= {Fij}: 

.... .... .... 
0= D(f) ON 

with the following interpretation. D is a deformation mechanism, typically 

.... 
involving a convolution ("blurring") of F with some "point- spread function" H, 

and sometimes also a nonlinear pixel-by-pixel transformation. For example 

where 

(l.A.l) 

and 

I 

H(k,R) = { : 

16 

(k,R) = (0,0) 

I k I , I R I, (k,R);If(O,O) 
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.... 
N = {Nij} is a noise process, the prototype being independent Gaussian variables 

with common mean jJ. and variance a'2. In our experiments we will focus on this 

Gaussian case. However, neither the Gaussian assumption nor that of 

independent components is necessary, and our methods are unchanged for a large 

class of noise statistics. Finally, the symbol 0 represents a pixel-by-pixel 

operation, most typically addition or multiplication: 

qj = D(F)ij + N ij' or qj = D(F)ij N ij . 

These elements of the model, D,O and N, are assumed known from the "physics" 

of the recording process (i.e. from the optics, the digitization procedure, etc.). 

The problem is to estimate F from the observation O. 

B. Gibbs Priors for F ("Image Modelling") 

We base our restorations on a prior distribution for the image process F. This 

is the Bayesian framework, and it is particularly apt for image restoration. The 

possible images F constitute a very high-dimensional and complex parameter space, 

a space of possible restorations of an observed (degraded) image o. In actual 

restoration problems, only a small fraction of these candidate images make for 

reasonable estimates. The rest grossly violate regularities that are characteristic 

of "real scenes". A properly constructed prior can focus the search for a 

restoration on the relatively few images consistent with real-world expectations. 

But the benefits of Bayesian estimation are often only theoretical; for high 

dimensional parameter spaces it is notoriously difficult to construct reasonable 

prior distributions that lead to computationally feasible estimators. In our 
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experiments, we have used a class of distributions, namely Gibbs distributions 

with "local energy functions", that appear to avoid these problems. By exploiting 

a connection to statistical physics, we can devise highly parallel algorithms for 

computations associated with these Gibbs distributions. Morever, their 

characterization in terms of an "energy function" provides a workabie and 

intuitive framework for embodying real-world knowledge. So far we have 

attempted to capture only the most elementary sorts of prior information. But 

the resulting restorations are extremely good, albeit for some very simple pictures. 

And, the very same techniques extend, at least in principle, to the inclusion of 

more complex prior knowledge and hence to the analysis of more complex scenes. 

A basic characteristic of real-world scenes is the high likelihood that grey levels 

at nearby locations will be nearly the same. We shall illustrate our approach by 

constructing a prior distribution that is consistent with this simple property. We 

first construct an "energy function" U, which assigns a value to each possible 

... 
scene (i.e. to each possible realization of F). U is endowed with the key 

property that it takes relatively small values for those scenes consistent with prior 

... 
information. As we shall see, the Gibbs prior on F is then derived directly from 

U. The construction of U is based on a neighborhood system {Gij} I ~ i,j ~ n, 

wherein Gij is a collection of pixels that we think of as "directly interacting" with 

the pixel (i,j). For example, 

(l.B.I) Gij = {(k,R):(k,R) t. (i,j), Ik-il ~ I, Ij-R I ~ I} 

This example is a "nearest neighbor" system, including nearest diagonal neighbors. 

Let us suppose that the grey levels of F are discrete, for example Fij e {I,2,3,4,5} 

1 ~ i,j ~ n. For every x,ye{I,2,3,4,5}, we define a "bond energy" V(x,y). An 

example would be: 
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{
-1/3 

V(x,y) = 
1/3 

x=y 

x f. Y 
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These bond energies, calculated among neighboring pixels, are combined to define 

... 
the "energy of the picture" f = {fij} I ~ i,j ~ n, f ij E {1,2,3,4,5}: 

The idea is that U is small for pictures consistent with the properties we wish to 

capture, in this case pictures for which neighboring pixels tend to have common 

grey levels. 

We construct the Gibbs prior from U. Imagine a real physical system with 

"particles" (perhaps atoms or molecules) at the sites (i,j) I' i,j' n. Each particle 

can be in any of the "states" {I,2,3,4,5}, and this defines a configuration space for 

the entire system: 

... 
n = {f : fijE {1,2,3,4,5}, I , i,j , n}. 

Recall that the energy function u:n ... R was constructed so that the lower energy 

configurations are the more expected configurations. 

energy U would have an associated Gibbs distribution, 

(1.B.2) 
... 1'" 

11(f) = P(F=f) = -exp{-U(f)} . 
2 

Here Z is the "partition function" (actually a constant), 

... 
Z = ... E exp{-U(f)}, 

fEn 

A physical system with 

making 11 a proper probability distribution on n. Under 11, the lower energy 
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configurations are the more likely configurations. A sample image from Tl 

is shown in Figure 2A. It has the property that nearby pixels are typically at 

the same grey level. 

Of course the property of locally constant grey levels is very primitive. Real 

images have complex geometric properties: edges tend to maintain their 

curvature or their straightness; edges generally end in corners, or in some smooth 

transition to another "regular" edge; edges often define rectangles or ellipsoidal 

shapes, and these are typically surfaces of complex three dimensional objects; and 

so on. Even the near-constancy of grey levels is not truly typical. Most regions 

in real scenes are better described by a more or less regularly varying pattern of 

grey levels known as "texture". To differing degrees, these properties resist a 

purely local description, and this is a major difficulty in incorporating them into 

an image model. The property of locally constant grey levels was captured by 

an energy function comprising only pairs of neighboring variables. We shall see 

that this local structure is critical for the computational feasibility of our 

methods. 

To avoid long-range interaction terms in the energy function, and the resulting 

computational difficulties, we propose to incorporate complex geometric properties 

by developing a multi-level hierarchical image model. We will illustrate the 

approach by a modification of the previously developed energy U to accommodate 

straight-running vertical and horizontal edges. The idea is to append the pixel 

.... 
process F with an unobservable line process L. The components of L are 0-1 

random variables indicating the absence or presence of an edge element: 
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component of 0 0 0 0 ~Iine process (L ) 
L, value 0 ~: ~ -1-0- 1-0- 0 1 0 / 

__ I 1 I~ 

component of 0; ~ J 0 -:i ~: 0 / pixel process (F) 

L, value I ~ 0 0 0 

We want to capture the notions that a straight-running edge tends to continue 

running straight, that edges typically do not end "blindly", that corners are often 

right angled, and, most fundamentally, that pixels separated by an edge have no 

tendency to be at similar grey levels. For this, we define an energy U of the 

form U(f,l) The pure line contribution, U I' is minimized by 

line configurations that either define no edges at all, or contain unbroken curves 

with mostly straight edges, and occasional corners. (The details are layed cut 

in [8].) U2 is substantially the same as the pixel process defined earlier, except 

that there is no contribution from bonds that are "broken" by the presence of an 

intervening edge element (lij=I). The upshot is an energy function that is still 

built from strictly local contributions, albeit on an expanded configuration space. 

In our experimcnts (discussed latcr) each pixcl site has a total of eight neighbors 

in its neighborhood system, comprising the four nearest pixel sites and the four 

surrounding line sites. Each linc sitc also has eight neighbors: six are nearby 

linc sites and the other two arc the pixel sitcs on either side of the associated edge 

elcmcn t. 

The energy defines a Gibbs prior for the extended process (F,L): 

ll(f,R) = P(F=f,L=R) 

I 
= '2exp (-U(f,m 

I 
= 2exp (-UI(R) - U2(f,R)} 
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Later, we will present restorations based on this prior. Of course n defines a 

.... 
marginal distribution on the pixel process F, obtained by summing over all allowed 

.... 
values of L. It is easily demonstrated that this marginal distribution is global 

in nature: its characterization as a Gibbs distribution defines an energy function 

with terms that are simultaneously dependent on all components of F. The 

multilevel model thus introduces long-range interactions into the pixel process, 

whereas it preserves the computational advantages of a locally-composed energy 

function. 

We have begun a further development of this image model, adding "higher 

level" and spatially invariant geometric attributes such as line segments, smooth 

curves, and simple polygons with arbitrary scale and location. The pixel process 

.... 
F is further appended, and new attributes are thereby accommodated with 

energies built entirely from local contributions. But since we have not yet 

experimented with these more ambitious models, we shall forego detailed 

descriptions. 

The more complex image models involve numerous unspecified parameters that 

dictate the detailed characteristics of typical images under the distribution n . 

Indeed, already for the simple model (1.B.2), which merely captures the property 

of locally constant grey levels, we have rather arbitrarily fixed the bond energies 

V(x,y) at +/- 1/3, depending on x,y or·x=y. When "1/3" is replaced by larger 

constants the typical regions in an image drawn from n under the distribution n 

are larger. Parameters such as these should be estimated from sample pictures, 

but there is not yet a well-developed and computationally feasible approach. 

The estimation problem is complicated by the nature of the observations, which 
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... ... 
are of 0 instead of F, and further by the use of random variables, such as 

... 
those constituting the line process L, that are not directly related to the observed 

picture. There are some results to draw on (e.g. [1] and [23]), and we have 

done some preliminary work ourselves ([7]), but we are far from a coherent 

estimation theory. 

C. Restoration 

... 
As described by the degradation model 0 D<F) (ji, observations are of a 

... ... 
noisy and deformed version of F. Our main tool for recovering F is the posterior 

... ... ... 
distribution of F given 0, or of F and any appended process, such as L. For 

the degradations that arise in most image processing applications, the posterior 

distribution shares with the prior distribution a pivotal property: it is Gibbs 

with a locally-composed energy function. This can be is illustrated with the 

-+ ... ... 
prototype model 0 H*F+N, with H as in (l.A.l), N = {Nij} iid zero mean 

... 
Gaussian, and a prior on F alone, as in (l.B.2). The posterior distribution is 

... "'1-+ ... 
P(F=f 0=0) 

(I.e.I) 1 -+ 1 ... 2 
= -exp{-V(O - - .~ (oij - (H*Oij) } 
~ 2,). 1,J 

Z is a new normalizing constant which, happily, will not concern us. The exponent 

in the posterior distribution defines a new, posterior, energy function U: 

(1.e.2) 
A ... -+ I ... 2 
V(O = U(O + - .r.. (oij - (H*f)ij) . 

2,). 1,J 
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Like U, the posterior energy function, U, is a sum of terms, each of which is only 

locally dependent upon the components of f. In fact, the neighborhood system 

associated with U is simply 

Gij = {(k,R):(k,R) f. (i,j), I k-i I ~ 2, I R-j I ~ 2} , 

an extension of the original system (I.B.I) induced by the point spread function H. 

(We again refer to [8] for more details.) This local property of the posterior 

distribution is quite general. It is preserved with nonlinear deformations, with 

multiplicative and other noise mechanisms, and with certain models of N that 

allow for dependencies (namely, Markov random field models). 

The posterior distribution is a powerful tool for image restoration, and, more 

generally, for scene analysis. We can, in principle, construct optimal Bayesian 

estimators for F (or F together with appended processes) given 0, such as the 

so-called MAP estimator, i.e. the image that maximizes the posterior distribution. 

Or, more subjectively, we can examine images sampled from the posterior 

distribution and select "reasonable" restorations. But conventional approaches 

to these operations involve prohibitive amounts of computation. MAP 

estimation of F illustrates this point. To be specific, consider the posterior 

distribution (l.C.l). The MAP estimator is the configuration f that achieves 

the minimum of (l.C.2). Realistic image models lead to complex energy functions 

U, and typically n2 (the number of pixels) is of the order of 250,000. 

Minimization of a complex function such as (I.C.2) of this many variables is 

essentially impossible, and even the identification of near-optimal configurations 
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is extremely difficult. Notice that a direct approach of trying every 

configuration is not feasible: there are roughly M250,OOO configurations, when M 

is the number of allowed gray levels in the image model. With regard to 

sampling, the story is the same: the very large configuration space renders the 

usual Monte Carlo techniques impractical. 

D. Stochastic Relaxation 

In Section 2 our discussion of expert systems will lead us to similar 

computational problems. We will again define high-dimensional Gibbs 

distributions with locally-composed energy functions, and again seek the most 

likely (=minimum energy) configurations. We will also want to evaluate certain 

expectations with respect to these distributions, and this is another computation 

confounded by the size of the configuration space and the complexity of the 

energy function. Let us formulate more carefully and more generally these 

computational tasks, and the key notion of locally-composed energy functions. 

The general discussion is in terms of a graph G, with sites (or nodes) S, 

and neighborhood system (Gs} SES. For each SES, Gs is the collection of sites 

connected to s in G. The neighborhood system is asssumed to be "local", 

meaning that for each SES, IGs I is very small compared to Is I. In our 

discussion of image restoration, S is the index set for the n components of the 

pixel process F, as well as additional components in the case of multilevel 

models. In our image restoration experiments, IGs I = 8 whereas Is I ranges 

from 642 to 1282 . Associated with G is a random process indexed by S, X 

(Xs} SES. X, in the general case, plays the role of F, or of (F,L), in the 

... 
image processing examples. Each component, Xs' of X has a state space (range) 
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As' and these determine the configuration space n : 

.. 
n = {X = {~ } seS: Xs eAs seS} , 

We will simplify the discussion (and the mathematics) by assuming that As is 

.. 
finite for each seS. The distribution on X is determined by an energy function 

u:n .. R that respects G in the sense that 

.. 
(l.D.I) U(x) = E V C<x). 

CeC 

In this representation, C is the set of all cliques: collections C S of sites such 

.. 
that every pair of sites in C are neighbors. For each CeC, V C<x) is independent 

of all Xs for which siC. This is what we mean by a locally-composed energy 

.. 
function. It defines a Gibbs distribution on X, with respect to G: 

.. .... 1 .. 
7l(x) = P(X=x) = Z exp{-U(x)} 

.. 
where Z = E exp{-U(x)}. 

xen 

The three computational tasks that we will now address are these: 

(A) sample form 7l ; 

(B) compute the mode(s) of 7l (=minimum energy state(s»; 

(C) compute expected values under 7l : 

.. -+ 

E[f] = E f(x) 7l(x) for f: n -+ R. 
xen 

In all interesting applications direct calculations are impossible: lsi is large, \n\ 
is enormous, and U is highly nonlinear. 
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We will outline the architecture for a parallel processing machine designed to 

make sui ta ble approximations. (A version of this machine, specialized to binary 

state spaces, I\s' and proposed as a model of neural activity, is described by 

Hinton and Sejnowski in [17].) This architecture essentially conforms to the graph 

G. Let us imagine a simple processor placed at each site of this graph. The 

connectivity relation among the processors is described by the neighborhood 

system of the graph: processor s is connected to processor r if and only if rand 

s are connected in G. For the applications that we have in mind I S I is large 

(roughly 250,000 for image processing) but the neighborhood sizes, and thus the 

number of connections to a given processor, are modest. 

The state of the machine evolvcs by discrete changes, and it is therefore 

convenient to discretize time, say t=I,2,3, .... At time t, we describe the state of 

the processor at site s by a random variable Xs(t), where Xsel\s. The 

configuration at time t is X(t) = (Xs(t)} seS. We begin with an arbitrary initial 

.... 
state X(O)e!l, after which the configuration evolves because of state changes of the 

individual processors. Computation is asynchronous in the sense that each 

processor is driven by its own clock. Every processor is programmed to follow 

the same algorithm. At site s, for example, the "flow chart" looks like this: 
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(1) 

Under the Gibbs distribution, 11, compute the 

conditional probability on X s' given the 

observed states of the neighboring processors 

(Xr) rEGs· 

I 
(2) 

Choose a state Xs E I\s from the conditional 

distri bution calculated in (I). 

(3) 

S.GEMAN 

Set Xs = xs· >~----------' 

Figure 1 
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Our convention for "time" is that t .... HI each time any processor changes state, i.e. 

performs step (3). 

We stress the point that these computations are local. In particular, the 

conditional probability on Xs computed in step (1) depends only on the states of 

the neighboring sites, and these states are available at site s through the 

above-defined connectivity. Moreover, the calculation of this conditional 

probability is trivial. It depends only on those terms in the energy function whose 

associated cliques contain s, and it does not require evaluation of the partition 

function Z: 

( 1.0.2) 

where y r = xr r t. s. Recall that V C (x) depends only on Xs and neighbors of xs' 

when SEC. 

The result of these computations is a random sequence of configurations 

X( I ),X(2), ... Shortly, we will discuss convergence and related properties, and 

connect these properties to the computational problems of sampling, finding 

modes, and computing expectations. But let us first discuss briefly the sense in 

which the proposed computation scheme is parallel, and relate this to a serial 

(conventional) algorithm. Computation is parallel in the sense that it is realized 

by simple and alike units operating largely independently. Units are dependent 
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only to the extent that each must transmit its current state to its neighbors, the 

latter defined by the neighborhood system of the graph G. Most importantly, 

the amount of time required to update once the state value at every site is, in 

principle, independent of the number of sites. (Although, this time will depend 

on the size of the neighborhood systems.) An alternative and more conventional 

approach is to use one processor to "visit" sites successively. Upon arriving at a 

site, this processor must first load the local neighborhood relations and state 

values, perform the replacement, and then move on to a next site. The time 

required to refresh the state of every site then grows linearly with the number of 

sites. 

The convergence properties of the random process X(I),X(2),... are essentially 

independent of the details of the sequence of site replacements. This sequence 

does not need to be cyclic, balanced (with respect to frequencies of replacements), 

or, in any other manner, regular. It is because of this flexibility that one can 

imagine performing the computations with independent, asynchronous, processors. 

And for this same reason, other, not fully parallel, architectures can be used. 

The graph G can be divided into subsets of sites with each subset "assigned" to a 

conventional machine (instead of a special purpose processor). Each machine 

can independently process its assigned sites; convergence is still guaranteed. 

Of course, the graph should be divided with an effort at minimizing the 

communication requirements among machines, which amounts to minimizing the 

number of neighboring sites that are placed in distinct subsets. 

We now investigate the convergence properties of the random process X(t). 

The local computations made by the individual processors result in a sequence of 
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changes of state at the individual sites. Let us denote by nt (ntES) the t'th site 

to perform step (3) of the "local flow chart" (Figure I). The distribution on X(t) 

can be expressed in terms of nt and the distribution on X(t-I): for any x 

P(X(t) = x) 

where the conditional probability is calculated under the Gibbs distribution 11 , as 

in (l.D.2). Our most basic task is to sample from 11. For this we want to 

assert that P(X(t)=x) -+ l1(X), in which case X(t), for large t, essentially represents a 

sample from 11 • The only requirement is that we continue to visit every site: 

Theorem (relaxation). Assume that for each seS the sequence n1 ,n2 contains s 

infinitely often. Then for every X(O) and every XEfi , P(X(t)=x) -+ l1(X) as t -+ cx>. 

This is simply a modification of the well-known Metropolis algorithm [22] for 

sampling from a Gibbs distribution. The only complication III the proof is the 

arbitrary order of site replacements, nl,n2' .... The Markov chain (X(t)}, t=I,2, ... , 

does not have stationary transition probabilities and the transition matrices do not 

commute. This precludes the usual Perron-Frobenius, algebraic, treatment. 

Nevertheless, the proof is straightforward; see [8] for details. 

For computing expectations we can exploit the connection to statistical physics 

that is implicit in our use of the Gibbs distribution. We think of the 

configuration sequence X(l),X(2),... as a sequence of states of a physical system 

with energy function U. The relaxation theorem asserts that the approach to 
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equilibrium is independent of initial conditions. In statistical physics one 

attempts to predict the observable quantities of a system in equilibrium from a 

description of the system's distribution. The observable quantities are time 

averages of functions of the configuration. Under the ergodic hypothesis, the 

ergodic theorem is in force and states that time averages approach the 

corresponding expectations (so-called phase averages) with respect to the 

equilibrium distribution. The analogue for our system is the statement that, in 

some suitable sense, 

n n .... '" 
(l.D.3) L f(X(t» -> E[f) 

n t=l 

where expectation is with respect to the Gibbs distribution 11 • We have already 

made the observation that direct calculation of E[f) is not feasible. The limiting 

relation in (l.D.3) suggests that we approximate E[f) by a long-run time average of 

.... 
f(X(t». For most physical systems the ergodic hypothesis is extremely difficult 

to verify; statistical physics typically proceeds under the assumption that (I.D.3) is 

valid. Fortunately, for our system it is rather easy to directly establish 

ergodicity. 

Theorem (ergodicity). Assume that there exists a T sllch that jor every t=O,I,2, ... 

.... 
Then jor every X(O) and every junction f on n 

n .... 
L f(X(t» .... E[f) 

n t=l 

with probability one. 
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The added assumption on the site replacement sequence is of no practical 

importance, since the clocks of the various processors contributing to the 

computations will in fact have some common bound on their periods . 

... 
Finally, we address the problem of finding configurations Xo at which energy 

~ ~ A , 

is approximately minimized, U(xO) :: ~in U(x). For this, we follow Cerny [21 and 

xefi 

Kirkpatrick et. al. [191, and simulate "annealing". Annealing is a process of 

heating and then gradually cooling a physical system. Careful annealing yields 

low energy configurations. This can be understood by noting that low 

temperatures concentrate the Gibbs distribution at low energy states. The 

functional dependence of the Gibbs distribution on temperature (T) is 

well-known: 

where 

... 1 ... 
llT (x) = - exp{-U(x)/T} 

ZT 

... 
ZT =....I: exp(-U(x)/T}. 

xefi 

We can think of our earlier discussion as concerning this same distribution at 

fixed temperature T=l. When T is small, the likely configurations are the ones 

that nearly minimize U. The idea of C~rny and Kirkpatrick is to minimize U 

by a simulated annealing: run the Metropolis algorithm for sampling from llT 

while gradually lowering T. Kirkpatrick applies this to energies whose minimums 

correspond to the solutions of certain combinatorial optimization problems. We 

will apply it to finding nearly-maximum likelihood configurations, as in MAP 

image restoration. 
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The temperature is an easily controlled global parameter, and with the obvious 

modifica tions in step I of the local flow chart (Figure I) we can replace T = I by a 

decreasing sequence T(t) to simulate annealing. Processing is still parallel, and the 

resulting behavior is akin to that of a real physical system: If T is lowered to 

.... 
rapidly, X(t) is likely to converge to a state with energy far above the desired 

minimum. If T is lowered more gradually then the process X(t) concentrates at 

low energy configurations: 

Theorem (annealing). Let frO be the distribution uniformly concentrated on the 

minimum energy configurations: 

I .... 

.... {~onol frO(x) = 

X e no 

otherwise 

........ .... 
where no = (yen:U(y) = ~in U(x)}. Again assume that there exists a T such that for 

xefi 
every t=O, I ,2, ... 

Then there exists a constant c such that if 

(I) T(t).... 0, decreasing, 

(2) T(t) ~ cflog(t) t=2,3, ... , 
.... .... 

then for every X(O) and every xen, 
........ .... 

P(X(t)=x) .... frO(x) 

as t .... co. 
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In particular, U(X(t)) -+ min U(x) in probability. We again refer to [8] for the 
xen 

proof. 

Of course, for our experiments we must actually choose an "annealing 

schedule" T(t). In our image restorations we have used c/log(l +k), where k is 

the number of iterations through all sites in G (k :: t/ Is h and where c=3 or 4. 

We do not yet know if these values for c are sufficiently large to guarantee the 

convergence asserted by the annealing theorem. Good results are obtained in 

reasonable time, but faster convergence may be possible. In fact, the basic 

mathematical questions concerning optimal relaxation techniques and annealing 

schedules, and rates of convergence, are unsolved. 

E. Experiments 

The results of three restoration and boundary finding experiments are 

presented in Figures 2,3, and 4. All of these involved additive Gaussian noise, 

with or without blur. We have obtained comparable results, that are presented 

in [8], in the presence of multiplicative noise and nonlinear deformations. As 

we have stressed, the computational burden is mostly determined by neighborhood 

sizes. Our experiments with more complex degradations involved the very same 

neighborhood systems that we used here, and hence they required essentially the 

same amounts of computation. 

Of course, for the experiments the SR algorithm was run serially. We used a 

"raster scan" pattern of site replacements. In our discussion below, "sweep" 

refers to the visiting of each site exactly once, hence a sweep comprises I S I local 

replacements, where I S I is the number of components to the configuration. In 

each of the experiments, MAP configurations are approximated by the result of a 
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simulated annealing, with annealing schedule T(k)=c/log(l+k), where k is the 

number of sweeps and c=3 or 4. 

Figure 2A is a sample drawn from the Gibbs distribution (l.B.2), via SR after 

200 sweeps. Figure 2B is the result of adding iid zero mean Gaussian noise, 

with (J =l.5. Figures 2C and 2D are obtained by annealing, under the posterior 

distribution conditioned upon 2B, after 25 and 300 sweeps respectively. 

In Figure 3 we present the results of an experiment with a "hand- drawn" 

image, restored under the multilevel prior that includes a "line process", described 

earlier. Figure 3A is the original image. It contains 3 grey levels separated 

by 1 intensity unit. Figure 3B is again the result of adding iid mean zero 

Gaussian noise, this time with (J =.7. Figure 3C is the restoration of 3B by 

annealing, after 1,000 sweeps. For comparison, Figure 3D is the restoration of 

3B using a different prior: namely, the one used in Figure 2, making no attempt 

to model edges. 

The last series is from the experiment in boundary finding. Figure 4A is a 

part of a roadside picture taken from a moving car. As is apparent from the 

picture, the intensity histogram shows two prominent peaks. Zero mean Gaussian 

noise with standard error (J =.5, relative to the spacing between these peaks, was 

added to the original image to produce Figure 4B. The blur of Figure 4A was 

modelled by the convolution H*F as in (l.A.I), and thus the degraded image, 

Figure 4B, was modelled by H*F+N. Our goal was to identify the two boundaries 

of the original image. The line process was modified in such a way that each 

line element could be directed in any of three orientations (instead of just one), to 
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better accommodate edges that are not partial to the vertical and horizontal. (See 

[8] for a detailed description of the resulting multilevel prior distribution.) The 

result of annealing, after 1000 sweeps, is shown in Figure 4C. Pixels that sit to 

the left of or above a line element, whatever its orientation, are indicated in 

black. The two main regions are circumscribed by an unbroken sequence of 

contiguous line elements. 
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A. Sample from prior 

B. Sample plus noise 

Figure 2 
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c. 25 sweeps of S~ . with annealing 

D. 300 sweeps of SR, with annealing 

Figure 2 
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A. Hand-drawn image 

B. Hand-drawn image plus noise 

Figure 3 
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c. 1,000 sweeps of SR, with annealing, prior with line processes 

D. 1,000 sweeps of SR, with annealing, prior without line processes 

Fi gure 3 
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A. Road sign 

B. Scene plus noise 

Figure 4 
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c. 1,000 sweeps of SR, with annealing, 

showing estimated locations of boundary 
elements 

Figure 4 
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2. Expert Systems 

Here we propose the application of SR, again within a Bayesian framework, 

to problems arising in the construction of expert systems. The discussion will 

necessarily be more superficial: we have not yet performed experiments, 

either with actual or with simulated data. Nevertheless, the Bayesian/SR 

technology seems to be especially well-suited for handling the statistical issues 

that arise in many expert systems problems. 

Our discussion is of computer-aided medical diagnosis, a commonly discussed 

prototype problem involving the various issues of "reasoning under uncertainty", 

formalizing and manipulating "prior knowledge", the "nature of evidence", 

computational feasibility, etc. We recognize that the "statistical" aspect of this 

and other expert system problems is only part of the story. Systems of real 

practical value must be able to explain the reasoning behind a hypothesis or 

conclusion, and must often incorporate deterministic, or causal, reasoning. Still, 

at some level in its workings a diagnostic system confronts certain fundamentally 

sta tistical issues: given the observed signs and symptoms, and the known 

pathologies, what configurations of symptoms and diseases are most likely? Our 

chief goal is to develop a logical and tractable means for arriving at an answer 

based upon available medical knowledge, and to use this for developing 

hypotheses and for suggesting an efficient sequence of diagnostic steps. 

For background we refer to Kulikowski [20] , which is an introduction to the 

practical aspects of computer-aided medical consultation and to existing systems 

and the various problems that they address. Also, we refer to a paper by 

Charniak [3], which argues for the value of a more formal, and in particular 

Bayesian, approach to medical diagnosis, a somewhat unusual position in the "AI" 

literature, and to Cheeseman [4], who proposes an approach very similar to ours. 
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For some background on expert systems in general, there is an excellent review 

article by Duda and Shortliffe [6]. 

A. Formulation 

Our formulation is in terms of a large collection of patient and medical 

attributes, including signs and symptoms (as obtained from a medical history or 

diagnostic tests), disease entities, and patient characteristics such as age, sex, race, 

and so on. We think of these attributes as random variables X l ,X2, ... XN, with 

individual state spaces '\ I ~ ~ N. Concerning the attribute sex, for 

example, 1\ = {M,F}, whereas age may be continuous, 1\ = [0,100], or perhaps 

categorized into clinically meaningful ranges, 1\ = {[O,I] ,(1,3] , ... ) . (But, as in 

Section I, we will focus our discussion on the discrete case.) A disease may have a 

binary state space 1\ = {P,A} (present or absent), or a more descriptive space of 

intensities, e.g. 1\ = {0,1,2,3} . At this point we do not distinguish the different 

varieties of attributes (personal, laboratory, disease, etc.). 

Medical information, as may be available from actual patient records or from 

less formal sources such as textbooks or expert diagnosticians, will be summarized 

in a "knowledge base". Of course, a patient record will supply only a partial 

list of attribute values; only a small fraction of the patient and medical attributes 

are observed in the course of treating anyone individual. As for the less 

formal sources, the information may be of a variety of types. It may be 

available, for example, as modified "productions", of the form "if XI = Xl and 

X 2 = x2 then 'typically' X3 = x3 and X 4 = x4 "; or as associations, such as "X l 

and X2 are 'highly' correlated"; or as conditional probabilities, such as "70% of the 

individuals with X I = x I also have X 2 = x2 "; etc. We postpone, for now, the 

details of the representation of this information in our proposed system. 
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Let us imagine that we encounter a patient presenting with definite values for 

some subset of the attribute variables. For example, we may be given the 

patient's age, sex, race, and other personal characteristics, a list of chief 

complaints, perhaps some of the patient's relevant medical history, and perhaps 

also the results of some diagnostic tests. In all cases the values of most 

attributes would be unknown. Based on these observed attributes, and based on 

the available body of medical information, we seek to: 

(I) Estimate the likelihood of various unobserved attribute values, such as 

diseases or the results of candidate diagnostic procedures. 

(2) Develop hypotheses. By these, we mean logical "pictures" of the patient's 

overall "profile", i.e. collections of signs, symptoms, diseases, etc. that are 

compatible given the observed attributes. 

typically suggest several hypotheses. 

The observed attributes will 

(3) Select among the unobserved attributes those personal characteristics, elements 

of the patient history, or diagnostic tests that would best distinguish among 

the current hypotheses. 

An additional goal is to accomplish these tasks with a system whose mechanisms 

and knowledge base can easily accommodate new medical information. 

B. Maximum Entropy Prior Distribution 

We shall adopt a Bayesian approach. Bayesian methods for automated 

medical diagnosis have been much discussed but generally agreed to be 

computationally intractable. For interesting problems (those involving numerous 

disease, sign and symptom entities), combinatorial difficulties associated with high 

dimensional joint probability distributions seem to force unreasonable simplifying 

assumptions, such as statistical independence of diseases, or of symptoms, or of 

symptoms given a disease. Here, we will employ stochastic relaxation to make 
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the necessary statistical calculations; there will be no need for independence or 

related assumptions. 

Medical knowledge, as represented in our knowledge base, will be used to 

construct a probability distribution on the medical attributes. This distribution, 

the prior distribution, is intended to embody the known implications, correlations, 

and so-on, among the signs, symptoms, diseases, and patient characteristics. The 

purpose of this section is to explain the construction of a particular prior 

distribution, the so-called maximum entropy prior. This distribution is 

"minimal" in the sense that it is consistent with the knowledge base while 

respecting no additional (and, presumably, unwarranted) constraints. 

We begin our construction by reformulating, into probabilistic terms, the 

information within the knowledge base. Medical knowledge will be idealized as 

a collection of probability relations among attributes. If, for example, disease 

DI is found in 10% of the patients presenting with symptoms SI and S2 then we 

would write, for the appropriate i,j, and k, P(Xi=II Xj=I,Xk=I)=.l. If S3 and S4 

are simultaneously present in 40% of the patients with disease D2 and 

characteristic CI then P(X R=I,Xm=llxn=I,Xo=I)=.4 for suitable I,m,n, and o. 

These probabilistic statements, whether marginal probabilities, joint 

probabilities, correlations or conditional probabilities, permit a common and 

convenient represen ta tion. For example, the information P(X I eS)=p (SeAl) 

about some attribute variable Xl can be expressed as 

-+ 

E[F(X)] = 0 

by defining 

-+ 

F(X) = Xs (Xl) - p, 

where XS(x) is I when xeS, and 0 otherwise. Joint probabilities are handled in the 
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same way. 

.... 
may be rewritten as E[F(X)]=O by defining F(X) = X (XI):lL (X2)X (X3)-P. This 

SI . S2 S3 

representation also applies to correlations or conditional probabilities; they can be 

represented as E[F(X)]=O for suitably chosen F. The statement E[X I X 2] =1.8, for 

example, is rewritten as E[F(X)] =0 by defining F(X) = XI X 2-1.8. Or, the 

conditional probability assignment 

is the same as 

and is therefore equivalent to E[F(X)]=O when 

By these reformulations, we arrive at the following representation for the 

knowledge base: 

.... 
(2.B.I) E[F a(X)] = 0 aEA 

f or some collection {Fa} a E A. 

U nf ortuna tely, the information in (2.B.I) constrains only "low-order" marginal 

statistics. The typical function Fa will depend on no more than four or five 

attributes, and most commonly just two. A patient, however, is likely to present 

as an observation of numerous attribute values, including personal characteristics, 

various signs and symptoms, and possibly even the already known status of certain 

diseases. Thus even the most basic questions, such as the probable state of a 
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particular unknown disease given the presenting observations, are not directly 

computable from the information in (2.B.I). The low-order statistical constraints 

that constitute our knowledge base are insufficient to determine the distribution 

on unobserved attributes given a typical collection of observed attributes. 

On the other hand, these conditional distributions could be directly computed 

(at least in principle) from the complete joint distribution on the attribute 

Our plan here is to construct a particular distribution on 

X satisfying the various constraints of (2.B.1), and then to proceed as though this 

were the actual joint distribution. Recall that each attribute variable Xi takes 

values in an associated state space J\. We will use n to designa te the 

configuration space n = Al xA2x ... AN, which is the range space for X. We seek a 

pro ba bili ty distribution Tl on n that sa tisfies the constraints in (2.B.!) 1, i.e. 

(2.B.2) 

-+ 

(a) Tl(X) ~ 0 X e n 

(b) I Tl(x) = I 
xen 

.... .... 
(c) I Tl(x)F a(x) = 0 

xen 
a e A. 

Furthermore, to the extent possible, we would prefer that Tl be without 

information beyond what is explicitly justified by our knowledge base, and 

embodied in (c). 

1 We shall proceed under the assumption that at least one such distribution exists 
and that it can be chosen to be strictly positive: Tl(x»O VxEQ In view of the 
subject origin of the constraints, it is possible that no such distribution exist. We 
believe that these cases will be amenable to very similar treatments. 
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To formalize this last requirement we bring in the entropy of a distribution 

([24]): 

.... .... 
H = - [ n(x)log n(x). 

xen 

H is minimum (H=O) for those distributions that concentrate on a single 

.... 
configuration: n(xO)=1 for some xOeQ For these distributions no information is 

.... 
gained by an observation of X, since the necessary state, XO' of X is already 

known a priori. The other extreme is the distribution which puts equal weight 

.... 
on every configuration xen, or, equivalently, the distribution under which all 

attributes are independent and uniformly distributed over their respective state 

.... 
spaces. Here, our prior knowledge is minimal, and the information about X 

gained in an observation of X is maximal. This uniform distribution achieves 

the maximum entropy (H=-Iog Inl). Among all distributions satisfying the 

constraints in (2.B.2)(c), we propose to choose the one maximizing H to serve as 

.... 
joint distribution on X. 

By a simple and well-known exercise in variational calculus, this constrained 

maximization is achieved by a unique n . This maximum entropy n can be 

written in the Gibbs form 

.... I ........ 
n(x) = - exp{ [ ).c:E o:(x)} xen 

Z o:eA 

where 
.... 

Z = .... [ exp{ [ ).c:E o:(x)} 
xen o:eA 
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and where P'a} aeA are constants (Lagrange multipliers) determined by condition 

(2.B.2)(c). Substituting 7l above into (2.B.2)(c) yields: 

.... .... 
(2.B.3) L exp{ L >'~a(x)} F /3(x) = 0 

xen aeA 
/3eA . 

Based upon this distribution, which will serve as a prior, we will perform the 

various tasks of computing conditional probabilities, generating hypotheses, and 

choosing diagnostic protocols. 

The actual computation of the Lagrange multipliers {>'a} aeA from the 

equations in (2.B.3) is not trivial. Any kind of direct approach is impossible 

since the summation in (2.B.3), which is over· the entire configuration space n , 

involves an unmanageable number of terms. We propose to circumvent direct 

calculation by a Monte Carlo method based on SR, which will be briefly described 

later, in section D. For the time being, we will proceed under the assumption 

that the Lagrange multipliers are known. 

C. Bayesian Approach to Diagnosis and Hypothesis Formation 

We refer to the terminology and notation introduced in Section I.D. We assign 

one site of the graph G for each attribute variable Xi' so that S = {l,2, ... N}. The 

neighborhood system, {Gs} seS, is determined by the constraint functions {Fa} aeA: 

For any s;i!r, I Ii s,r Ii N, sand r are neighbors (r e Gs) if and only if there is an 

.... 
aeA such that F a(X} depends upon both of the attributes Xs and Xr . We have 

already noted that most of the functions Fa will depend upon a small number 

(most commonly just two) of the attribute variables. It is also true that most 

pairs of variables, Xs and Xr ' will not be connected by any statement in our 

knowledge base, and hence the corresponding sites, sand r, will not be neighbors 

in G. Thus the neighborhood system is relatively sparse, and the connectivity in 
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a fully parallel realization of SR would be modest. 

Observe that with this neighborhood system 71 is a Gibbs distribution with 

respect to G. Indeed, the "energy function" U is just 

U(x) = - [ >'cf a(x), 
aeA 

and this "respects G" in the sense that it admits the representation (l.D.I). {In 

fact, each >'cl" a is one of the "V c" terms in (1.D.l).) Thus the relaxation, ergodicity 

and annealing theorems, set out in Section l.D, are in force, allowing us to choose 

samples from 71 , compute expectations with respect to 71 and find 

(approximately) most likely configurations under 71 • 

Actually, we would rarely be interested in making calculations with the 

unconditional distribution 71 • It represents our prior knowledge about an 

imagined population of potential patients. It does not reflect the information 

about a particular patient that we would have at hand in an actual diagnostic 

situation. Instead, the relevant distribution is the conditional (or posterior) 

distribution, under 71 , on the unobserved attributes given the values of the 

observed attributes. It is not hard to see that the posterior distribution is again a 

Gibbs distribution, this time with respect to the sub graph of G that contains the 

sites associated with unobserved attributes. Furthermore, the SR procedure for this 

posterior Gibbs distribution is the same as for 71 , except that the variables 

associated with observed sites are held fixed at their observed values; all other 

sites execute the usual site replacement scheme. The analogue of the theorems 

on relaxation, ergodicity, and annealing all hold, with the posterior distribution 

playing the role of 71 • 

We turn now to the three goals articulated in Section 2.A. 

Concerning (1), let us suppose that Xi is an unobserved attribute, and that we 
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wish to know the probability of some event depending upon Xi. Xi' for example, 

may be a binary variable with Xi=l signifying "Disease i present" and Xi=O 

signifying "Disease i absent". In this case we may wish to know the probability 

that Xi= I given the observed attribute values. More generally, for some set Si € Ai 

we seek P(Xi € Si IObserved attribute values). The calculation can be made by 

... ... 
exploiting ergodicity (see Section I.D): defining f(x) = XS.(Xi)' 

1 

n... ... 
E f(X(t» ... E[f(X) IObserved attribute values] 

n t=1 

= E(Xi €Si IObserved attribute values) 

as n ... CD • Thus, conditional probabilities are calculated by recording the 

relative frequencies of associated events. Remember that the sites corresponding 

to observed attributes are fixed; during these calculations, the posterior distribution 

controls SR. 

At first glance, hypothesis generation appears to be a straightforward 

extension of the computation of conditional probabilities. It would appear that 

one could examine individually the probability of each unobserved attribute, and 

then combine these to form an overall picture, or "hypothesis". Unfortunately, 

this simple approach is unjustified in all but the most unstructured settings. For 

example, the presenting signs and symptoms may suggest several disease entities, 

whereas it may be extremely unlikely that any two of these will exist together. 

Certain conglomerations of diseases, symptoms and characteristics "hang together"; 

they are recognizable as "syndromes" or "patterns". We want the likely patterns 

given the observed attributes. 

These relatively common conglomerations of diseases, symptoms, and 

characteristics are represented by minima, local or global, in the energy surface. 
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We seek to identify the more prominent of these relative minima. Recall that 

the temperature-dependant Gibbs distribution is 

.... I .... 
71 (x) = - exp{-U(x)/T} 

T ZT 

where ZT is the normalizing constant. At lower temperatures the lower energy 

states dominate in the sense that all other states are increasingly unlikely. This, 

of course, is the basis of annealing for minimizing U. Thus a sample from 7lT 

(or the appropriate conditional Gibbs distribution) at low temperature will most 

probability produce a state, x , that is near a prominent minimum of U. We 

propose to generate hypotheses by low-temperature sampling from the posterior 

distribution. Of course, there are many ways in which this might be 

implemented. Putting details aside (these should await actual experiment), we 

might proceed roughly as follows: 

(a) Beginning with a random configuration on the unobserved attributes, 

anneal from a relatively "high" to a relatively "low" temperature. (Our 

image processing experiments indicate that low temperature samples are 

most efficiently generated via annealing.) 

(b) Execute SR at the low temperature while monitoring the total energy 

.... 
U=U(X(t». 

(c) While in a relative minimum (as evidenced by near-constant energy) 

identify those attributes, among the unobserved attributes, whose values 

are strongly inclined toward one state. This may be done, for example, 

by demanding that the percentage of time spent in a particular state 

during the SR exceeds some threshold value, such as 80% or 90%. 

(d) Re-initiate the procedure (go to (a». 
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The result of each execution of (c) is a list of attributes and corresponding values 

that has the property that it is a likely scenario given the observed (presenting) 

attribute values. The more prominent of these "hypotheses" will presumably be 

identified after a modest number of iterations of the above procedure. 

This procedure also suggests a means for choosing tests and questions that are 

likely to distinguish among the reasonable hypotheses. Step (c) will typically 

yield various test results and elements of a patient's history and personal 

characteristics that are expected (likely) to be associated with the active 

hypotheses (i.e. rela ti ve energy minima). Recall that these are unobserved 

attributes. Distinct hypotheses will suggest distinct values for these various 

attributes. A likely positive test result or particular patient characteristic under 

one hypothesis may be unlikely or less likely under other hypotheses. It is these 

attributes that will best select among the hypotheses, and this suggests that the 

corresponding elements of patient history or characteristics be ascertained and 

that the corresponding diagnostic tests be considered. 

Observe that the knowledge base is easily supplemented to accommodate new 

constraints among existing attributes or the introduction of new attributes, as may 

represent new diagnostic procedures. In either case, the architectural change is 

modest, involving a small number of new connections among existing attribute 

sites, or an additional site with corresponding communication channels. There will 

be additional Lagrange multipliers, and the values of all multipliers will need to 

be recalcula ted. In this "rebooting" operation, the vast majority of the 

multipliers will undergo very little change of value, so that the old values should 

provide an excellent starting point. 
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D. Computation of the Lagrange Multipliers 

We refer to Section 2.B, and recall that the specification of the maximum 

entropy prior is in terms of Lagrange multipliers). = {).a} a e A : 

(2.D.l) 
-+ I -+ 

7l(x) = - exp{ I: ).rl a(x)} 
Z aeA 

Z is the normalizing constant, which will, of course, depend upon ). . The values 

for the components, {).a} a e A , are to be chosen so that 17 satisfies the constraints 

that constitute the knowledge base. These have the form 

-+ -+ 

(2.D.2) I: 7l(x)F a (x) = 0 
xefi 

a e A. 

Recall our "consistency assumption": there exists at least one (strictly positive) 

distribution, 17 , satisfying these constraints. For convenience, we shall also assume 

that the constraint functions, F oc fi-+ R, are linearly independent. 

-+ 

Our scheme for computing ). is based upon a fortuitous relation between the 

normalizing constant Z (the "partition function") and ). . To emphasize the 

-+ -+-+ 

dependency of Z upon). we will write Z().). Z()') is of course just 

-+ 

-+ r. exp{ r. ).~ a(x)} 
xefi aeA 

-+ 
The key properties of Z()') are summarized by: 

Proposition 

(1) Z()') is strictly convex. 

(2) There is a unique ). e R 
IAI 

such that 17 (defined by (2.D.I» 

satisfies (2.D.2). Furthermore, this ). achieves the global minimum of z. 
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Thus the problem of choosing the Lagrange multipliers so that the knowledge-base 

constraints are satisfied is equivalent to minimizing the partition function, a 

convex function of A We hasten to point out, however, that the partition 

function cannot be directly computed for any value of A , since it involves a 

summation over an astronomical number of terms. 

Nevertheless, at any given A we can approximate the direction of the gradient 

of the partition function with respect to A. The ex component of this gradient is 

given by 

... ... ... 
('VZ(A»ex = ... L F ex(x) exp( L ASFS(x)} 

xen SeA 
... ... 

= Z(A)E[F ex(X)] 

where E[ ] refers to expectation under the distribution n , and where n is defined 

by (2.D.I) using the current value of A Th us 'VZ( A) has the same direction as 

... ... 
the vector whose ex component is E[F ex(X)] for every ex E A (since Z(A) > 0). 

Observe that this latter vector can be approximated by time averages, using once 

again the ergodicity of SR (this time under the Gibbs distribution defined by the 

... 
current value of A). The upshot is that we can employ one of the various 

... 
gradient descent algorithms to locate the minimum of Z(A). The Lagrange 

multipliers, and hence the prior distribution, are thereby specified. 
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INTRODUCTION. 

High resolution dark field electron micrographs are 
corrupted by large amounts of noise arising mainly from the scattering 
of electrons by the thin carbon film that is used to support the samples 
that are to be imaged. Processing to produce an image from which a 
structure can be deduced has in the past relied on methods such as 
filtering with crystalline arrays. contrast enhancement and the 
averaging of a number of images of similar structures. These methods 
however are rather arbitrary in their application and often lead to a 
reduction in the spatial resolution of resultant images. A maximum 
entropy processing method applied to digitised micrographs has been 
investigated to see whether significant image enhancement could be 
achieved without either subjective decisions as to the degree of image 
processing or a reduction in the spatial resolution in the final image. 

THEORY AND METHOD. 

The electron microscope image. conventionally recorded on a 
photographic plate. may be digitised to form an N element array M. in 
which each element of the array represents a grey level corresponding to 
a single position in the image. 

M = {m1.m2.m3 •••••••• mN} (1) 

The image M will be corrupted by noise arising from the 
structures within the carbon support film and the poor electron 
statistics involved in taking a dark field electron micrograph. The 
image M will be modelled by an image P. 

Values of the individual Pi that are to model the image M 
can be found by maximising the configurational entropy of the image p. 
thus selecting the most probable image. the entropy was defined. 

N 
Sp = -ihPilogPi i=1.2 •••••• N (3) 

The entropy maximisation (Gull & Daniell 1980) is 
conventionally constrained to prevent the image attaining it's global 
maximum entropy. at which point all grey levels are equal. and to forci 
the image P to be consistent with the data by constraining the x 
distribution defined by 

N 
x2 = 1 .r (m'-p') 

-1=1 1 1 
a 

(4) 

to be equal to its expected value N. A second constraint applied when 
maximising the entropy of the model image P is that the total intensity 
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in the image P must be the same as that in the original data image M. 

The expression that will now let us determine the model 
image P by its maximisation is, 

(5) 

where Xl and X2 are Lagrangian multipliers, the values of which are 
determined during the iterative process of determining the Pi. The 
individual Pi are found by taking the appropriate partial differential 
of the above expression and finding it's root, by a Newton-Raphson 
iterative approach (Farrow & Ottensmeyer 1987) thus finding the maxima 
of S, S being an upwardly concave function. The value of the sum of the 
intensity values in the image P can then be found and the initial value 
of X2 adjusted; the process is then repeated u2til the sum of the Pi has 
converged on that of the mi • The 2value of x can then be computed and 
xl adjusted until the value of x has converged to~. It should be 
noted that the sum of the intensties in P and the x are not uniquely 
dependent on x2 and Xl respectively but the above iterative procedure 
nevertheless still allows convergence to be achieved for both of the 
constraints. 

The x2 distribution and the retention of the same intensity 
in the model as in the data, are the two constraints used by most 
authors. ~t became clear however that constraining only the size of the 
value of x produced a distribution of residuals, differences between 
data and model values, that was intuitively incorrect. This was noticed 
early in the development of the above algorithm. It is illustrated in 
Fig. 1, a simple case in which eight pixel values are considered, one 
to simulate a high signal value and seven lower values simulating 
background values. Fig. 1 shows how the data would be modulated as the 
size of the standard deviation postulated as a noise on the data values 
is allowed to increase. It can be seen that for all values of the 
standard deviation, postulated as an error on the data, the point 
furthest from the global mean of the distribution, and consequently the 
global entropy maximum, moves a disproportionately large distance 
towards the m2an and has a much greater residual than any of the other 
points. The x term is derived almost exclusively from this single 
large residual. 

This is intuitively troubling. If each point in the image 
were to have been subject to a similar noise generating process one 
would expect that any process which is applied to remove the noise would 
remove similar amounts of noise from each of the points in the 
distribution and not as in the case illustrated in Fig. 1 to assign a 
large correction to a single point in the image whilst leaving the other 
points in the distribution essentially alone. This intuitive feeling may 
be formalised and realised in combination with the maximisation of 
configurational entropy by application of a similar procedure to that 
described by Bryan & Skillng (1980). The basis of this method of Error 
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Figure 1. The affect of changing the standard deviation of 
the uncertainty of the data values on the maximum entropy 
solution. The largest residual is assigned to the highest 
data value as it is brought towards the mean of the 
distribution. 
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Fitting is described below. 

N individual residual terms describing the relation of the 
model to the data at each point in the image are now defined, 

ui = !(mi-Pi) (6) 
a 

The division by a, the standard deviation of the noise in 
the image M, normalises the observed distribution of residuals to allow 
it to be compared to that which one would expect had gaussian noise been 
added to the original image and then exactly removed in the model. 
Expected residuals, v, that would result from the removal of gaussian 
noise can be calculated from the following. 

vi = ¢-1(i-O.5) i=l, •••• N (7) 
-N-

Where ¢-1 indicates the inverse of the function ¢ defined by, 
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x 
~(x) = 1 J exp(-0.5u2)du (8) 

(2n)1/2 -0> 

To compare the actual residuals ui obtained to those 
expected from the definition of ~, the exact unit normal distribution, 
N(O,l), the actual residuals are ordered such that, 

(9) 

where the parentheses indicate an ordering inde~. The actual resi~uals 
are then compared to those expected using the E statistic where E is 
defined as, 

(10) 

It can be shown that the expected value of E2 to aim at is 
10g(10g(N)) which indicates within a 95% confidence limit the likelihood 
of fitting of the actual residuals to the expected residuals from an 
N(O,l) distribution af~er the 2ctual residuals have been normalised. The 
effect of replacing x with E is to force the deviations of the model 
from the data not only to be consistent with the size of the noise on 
the data but also to have the same pattern of residuals as would be 
generated by an N(O,l) distribut ion about mean zero. 

Figure 2. A 4096 pixel, 16 gray level image electron 
microscope image of a nucleosomal core particle. (a) before 
processing. (b) after processing using an error fitting 
maximum entropy algorithm. 
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The solution for the individual Pi that comprise P can now 
proceed as before solving for the root of the N partial derivatives of 
the expression. 

(11 ) 

The procedure used to maXlmlse the above was to set the 
initial model P to be uniformally flat, to order the residuals to allow 
a first calculation with Al and A2 equal to zero, to perform 
Newton-Raphson iterations to solve for each Pi, to recalculate and 
reorder the residuals and to procede as described for the solution of 
(5). The end point of the iteration was that at which the sum of 2the 
model is equal to the sum of the data and the value of E is 
10g(10g(N)). 

RESULTS. 

The results of solving equation (11) where M was a digitised 
electron micrograph are shown in Fig. 2. The improvement in signal to 
noise ratio, measured over 100 pixels, is a factor of 1.6. This 
improvement was not as high as had been anticipated. One possib le cause 
of this is that the noise in an electron micrograph, is markedly 
non-Gaussian, as shown by Andrews et al (1986). So we are modelling the 
noise incorrectly. The photograph digitized in Fig. 3a had pure 
gaussian noise added to give the image in Fig. 3b. This noisy image 
was then processed to yield the image shown in Fig. 3c. Again the 
improvement in image quality was not very significant despite the fact 
that the noise distribution was correctly modelled. Therefore even 
though it will be necessary to characterise the experimental noise 
distribution, ~, for electron micrographs this improved noise 
description is unlikely to improve significantly the level of image 
enhancement. 

Figure 3. (a) 512X512 digitised photograph. (b) image after 
addition of gaussian noise. (c) image after processing with 
a maximum entropy error fitting algorithm. 
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Figure 4. (a) 512 point distribution of gaussian noise added 
to a rectangular function (b) distribution after processing 
with a maximum entropy error fitting algorithm. (c) the 
residuals between distributions (a) and (b). 
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A key to the lack of enhancement is indicated by the three 
distributions of Fig. 4. This example attempted to model a cross 
section of a 512x512 digitised image in which the signal is elevated 
above that of the general image background. In this example the signal 
was represented in the central 100 of the total of 512 image values. The 
background was set to 200, the signal to 300, and the standard deviation 
of the noise was 40.0 giving a signal to noise ratio of 2.5. The 
distribution prior to processing is displayed in Fig. 4a, the model of 
this data distibution having maximised an expression equivalent to that 
of (11) is shown in Fig. 4b. It can be seen in Fig. 4b that the 
processing of the original distribution has led to a biassing of the 
values in the distribution: the noise in the lower levels of the 
distribution now lies almost entirely above a constant level whilst the 
noise in the signal lies mainly below some constant upper level. A 
visualisation as to why this artifact occurs can be seen if one plots 
the size of the residuals against their position, Fig 4c. It is seen 
that all the largest positive residuals are concentrated in the higher 
regions that are simulating the signal, whilst none of them lie in the 
background region even though it may contain some large positive 
deviations from the original background level. Figure 5 shows the effect 
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of running the algorithm using error fitting on the data set which is 
comprised entirely of noise, Fig. 5a. The resulting model distribution 
is shown in Fig. 5b and the residuals plotted against position in Fig. 
5c. If Fig. 4c is compared to Fig. 5c it is seen that the two 
distributions are quite different despite the fact that the noise was 
identical in both situations. Having a signal in the data set shown in 
Fig. 4a has concentrated all the large positive residuals in the region 
of the signal. The distribution of residuals shown in Fig. 5c is much 
closer to that which would be expected since the noise can be considered 
to be stationary. The residuals correspond to those expected on removal 
of stationary noise, unlike those shown in Fig. 4c. 
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Figure 5. (a) 512 point distribution of gaussian noise added 
to a uniform distribution. (b)the distribution after 
processing with a maximum entropy error fitting algarithm. 
(c) the stationary residuals between (a) and (b). 
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It would seem therefore that a better solution to the 
problem of selecting the best model for the data would be achieved if 
the spatial relationship of the residuals could be constrained to be 
more like that of Fig. 5c. In searching for a practically applicable 
constraint to bring about this condition it was noted that the lag 1 
serial correlation, c1, of the residuals defined by 
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N 
c1 ~i~1(Ui-U)(Ui+1-U) (12) 

aU 

has a value of -512 for the distribution of fig(4c) whilst it is -15 for 
the distributon of fig(5c). This indicates only a small degree of 
nearest neighbour correlation in the latter case. Thus it was thought 
that c1 would provide a suitable parameter to force the distribution of 
residuals to be more like that of Fig. 5c regardless of the amount of 
signal in a distribution. The expression that is now to be maximised 
is. 
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Figure 6. (a) 512 point distribution of gaussian noise added 
to a rectangular function. (b) the distribution after 
processing with a maximum entropy error fitting algorithm 
constraining C1 to be zero. (c) residual distribution 
between (a) and (b) 
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When including c1 in the algorithm a number of 
simplifications can be made. As the residuals are constrained to be of 
an N(O.l) distribution. the mean of the residuals will be zero and the 
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standard deviation will be unity. In addition for this data distribution 
the residuals at the extreme spatial positions can be accommodated by a 
wraparound of the distribution. 

The algorithm now proceeds in a similar manner to that used 
for the maximization of (11) but now A3 is adjusted from it's initial 
zero value to give a value of cl close to zero. The solution for the 
same distribution as that in Fig. 4a is shown in Fig. 6a. It can be 
seen on comparison with Fig. 4b that the biassing artifact in the noise 
has been removed to a large degree but when the residuals are again 
plotted against position in the distribution. Fig. 6c, it is seen that 
the larger positive residuals are still concentrated in the elevated 
"signal" region of the distribution. 

CONCLUSION. 

It has been demonstrated that fitting only the value of x2 
can lead to an anomalous distribution of residuals between the data and 
the final model. Error fitting was introduced to remove this problem 
and signal to noise ratio enhancement was demonstrated in both digitised 
images and in test distributions. A biassing artifact was noted, 
however. In an attempt to remove this artifact a constraint on the lag 1 
serial correlation was added. The affect of this constraint was to 
reduce the extent of the artifact in the final model distribution. 
Examination of the residuals shows that the noise in the data is still 
not removed as we would require, knowing the noise to be stationary. It 
may be that using multiple constraints on different lag serial 
correlations will allow the data to be processed in a manner that forces 
the residuals to be stationary, i.e. the auto correlation function to 
be uniformally zero for all lags. 
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Abstract 

This paper presents a new way to compute the probability distribution 
with maximum entropy satisfying a set of constraints. Unlike previous ap­
proaches, our method is integrated with the planning of data collection and 
tabulation. We show how adding constraints and performing the associated 
additional tabulations can substantially speed up computation by replacing 
the usual iterative techniques with a straight-forward computation. These 
extra constraints are shown to correspond to the intermediate tables used in 
Cheeseman's method. We also show that the class of constraint graphs that 
our method handles is a proper generalization of Pearl's singly-connected 
networks. An open problem is to determine a minimal set of constraints 
necessary to make a hypergraph acyclic. We conjecture that this problem 
is NP-complete, and discuss heuristics to approximate the optimal solution. 

1 Introduction 

Many applications require reasoning with incomplete information. For example, 
in artificial intelligence one may wish to develop expert systems that can answer 
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questions when given an incomplete model of the world. Having an incomplete 
model means that a question can have more than one answer consistent with 
the model. How can a system choose an answer to such a question? This paper 
discusses a technique based on the method of maximum entropy. After formally 
defining this problem, we discuss previously known methods for calculating the 
maximum entropy distribution. Then we present a new technique which makes 
maximum entropy computations easier by adding extra constraints. Finally, we 
compare our technique to previous methods. 

2 Formal Problem Definition 

In this section we formally define our problem. We begin by defining some 
notation. Let V = {A, B, C, ... } be a finite set of binary-valued variables, or 
attributes. (The generalization to finite-valued variables is straightfor ward.) 
Consider the event space flv defined to be the set of all mappings from V to 
{O,1}. (We call such mappings assignments since they assign a value to each 
variable in V.) It is easy to see that Iflvl = 21V1. If E ~ V, we have flv is 
isomorphic to flE X flV-E; we identify assignments in flE with subsets of flv in 
the natural manner. 

We are interested in probability distributions defined on flv. We use the 
following convention throughout this paper. If E ~ V, we write P( E) to denote 
the probability of an element of flE ~ flv. In other words, we specify only the 
variables involved in the assignments and not their values. For example 

P(V) = P(A)P(B)P(C)· .. (1) 

represents 21V1 equations, stating that the variables are independent. (We do 
not assume equation (1) in this paper.) By convention, all assignments in an 
equation must be consistent. We also write P(A) instead of P({A}), P(AB) 
instead of P( {AB} ), and so on. 

We use a similar convention for summations: 2:E stands for a summation 
over all assignments in flE, when E ~ V. Using our conventions, we see that 
Y ~ E ~ V implies that 

P(Y) = L P(E) (2) 
E-Y 

We are interested in probability distributions on flv satisfying a given set 
of constraints. Let E1 , •.. Em be distinct subsets of V. Let us suppose that for 
each i we are given the 21Eil constraint values {P(Ei)}, and that these values 
are consistent (i.e. there exists at least one probability distribution on flv which 
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satisfies the given constraints). A common way of ensuring that the constraints 
are consistent is to derive the constraints by computing the observed marginal 
probabilities from a common set of data. (Using "experts" to provide subjec­
tive probability estimates is a well-known way of deriving a set of inconsistent 
constraints.) Note that equation (2) states that constraints on the P(Y)'s are 
implied by the constraints on the P(Ei)'S when Y ~ Ei. In general, there may 
be many probability distributions P satisfying the given constraints; in this case 
we are interested in that unique distribution p. which maximizes the entropy 

H(P) = - L P(V) 10g(P(V» (3) 
v 

Motivation for this choice can be found in [Ja79,Ja82,JS83,Le59,SJ80,TTL84j. 
The maximum entropy distribution p. is known to have a simple represen­

tation. For each w in nEi' there are 21Eil non-negative real variables aEi(W) (i.e., 
one variable per constraint), that determine p. as follows. Let us write ai (w) 
instead of aE;(w) for brevity, and omit the argument w when it can be deduced 
from context. Now we may write simply 

(4) 

Each element of flv is assigned a probability which is the product of the ap­
propriate a's where each a determines its argument from the assignment to V. 
This is known as a log-linear representation; it is an interesting fact that the 
maximum entropy distribution is the unique log-linear distribution of form (4) 
which satisfies the given constraints. (That is, to find the maximum entropy dis­
tribution satisfying the constraints, it suffices to find the log-linear distribution 
satisfying the constraints.) 

Of course, in order for equation (4) to hold, the a's must be correctly com­
puted. The problem of computing the maximum entropy distribution becomes 
the problem of computing the ai's from the P(Ei)'S. 

3 Previous ME Methods 

Most existing methods for calculating the maximum entropy distribution are 
iterative. They typically begin with a representation of the uniform distribution 
and converge towards a representation of the maximum entropy distribution. 
Each step adjusts the representation so that a given constraint is satisfied. To 
enforce a given constraint P(Ei)' all of the elementary probabilities P(V) rele­
vant to that constraint are multiplied by a common factor. Because constraints 
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are dependent, adjusting the representation to satisfy one constraint may cause 
a previously satisfied constraint to no longer hold. Thus one must iterate re­
peatedly through the constraints until the desired accuracy is reached. (We note 
that the implicit constraint - that the probabilities sum to one - must usu­
ally be explicitly considered here.) Examples of this type of algorithm are given 
in [Br59,Ch83,Cs75,Fi70,IK68,KK69]. Representing the probability distribution 
explicitly as a table of 2/V1 values is usually impractical. For this problem, it is 
most convenient to store only at, az, .. . am; this is a representation as compact 
as the input data, which represents the current probability distribution implic­
itly via equation (4). To represent the uniform distribution, every a is set to 
1, except for the a corresponding to the requirement that entries of the prob­
ability distribution must sum to 1 - which is set to 2-/V1. To determine if a 
constraint is satisfied, one must sum the appropriate elements of the probability 
distribution Any particular element can be computed using equation (4). If the 
constraint is not satisfied, the relevant a is multiplied by the ratio of the desired 
sum to the computed sum. Thus in originally calculating the a's and later in 
evaluating queries it is necessary to evaluate a sum of terms, where each term 
is a product of a's. This sum is difficult to compute since it may involve an 
exponential number of terms. 

Cheeseman [Ch83] proposes a clever technique for rewriting such sums in 
order to evaluate them more efficiently. For example 

a L aAB aACD aDE aAEF 
A. .. F 

is rewritten as follows. First, 2:A ... F is broken into six sums, each over one 
variable. Arbitrarily choosing the variable ordering CD F EAB we obtain 

aLL L L L L aABaACDaDEaAEF· 
B A E F D C 

Now each a is moved left as far as possible (it stops when reaching a sum over 
a variable on which it depends). The above sum then becomes 

aLLaABLLaAEF LaDE LaAcD. 
B A E F D C 

The sums are evaluated from right to left. The result of each sum is an in­
termediate table containing the value of the sum evaluated so far as a function 
of variables further to the left which have been referenced. For example after 
evaluating 2:c a table is kept containing aACD for 0AD. (As we shall see, in 
some cases the intermediate table is most efficiently represented as two or more 
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smaller tables.) The variable ordering must be chosen carefully in order to take 
full advantage of this technique. A poor choice of variable ordering can yield 
a sum which is not much better than explicitly considering all 21V1 terms; a 
good choice can dramatically reduce the work required. The choice of variable 
ordering which minimizes the cost of evaluating a sum can be viewed as a vertex 
ordering problem in a graph. This problem is very similar to the minimum fill-in 
problem encountered when performing Gaussian elimination on sparse symmet­
ric matrices [RT78,RTL76]. Since the minimum fill-in problem has been proven 
to be NP-Complete [Ya81], we conjecture that this problem is as well. 

Some alternative approaches to the iterative scheme have been proposed. 
One of the more interesting proposals is due to Geman [Ge86,Li86]. This method 
uses stochastic relaxation to simultaneously adjust the a's to meet all of the 
constraints, instead of satisfying one constraint at a time. 

Some authors restrict their attention to probability distributions that can 
be easily worked on without resorting to the iterative methods needed to com­
pute the maximum entropy distribution. These approaches usually restrict the 
kinds of constraints that might be supplied, and assume conditional indepen­
dence explicitly as needed to force a unique result. This approach is taken by 
Chow and Liu [CL68] and Pearl [Pe85]. These methods construct a dependency 
tree where nodes represent variables and links represent direct dependencies; all 
direct influences on a node come from its parent. Here the set of all conditional 
probabilities of the form, P( childlparent), together with the probability distribu­
tion of the variable at the root, suffice to define a unique probability distribution. 
Pearl [Pe85] generalizes the tree condition to a network which has at most one 
undirected path between any pair of nodes (a singly-connected network). 

One can view the contribution of the current paper as providing a synthesis 
of these two approaches, by showing how the difficulties of computing a max­
imum entropy distribution can be substantially alleviated by enlarging the set 
of constraints to be considered before the data is gathered and tabulated. With 
the enlarged set of constraints, the computation of the maximum entropy dis­
tribution has a simple form which generalizes the equation suggested by Pearl. 

4 U sing Acyclic Hypergraphs 

Our approach is based on the work of Malvestuto [Ma85], who derived sufficient 
conditions for writing marginals of the maximum entropy formula as a product of 
easily calculated probabilities. We begin by describing how to model a set of at­
tributes and associated constraints as a hypergraph. (A similar model was given 
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by [EK83].) It is interesting to note that the work on the desirability of acyclic 
schemas first appeared in the database literature [BFMMUY81,BFMY83,TY82]. 
The attributes of the database replace the attributes in our problem, and the 
relations replace the constraint sets. Given that the database scheme is acyclic 
many problems are simplified 

A hypergraph is like an ordinary undirected graph, except that each edge 
may be an arbitrary subset of the vertices, instead of just a subset of size two. 
We define the hypergraph G = (1.1, e) to contain a vertex for each variable, and a 
hyperedge for each constraint. For example the hyperedge {ABC} corresponds 
to the constraint set {A, B, C}. We say that hyperedge X subsumes hyperedge 
Y if Y ~ X. It is important to observe that the constraints on a suh-hypergraph 
induced by restricting attention to a subset of the vertices can be inferred from 
the original hyper graph constraints. 

A hypergraph is acyclic if repeatedly applying the following reduction steps 
gives the empty hypergraph (containing no edges and no vertices): 

1. Delete any vertices which belong to only one hyperedge. 

2. Delete any hyperedges which are subsumed by another hyperedge. 

Graham's algorithm is the procedure of applying reduction steps 1 and 2 until 
either the empty set is reached, or neither can be applied [Gr79]. 

Before proceeding, we define some necessary notation regarding the above 
reduction procedure. Let e(O) = {EiO), ... , E~)}, where E~O) is the ith hyperedge 

of G. Let E~k) = Z?)Uli(k), where Zi(k) is the set of variables which -appear only 

in Elk) and li(k) is the set of variables which appear in at least one hyperedge 

other than E~k). Finally let e (HI) be the result of applying reduction step (1) 
and then (2) to e (i). If G is acyclic then there exists an I such that e (1+1) = 0. 

When the hyper graph is acyclic, the maximum entropy distribution, P* (V), 
is given by: [Ma85] 

P*(V) = (Ii IIi p(El:»)) (II P(E;I»)) (5) 
k=O IIi P(li( ») i 

Note that no a's are needed; the formula depends only on probabilities in the 
original input data (constraints). This formula is an immediate extension of the 
following theorem. 

Theorem 1 [MaS 5] Given a decomposition, e = {EI, ... ,Em}, the maximum 
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entropy distribution is given by the following. 

P*(V) = P(Et}··· P(Em) P*(Y) 
P(Y1) ... P(Y m) 

329 

where P*(Y) is the maximum entropy distribution for the constraints P(Y1), ... , 
(Ym ). 

Proof: From the marginal constraints we have the following 

P(Ei) L Q1'" Q m 

Similarly we have, 

V-Ei 

Qi L II Qj 
V-Ei j-j;i 

Zi V-Ei 

Let Pi = L Qi. Combining equations (6) and (7) from above gives: 
Zi 

P(Ei) 
Qi = P(Yi) Pi 

Now writing P* (V) in its product form we get 

P*(V) 

(6) 

(7) 

(8) 

(9) 

We want to show that tP(y) = (31 ••• (3m is P* (Y), the maximum entropy dis­
tribution for the constraints P(Yi). To do this, it is suffices to prove that the 
marginal constraints hold. 

F*(Ei) = L (II P(Ej») tJ1(Y) 
V-Ei j P(Yj) 

L tJ1(Y) P(Ei) II P(Ej) 
V-Ei P(Yi) j-j;i P(Yj ) 

~((~~» L (tJ1(Y) n P(~.) L (n P(Ej»)) 
- Y -Yi ,-j;_' Z-Zi ,-j;. 

(10) 
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where Z = Zl u··· U Zm, so that V = Y u Z. Now, since the Z/s are disjoint, 

L IIp(Ej) = II L P(Ej) 
Z-Zi#i #iZ-Zi 

= II LP(Ej) 
j;!:.i Zj 

= II P(Yj) 
#i 

Substituting equation (11) into equation (10) gives: 

P*(Ei) = P(Ei) L ,p(Y) 
P(Yi) Y-Yi 

(11) 

However since P*(Ei) = P(Ei) we get P(Yi) = L ,p(Y), so ,p(Y) satisfies the 
Y-Yi 

constraints P(Yi). • 
5 A New ME Method 

In this section we present a new procedure for calculating the maximum entropy 
distribution. The main advantage of our procedure is that it avoids the iteration 
previously required by providing a direct formula for the desired answer. The 
major disadvantage is that the method cannot ordinarily be applied if the data 
is already tabulated and the constraints already derived; the method requires 
that one "plan ahead" and tabulate additional constraints when processing the 
data. 

Equation (5) allows one to avoid iteration when calculating the maximum 
entropy distribution for schemas having acyclic hypergraphs. What should one 
do for cyclic hypergraphs? Our method is based on the observation that a 
hypergraph can always be made acyclic by adding hyperedges. (This is trivial to 
prove, since at worst a hypergraph can be made acyclic by adding the hyperedge 
containing all vertices.) For example, the hypergraph: 

(1', e) = ({ABCDEF}, {{AB}, {ACD}, {DE}, {AEF}}) 

becomes acyclic when the hyperedge {ADE} is added. Thus by adding addi­
tional constraints (edges) the maximum entropy calculation can be simplified so 
that no iteration is required. Here is a summary of how our method works: 
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1. We begin with a set of variables (attributes) and a set of constraint groups 
deemed to be of interest. (Cheeseman [Ch84] discusses a learning program 
which uses the raw data to find a set of significant constraints. Edwards 
and Kreiner [EK83] also discuss how to choose a good set of constraints.) 
Here a "constraint group" is a set of variables; the intent is that during 
data-gathering there will be one table created for each constraint group, 
and the observed events will be tabulated once in each table according 
to the values of the attributes in the constraint group. For example, if 
{A, B, C} is a constraint group of three binary valued attributes, then 
there will be a table of size 8 used to categorize the data with respect to 
these three attributes. This will give rise to 8 constraints on the maximum­
entropy distribution desired, one for each of the eight observed probabili­
ties P(ABC). 

2. Construct the corresponding hypergraph G = (1', e), where there is one 
vertex for each variable and one hyperedge corresponding to each con­
straint group. 

3. Perform Graham's algorithm on G, and let G' denote the resulting hyper­
graph. If G' is the empty hypergraph, then G is acyclic, and the following 
step is skipped. 

4. Find a minimal set X of additional hyperedges (constraint groups) which 
can be added to G' to make it acyclic. Note that any original edges sub­
sumed by edges in X are eliminated. 

5. Collect data for the expanded set e u X of constraints 1. 

6. Apply equation (5) to calculate individual elements of the maximum en­
tropy distribution. If sums of elements are desired, use Cheeseman's sum­
mation technique, choosing a good variable ordering. Note that instead of 
having a summation over a product of a's, here the summation is over a 
product of probabilities which are equivalent in form to the a's. 

6 Possible Problems With Our Method 

In this section we consider possible inefficiencies of our method. First, it may be 
necessary to add "large" hyperedges containing many vertices in order to make 

lOur method is unusual in that it extends the set of tables (constraints) used to tabulate 
the data. To fill in the entries of a new table, the raw data must still be available in step (5). 
Thus steps 1-4 may be considered to be "planning" steps. 
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the hypergraph acyclic. For example, to make the complete undirected graph 
(containing all hyperedges of size two) acyclic, one must add the "maximum" 
hyperedge containing all vertices. Since the size of the table corresponding 
to a hyperedge is an exponential function of the size of the hyperedge, adding 
large hyperedges creates a problem. Furthermore, the table corresponding to the 
maximum hyperedge is itself the probability distribution that we are estimating, 
so the above situation is clearly undesirable. This kind of behavior depends on 
the structure of the hypergraph; hypergraphs which are "highly connected" will 
tend to require the addition of large hyperedges. However, when the graph is 
highly connected other computational techniques seem to "blow up" as well. 

Second, because of our method's unique approach, we have a unique concern. 
Recall that since the data is tabulated after adding the additional constraints; 
steps 1-4 of our algorithm must be performed while the source of the constraints 
(i.e., the raw data) is still available. If the added hyperedges are too large, 
there may not be enough data to calculate meaningful statistics. Tabulating 
100,000 data points in a table of size ~ 1, 000 will give reasonable estimates, 
while tabulating them in a table of size ~ 1, 000, 000 will not. 

7 Comparison with Cheeseman's Method 

We now compare the tables (constraints) added by our technique, with the 
intermediate tables used in Cheeseman's method. We demonstrate, by means 
of an example, that these are the same, except that Cheeseman's tables are half 
the size, since they are are already summed over the variable being eliminated. 

When evaluating a sum one can visualize an imaginary "scan line" moving 
from left to right across the hypergraph, where all variables to the left of the 
scan line have already been summed over. 

• According to the position of a scan line the vertices of the graph may 
be divided into three parts ("eliminated", "boundary", and "unseen") as 
follows: 

1. VE = {v E V I v is left of the scan line} 

2. VB = {v' E V - VE 13v EVE: (v,v') E E} 

3. Vu =V - (VEUVB) 

• Let Gl, G2, ... ,G, be the connected components of the subgraph induced 
by VE UVB. 

• Let r( Gi) denote the set of vertices of VB in Gi. 
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• Let r'(Gi) be that subset of r(Gi ) consisting of the vertices adjacent to 
some vertex in Vu or VB. 

Theorem 2 Let Xl ,X2 , •.. ,XI be a collection of subsets of VB· Then {Xi} is 
sufficient and necessary for Cheeseman's algorithm if 

(12) 

Now we will look at the following example: 

B D F 

C E 

To explain this example we introduce new notation, where the variable sets 
for the intermediate tables are put in parenthesis above the summation sign. 
Consider the vertex ordering DEFCABj given such a vertex ordering, theorem 
2 specifies the temporary tables needed. 

(AB) (BO) (BF,OF) (BF) 

P*(0) = LaAB L aAOaBO L aOF L aOEaEF L aBDaDF 
AB 0 FED 

(This summation is only being used for explanatory purposes. Since the ele­
ments of the probability distribution sum to 1, we know that P*(0) = 1.) When 
evaluating :ED it will be necessary to keep a table with the value of aBDaDF 

for llBF. When evaluating :EE as well as keeping the table for Band F, an­
other table with all combinations of C and F must be created. Below are the 
temporary tables used by Cheeseman's method. 

BF,CF,BC,AB 

Now we look at the hyperedges which must be added to make a hypergraph 
acyclic. 

• Let Vl, ... ,Vn be an ordering of the vertices. 

• et .-L G {
G if i = 0 

I - Gi-l + rI>( Vi) - {e I vi E e} otherwise 
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• Let 4>(Vi) = {v I v is adjacent to Vi in Gi - 1 }. 

Lt """() {0 if4>(Vi)=0 • e.,.,. v· -
I - 4>( Vi) U Vi otherwise 

Theorem 3 The set of all non-empty Cf?(Vi) is necessary and sufficient to make 
a hypergraph, G, acyclic. 

Now we return to our example. Theorem 3 defines a set of additional hyper­
edges that make our hypergraph acyclic. First, the hyperedge BF D eliminates 
vertex D. (Hyperedge BF D subsumes hyperedges BD and DF and thus elim­
inates them. Now D is only in hyperedge BDF and so is eliminated, leaving 
hyperedge BF.) Second, hyperedge CFE eliminates vertex E. Now vertex F is 
only in hyperedges BF and CF so BCF eliminates it. Finally, hyperedge ABC 
eliminates the remaining vertices. Thus the following additional hyperedges will 
make our example graph acyclic (in parenthesis is the variable eliminated by 
adding the edge): 

BF(D),CF(E),BC(F),AB(C) 

Ignoring the variables in parentheses, these are identical to Cheeseman's tables. 
However there are important differences between these methods. 

First, in terms of time complexity, Cheeseman's method specifies an iterative 
approximation of the as, whereas our method requires no such iteration. So, if 
Cheeseman's method requires 10 iterations on the average, our method should 
yield an average speed-up of a factor of 10. 

Second, in terms of space complexity, both methods use approximately the 
same amount of space. However, our method adds what might be called "per­
manent" edges, since they correspond to tabulations of the raw data. Note, 
however, that new edges may subsume and thus eliminate original edges, so the 
space required by our method may not be quite as great as it first appears. In 
Cheeseman' method the tables exist only temporarily during the course of the 
computation, and not all such tables may be needed at the same time. 

And finally, in terms of the "precomputation" needed, both methods need to 
compute a vertex ordering to use. We observe that a good summation ordering 
is a good ordering for eliminating vertices. So the problem of choosing the 
hyperedges to make a graph acyclic seems comparable to the problem of choosing 
an optimal summation ordering. 
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8 Comparison to Pearl's Work 

In this section we will compare our work to that of Pearl, and show that the 
formula we use is a proper generalization of Pearl's. Pearl's technique depends on 
the Bayesian network being singly-connected. A Bayesian network is a directed 
acyclic graph; such a network is said to be singly-connected if it has no undirected 
cycles (i.e., no cycles if we ignore the directions of the edges). 

We begin by proving that a singly-connected network is a special case of an 
acyclic hypergraph. Then we show that both Pearl's and Malvestuto's formulas 
yield the same estimated probability distribution for a singly-connected network. 
Given a network N, we define a corresponding hypergraph G as follows. The 
vertices of G are the nodes of N. For each node x in N we create a hyperedge 
in G, consisting of the corresponding vertex and the vertices corresponding to 
all immediate predecessor of x in N. 

Theorem 4 If a Bayesian network N is singly-connected, then the correspond­
ing hypergraph G is acyclic. 

Proof: Since N is singly-connected, it contains no undirected cycles, by the 
definition of singly-connected. Since an acyclic undirected graph is a tree or 
forest, N must contain some node s with degree at most one. The corresponding 
vertex in G is contained in exactly one hyperedge and so can be eliminated by 
reduction step 1. Finally, we must show that the reduced network N' so obtained 
corresponds to the reduced hypergraph G' that remains after eliminating the 
vertex corresponding to s. When s is a source in N (or a sink which is the second 
to last node) this correspondence is obtained immediately. In the remaining 
cases, the correspondence holds only after applying reduction step 2 to eliminate 
the hyperedge remaining after s is eliminated. (This hyperedge contains only 
the parent of s.) The network N' is singly-connected, and so by induction every 
node in G can be eliminated. Thus G is acyclic. • 

Theorem 5 A Bayesian network is not necessarily singly-connected if the cor­
responding hypergraph is acyclic. 

Proof: We prove this by means of an example. The following Bayesian network 
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is not singly-connected since there is an undirected cycle. 

B 0 

D 

The hypergraph corresponding to the above network is acyclic as shown by the 
reduction below: 

{B, 0, ABO, BOD} 
.lJ. 

{BO} 

.lJ. 
o 

• 
Thus Pearl's condition of the network being singly-connected is a special case of 
having an acyclic hypergraph. So when given a singly-connected network, our 
technique will apply without adding any constraints. 

Now we show (by example) that for singly-connected networks, Pearl's and 
Malvestuto's formulas for the estimated probability distribution are equivalent. 
We use the following notation for stating Pearl's formula . 

• {/z} are the fathers (immediate ancestors) of node x in the network. 

• R. is the set of roots (sources). 

Pearl's equation is 

p·(V) = (II P(X») (II P(XIUz}») 
zER z¢R 

(13) 

We use the following example to compare Pearl's and Malvestuto's formulas. 

A B ,,/ 
o /'" D F 

+ 
E 
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Pearl's formula gives: 

P*(A ... F) P(A)P(B)P(CIAB)P(DIC)P(FIC)P(EID) 

P(A)P(B)P(ABC) P(CD) P(CF) P(DE) 
P(AB) P(C) P(C) P(D) 

337 

By definition A and B must be independent since otherwise there would be a 
link connecting them. Thus P(AB) = P(A)P(B) and the above becomes 

* P(CD) P(CF) P(DE) 
P (A ... F) = P(ABC) P(C) P(C) P(D) (14) 

To apply Malvestuto's formula, it is necessary to perform Graham's algo­
rithm. (Elements of y;(O) are underlined.) 

Applying equation (5) gives: 

{ABC, CD, C F, DE} 
.\J. 

{CD} 
.\J. 
o 

P*(A ... F) = P(ABC) P(CF) P(DE) P(CD) 
P(C) P(C) P(D) 

(15) 

As shown by equations (14) and (15) the probability distribution given by Pearl's 
and Malvestuto's formulas are the same. So Pearl's formula is a special case of 
Malvestuto's formula. Thus our method is a proper generalization of the method 
given by Pearl. That is, not only does our technique give the same results as 
Pearl's when the network is singly-connected, but our formula applies (without 
adding any hyperedges) to cases where Pearl's does not. 

9 Conclusions and Open Problems 

We have presented an efficient algorithm for calculating the maximum entropy 
distribution given a set of attributes and constraints. Using a hypergraph to 
model the attributes and constraints, we show the benefits of making the corre­
sponding hypergraph acyclic. We then show how to make a hypergraph acyclic 
by adding hyperedges (constraints). We have shown that our technique is at 
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least as efficient as Cheeseman's method, and that our technique generalizes 
Pearl's method for singly-connected networks. 

An open problem is how to choose the best set of hyperedges which will make 
a hypergraph acyclic; we conjecture that this problem is NP-complete. If so, then 
step (4) of our method cannot be done efficiently. One can use heuristics (such 
as a minimum-degree heuristic) to approximate the optimal answer, or maybe 
there is a pseudo-polynomial time algorithm in the size of the contingency tables 
corresponding to the edges of the optimal hyper graph. 

We intend to try our technique on some realistic examples. Our goal is to 
determine if the size of the hyperedges will remain within reasonable limits for 
such realistic examples. We expect that in practice our new method will give 
substantial improvements in running time. 

Finally, we will study the effects on accuracy of keeping tables which may 
be larger than the original tables. 
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Image Restoration and Reconstruction using Entropy as a 
Regularization Functional 

Abstract 
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Entropy has been widely used to solve inverse problems, especially when a complete 

set of data is not available to obtain a unique solution to the problem. In this paper we 

show that a Maximum Entropy (ME) approach is appropriate for solving some inverse 

problems arising at different levels of various image restoration and reconstruction 

problems: 

- Reconstruction of images in X ray tomography, 

- Reconstruction of images in ultrasound or microwave diffraction tomography (in the 

case of Born or Rytov approximation) from either Fourier domain data or directly from 

diffracted field measurements; 

- Restoration of positive images by deconvolution when data is missing. 

Our contribution is twofold: 

i) Entropy has been introduced by various approaches: combinatorial considerations, 

probabilistic and information theory arguments, etc. But in real situations, we also have 

to take into account the presence of noise on the data. To do this, a X2 statistics is added 

to the entropy measure. This leads us to a novel interpretation of entropy as a particular 

choice of regularizing functional. 

ii) In some of the above-mentioned applications, the object to be restored or 

reconstructed is a complex valued quantity. Consequently, we extend the definition of the 

entropy of an image which is considered as a function of Jt2 to (C. 

The discussion is illustrated with some simulated results in X ray and diffraction 

tomography which allow a comparison between ME methods and some classical ones to 

be made. The computational cost and practical implementation of the algorithm are 

discussed. 
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1. Inverse problems considered 

Entropy has been widely used to solve inverse problems, especially when a complete 

set of data is not available to obtain a unique solution to the problem. In this paper we 

show that a Maximum Entropy (ME) approach is appropriate for solving some inverse 

problems arising at different levels of various image reconstruction and restoration 

problems. 

In all these problews we have to solve an integral equation of the fIrst kind in the form 

g(r,<I» = JJ D h(x,y,r,<I» f(x,y) dx dy (1) 

where (x,y) and (r,<I» are the coordinates of a point in a 2-D space, D is a closed region 

in this espace, g is called the image or projections, f is the objet and h is the point­

spread function (PSF) or kernel of the imaging system. Some of the problems we are 

interested in are: 

a) Reconstruction of images in X ray tomography: 

In this case we have 

h(x,y,r,<I» = o(r - x cos <I> + y sin <1» (2) 

and the integral equation (1) becomes 

g(r,<I» = JJD f(x,y).o(r - x cos <I> + y sin <1» dx dy = JL f(x,y) dl (3) 

which is the Radon transform of f(x,y). In this equation L is a straight line defIned by 

r=x cos <I> + y sin <I> and g(r,<I» is a projection of f(x,y) on a line perpendicular to lines L. 

b) Reconstruction of images in diffraction tomography: 

If we make some approximations (such as the Born or Rytov ones) in the wave 

equation to linearize it [1-3], we have a relation between the diffracted fIeld measured on 

a line g(r,<I» and the diffracting object f(x,y) in the form of integral equation (1) in which 

h is given by 

where Xo is a constant, x'=x cos <I> + y sin <1>, y'= -x sin <I> + y cos <I> and ItJ) is a 

fIrst kind Hankel function. 

c) Fourier synthesis problem : 

In this case we have 
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g(r,<I» = ffD f(x,y) exp{ -j[x Tl(O,<I»+y T2(0,<I»]} dx dy (5) 

where T 1 (0,<1» and T 2(0,<1» are known functions which define a set of algebraic contours 

in (COx' COy) space given by: 

( COx)= (Tl(O,<I»)= (cos <I> -sin <I»(~(a)) 
COy T2(0,<I» sin <I> cos <I> a=O 

(6) 

This problem is raised in many tomographic imaging applications when one tries to solve 

the inversion problems in the Fourier domain. For example in X ray tomography if one 

uses the FT of the projections as the data we have ~(a)=O and the contours are the 

straight lines given by cox= - 0 sin <I> and coy= 0 cos <1>. In diffraction tomography 

also one has a relation between the I-D FT of the diffracted field and the 2-D FT of the 

object, when it is illuminated by a plane wave, and if we use these data we have 

~(a) = - ko+~ ~-a2 and the contours are the semi-circles with rays ko and centered 

on cox= - ko cos <I> and cox= - ko sin <1>. 

This last problem is raised in many other imaging applications such as RMN 

tomography, radio-astronomy, synthetic aperture radar imaging, interferometry, etc. 

2. Difficulties 

In all these problems one disposes of g(r,<I» for a finite discrete set of <l>j, j=l, ... m 

and the function f(x,y) to be reconstructed is positive and has limited support. Solving 

these integral equations is in general an iII·posed problem and one must study not only 

the mathematical properties of existence and uniqueness of the solution, but also its 

stability with respect to errors on the data. When discretized, they give rise to the 

resolution of an under-determined and ill-conditioned linear system of equations. 

One must note also that these problems are under-determined even if we dispose of a 

continum of data samples, i.e. in the case of a continuous problem. This is due to the fact 
that we dispose of the projections for a finite discrete set of <l>j' 

To find a unique and stable solution to these problems, one must regularize the 

solution by introducing any prior information that one has about the solution. In these 

tomography applications one knows by the physical properties that the solution is positive 

and has limited support. Some information is also known about the noise on the data. In 

general it is assumed that the PSF is known exactly and that the noise is independent of 

the data and is just additive. The knowledge about the noise is often limited to its mean 
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and its energy. In some applications these two quantities can be measured. 

If all we know is limited to this information, the ME principle can help us to solve the 

problem. First, if we only have the mean and the energy of the noise, this principle tells 

us that the most non-committal hypothesis is that the noise is a Gaussian one. We can 

now use a X2 statistics to determine the feasible solutions, i.e. the solutions which are 

consistent with data. This can be done by defining a soft constraint X2 ~ cte on the 

solution, as is done by Daniell and Gull [4], Skilling [5,6,7], Wernecke and d'Addario 

[8], etc. But in general in many inverse problems the data are not sufficient to define a 

unique solution even if they are without noise. So the ME principle can be used to choose 

from among these feasible solutions one which has its entropy maximal. When the noise 

exists, the set of feasible solutions is just enlarged, but again one can choose the solution 

of maximum entropy. 

The idea of using the ME principle to solve inverse problems is not new [9, 10], but 

we think that our contribution is a novel interpretation of the entropy as a particular choice 

of regularization functional in solving the inverse problem of Fourier synthesis arising in 

X ray or diffraction tomography in which the solution must be positive. We will now 

discuss this idea. 

3. Regularization and the principle of ME. 

When the integral equation (1), (3) or (5) are discretized one has to solve a system of 

linear equations of the form 

d = A f+ b (7) 
where d is a vector containing the data, f a vector containing the unknown parameters of 

the problem, A a known matrix and b a vector containing the noise terms which are 

supposed to be Gaussian with zero mean and variance (52. In this system, A is in general 

an under-determined and ill-conditioned matrix. 

One can define a regularized solution to this problem by minimizing a functional 

Ja(O = II A f - d 112 + a Q(t) <DO (8) 

where II. 112 is a norm in the space of observations to measure the residual error 

A f - d of the solution, and Q(f) is a norm in the space of the parameters which 

controls the a priori information on the solution. When this a priori information can be 

translated by a quadratic regularization functional Q(O, one has an explicit solution to 
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the problem. This is the case, for example, when the information tells us that the solution 

is smooth and infinitely differentiable. But if the information is in the form of constraints 

such as positivity, which is the case in our applications, one must find another functional. 

In the Bayesian approach to ME in image reconstruction, as explained first by Jaynes 

[11-14] and developed by other authors [5-8], one obtains the posterior probability 

p( f I D,cr,Io) = cte. exp[ N (H-AQ)] with 1..=_1_ 
Ncr2 

(9) 

in which f is a given scene, D the set of data, cr2 the variance of the noise, 10 the prior 

information that all the scenes are equiprobable [14], N the total number of particles in 

image, H the entropy of the scene f={f1, ... ,fn} given by 
n 

H = -L fj Logfj 
j=1 

and, finally, Q is given by 

(10) 

(11) 

Now maximizing p(f I D,cr,Io) is equivalent to maximizing H-AQ, or equivalent to 

minimizing 

Ja(f) = Q(f) + (X [- H(f)] with (X = !..= Ncr2 
A 

(12) 

Comparing this function to be maximized with the function given in (9) permits us to 

give another interpretation to this method. As one can see, we can consider -H(f) as a 

regularization functional and can conclude that when the prior information on the solution 

of an inverse problem is given by a constraint of positivity, one can use the entropy of the 

solution as a regularization functional. 

We must now verify the existence and uniqueness of the solution to this minimization 
problem. For this, it is not difficult to show that there is a number (Xl>O for which Ja(f) 

with 0<(X<(X1 and (>0 has a unique minimum [2]. 

The major drawback to this choice for Q(f)=-H(f) is that H(f) is not a quadratic 

function of f and one has no explicit solution. However, the method can be 

implemented by an iterative method. There are many ways for solving this minimization 

problem. We have used a conjugate gradient technique and made some modifications to 

improve its performance and to adapt it to our applications. 
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In some of the above-mentioned applications, the objects to be restored or 

reconstructed are complex valued quantities. Consequently, we extend the definition of 

the entropy of an image which is considered as a function of ]t 2 to CC. 

4. Definition of the entropy of a complex valued quantity 

When the image is a discrete real and positive quantity, as is the case of optical image 

restoration or X ray tomography reconstruction problems, the entropy of an image 

f=[fl> ... ,fj, ... ,fn] is expressed either as 

n 

H1(f)=L Log fj 
j=1 

n 

or H2(f)= -L fj Lo g fj 
j=1 

(13) 

In the case of ultrasounds or microwave tomography, the object to reconstruct may be 

either a real quantity (sound speed in ultrasound or induced current densities inside the 

object) or a complex quantity (propagation constant or complex permittivity of the object). 

In this latter case we must defme the entropy of an object considered as a function of ]t2 

to cc. In this case the entropy can be defined in the two following ways: 

i) if the real ~ and imaginary G parts of the object fj can be considered as two 

positive and independent quantities, the entropy is simply defined as 

n n 

Hl(f)=L (Log l + Log ~) or H2(f)= -L (f~ Log l + ~ Log ~) (14) 
j=1 J J j=1 J J J J 

This is the case, for example, in microwave tomography, where the image to be 

reconstructed represents the distribution of the complex permittivity of an object 

illuminated with a monochromatic wave [1-3]. Actually, for a single and fixed frequency, 

the real part and the imaginary part of the complex permittivity of an object represent two 

different characteristics of the object and can be considered as independent quantities. 

ii) if we are only interested by the module of fj' the entropy is defined as 

n 

Hl(f)=L Log Ifjl or 
j=1 

n 

H2(f)= -~ If} Log If} 
J=1 

(15) 

This is the case when the image represents the distribution of one axial coordinate of 

the induced current densities in the illuminated object. 
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5. Algorithm 

We have implemented a general algorithm to solve the following problem: 

n 

Given di = L Aj fj + bi(Ji i=I •...• m. estimate f by maximizing J(f)=H(t}-AQ(f). 
j=1 

where H(f) is the entropy expression given by one of the equations (14) to (16). and Q(f) 

is a quadratic expression of f given by 

1 mIn 
Q(f) =2" ~ ~ I di -~ Aijfj F=[A f - d]t D [A f - d] (16) 

D = diag[ ~ •...• ~~ 
1 1 

with (17) 

A is a constant which must be chosen so that the solution r satisfies the constraint 

Q(r)::;M. The optimum choice of A needs a more complicated and time-consuming 

algorithm [6.7]. In our algorithm we choose it empirically at the initialization of the 

algorithm. Some discussion about this choice in different applications are given in [12]. 

The algorithm follows these sequences: 

1) An initial estimate is calculated using f(O)= 1-~ d· A ~.= 1-A *t 
n m~ 1 IJ m Y 

1=1 

* where ~j is the conjugate complex of Aij. In the case of the Fourier synthesis problem 

f(0) is the inverse FT of the data with all the lacking data set to zero. 

2) At any iteration k : 

a) apply the positivity constraint. i.e. 

if fj::;O then ~=e with E a small positive value. 

b) calculate J(f)=H(f)-AQ(f) and its gradient VJ(f)=VH(f)-A VQ(f) 

c) deviate the gradient; 

'f f<O th f d'f i)J(f) >0 h i)J(f) 0 1 j_ en j=E an 1 ~ t en ~= 
J J 

d) calculate a new estimate of fj by the Conjugate Gradient. 

e) Some criteria are calculated and tested to ensure the normal execution of the 
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algorithm. For example 

E _ L 1 dj-<L 12 
1- L 1 di 12 

or 

[d-dJ*t [d-dl _ II d-d II 
d*t d - II d II <£1 

II f(k) - f(k-l) II 
E 2= II f(k-l) II <£2 

can be used to stop the algorithm, and 

11 VH VQ I 
Test= 2" 1 V HI - 1 V Q 1 

with d=A f 

is used to verify the parallelism between the two components of the function to be 

maximized. 

The algorithm takes in general about 10 to 30 iterations to give a satisfying result. In 

each iteration one needs to calculate J and its gradient. For this one needs to calculate 

d=A.f and N.[d-d]. To calculate a new estimate of f by conjugate gradient one needs to 

calculate J on two other points. So in each iteration one needs to go, 3 times, from image 

space to projection space, and, once, come back to image space. Thus the algorithm needs 

about 30 to 100 times more cpu time than a usual linear interpolation method. 

6. Simulations 

We have applied this method to the solution of some inverse problems arising at 

different levels of various image reconstruction problems in X ray and diffraction 

tomography. In this section we give some of these results. 

6.1- X ray tomography: 

In these simulations we chose a mathematical phantom of the same form as the 

phantom used by Shepp and Logan [15] as an object. We calculated the projections by 

considering the participation of a pixel in a ray to be 0 or 1 depending on the position of 

its centre in the ray, and considered 3 cases: 

i) In the fIrst case we used 12 projections uniformly distributed around the object, 

ii) in the second case we limited the number of projections to 8, and 

iii) in the third case we limited not only the number of projections to 5 but also limited 

them in angle to 90°. This means that we calculated the projections at 45°,67.5°,90°, 
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Given these data we proceeded to reconstruct directly from them. To compare these 

results with a linear method and to analyse the effect of the entropy expression, we made 

the reconstructions by our algorithm in the three following cases: 

i) Normal procedure of the algorithm ( we call it ME); 

ii) Keeping the entropy term to zero but applying the positivity constraint. This can be 

considered as an iterative least squares (LS) method with the positivity constraint 

which is regularized by choosing a criterai to stop the iterations before the algorithm 

diverges (we call it LSP); 

iii) Keeping the entropy term to zero without applying the positivity constraint. This 

can be considered as an iterative least squares method (we call it LS). 

Figure 1 shows these results with the original and noisy data. These results are 

obtained after 20 iterations. 

6.2- Diffraction tomography: 

In these simulations we limited ourselves to the Fourier Synthesis part of the problem. 

To simulate the diffraction tomography imaging we used three different objects and 

calculated their FT on semi-circles. Then, given these data, we made the reconstruction in 

the same three cases as in A. 

For these simulations we considered two cases: 

i) In the first case we used 16 projections uniformly distributed around the object, 

ii) in the second case we limited the number of projections to 8, and their distribution 

in angle to 90° . 

Figure 2 shows these results. In these figures, Np is the number of projections and, e 
is the angle restriction. 

6.3- Positive Image restoration by deconvolution: 

In these simulations we used a phantom (object) which is blurred by a PSF to obtain a 

blurred image. We added some noise to this image and used our algorithm to restore the 

original object either from the just blurred or the blurred and noisy images (figure3). 

Figures 4 and 5 show these results. In figure 4 we show a comparison of the results 

obtained by our ME algorithm with the results obtained by two linear Kalman filtering 
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methods developed in our laboratory. In figure 5 we show the results of restoration in the 

following situations: a) using all the data in image; b) using only 1/2 of the data; c) using 

only 1/4 of the data; and d) using only 1/9 of the data ( one row over three and one 

column over three). 

6.4- Conclusions on the simulations 

In all these simulations one can see that the results obtained by the ME method have a 

greater spatial resolution and a better precision in amplitudes. If we keep the entropy term 

to zero but apply the positivity constraint on the solution at each iteration we obtain results 

which are as good as those obtained by ME when the data are not noisy. But one must 

note that in general a LS method does not give a unique solution even if we constrain the 

solution to be positive. In the presence of noise these results are not so good and there are 

many abnormal bright points on the results. More important is that if we continue the 

iterations the algorithm diverges. Finally, when one just uses an LS method, the 

algorithm diverges more rapidly than the LSP method. 

In the case of deconvolution results one can also see that the linear methods of Kalman 

filtering give results which are very smooth and their spatial resolution poor. This is not 

surprising because in these methods one uses a regularization functional which assumes 

that the solution must be smooth. 

7. Conclusions 

Entropy can be used as a regularization functional to solve inverse problems in which 

the solution must be positive, and especially when a complete set of data is not available 

to obtain a unique solution. 

We discussed this idea and illustrated it with some simulated results in X-ray 

tomography, diffraction tomography and positive image restoration. 
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APPLICATION OF LIKELIHOOD AND ENTROPY FOR TOEPLITZ CONSTRAINED 
COVARIANCE ESTIMATION 

Michael I. Miller t 
Department of Electrical Engineering 
Electronic Systems and Signals Research Laboratory 
Washington University in St. Louis 
St. Louis, Missouri 63130 

1. Abstract 

For the class of likelihood problems resulting from a complete-incomplete data specification in 
which the complete-data x are non uniquely determined by the measured incomplete-data y via some 
many-to-one set of mappings y=h(x), it is shown that the density which maximizes entropy is identical to 
the conditional density of the complete data given the incomplete data which would be derived via rules of 
conditional probability. It is precisely this identity between the maxent density and the conditional density 
which results in the fact that maximum-likelihood estimation problems may be solved via an iterative 
joint-maximization of the sum of the entropy plus expected log-likelihood. It is demonstrated that for the 
problem of spectrum estimation from finite data sets, this view results in the derivation of the maximum­
likelihood estimates of the Toeplitz constrained covariance parameters via an iterative maximization of the 
likelihood function. 

2. Introduction 

There has recently been a tremendous increase in the application of maximum-entropy techniques to 
constraint problems with nonunique solutionsl-5. The rational, as first proposed by Jaynes6 is that of all 
candidates consistent with a set of constraints the maximum-entropy (maxent) solution is the one which 
occurs with greatest multiplicity. The success of the entropy function is due to the property that the 
candidate solutions are concentrated strongly near the maxent one; solutions with appreciably lower 
entropy are atypical of those specified by the data7. The fact that entropy methods have been successful for 
the solution of underdetermined inference problems suggests that these methods may play an important 
role in the solution of maximum-likelihood (ML) parameter estimation problems. In particular, problems 
encompassed by a complete-incomplete data specification, in which the measured data specifies many 
possible complete data sets over which the estimates may be obtained via maximization of the likelihood 
seem particularly well suited for entropy techniques. For the problems examined in this paper, a function 
is estimated which parametcrizes a known probability density; the actual data (denoted as the complete­
data) described by the density are not observed. Rather, observations consist of data (denoted as 
incomplete-data) which nonuniqucly specifics the complete-data via some set of many-to-one mappings. 

Our motivation is that we have been working on problems in image reconstruction and spectrum 
estimation in which parameters arc estimated from measurements which arc both noisy, i.e. samples of a 
stochastic process, as well as incomplete8-13 . For the former, images arc reconstructed which are the 
intensity of a Poisson process; due to errors introduced by the measurement device, the data do not 
uniquely specify the point-process. In the spectrum estimation problem, the Toeplitz covariance of a 
Gaussian random process is estimated from finite measurements of a stationary process. For both 
problems, ML techniques arc an obvious choice for generating the parameter estimates; however, the fact 
that the measured data do not uniquely determine the underlying stochastic processes suggests that entropy 
may playa key role. In fact, both entropy and likelihood approaches have been applied for the solution of 
these problemsl-5.8.l4.15. 

t This work was suppOlted by the l\'SF via a Presidential Young Investigators Award Grant No. ECE-85525l8. 
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The classical entropy fonnulation is stated as follows. Given a prior density! , the maxent density to 
which we refer is the maxent density q maximizing the entropy 

E(qJ)=-Iq(X)IOg[;~:~]dx, (Ia) 

subject to the constraints H fixing mean values of the observation function given by 

H = f q (x)h(x)d x 
D 

The maxcnt density q is 
_( ) _ exp(vth(x))! (x) 

q x - Z(v) , for XED . 

(Ib) 

(Ic) 

The Lagrange multiplier vector v is chosen so that q satisfies the constraints of (Ib) over its support set D , 
with t denoting matrix transpose. Alternatively the negative of E has been called the I-divergence, K-L 
number, or cross-entropy between q and! 16, 17. 

The problem we set up is similar to that which generates q of (Ic) in that we assume a prior density 
! (x;!j» describing the complete-data x, parameterized by some function !j>, and observations y = h(x) where 
h(x) is a many-to-one vector mapping from the complete data observations. We are interested in finding 
the maxent density q although we do not assume that the observations y provide moment constraints on h. 
For the estimation problems in which we are involved the set of observations h(Xi) for i=I,· .. ,tv is small 
so that the average of h(Xi) may not be close to its expectation. To anticipate our results on the use of the 
entropy function for the finite observation problem, we show that by viewing the incomplete data y as 
restricting the domain over which the maxent density is defined, rather than as a moment constraint on 
h(x), the density maximizing E (q J) is identical to the conditional density derived via fonnal rules of 
conditional probability. This equivalence results in the fact that a large class of ML problems may be 
posed as a joint-maximization of the entropy function. 

3. Generation Of The Complete-Incomplete Data Model 

We begin by defining the underlying probability space [ o,a(o).p] , with sample points (j) in 0, 

events in the sigma field a(O) of subsets of 0, and probability measure P. Then we define the complete­
data random variable X as a measurable function so that X :(O,a(O))-)(D,a(D)), with the probability of an 
event BEa(D) given by Px(B)=P{ro:X(ro)EB) . We shall for the entire paper assume that PxO is 
absolutely continuous with density! (x;!j». The family of densities! (x;!j» parameterized by <p we term the 
complete-data densities. We say that we are given incomplete-data if instead of observing x in D, only the 
sample y is available, where y = h(x) for some measurable m-dimensional vector mapping h; this mapping 
is, in general, many to one, so x is not uniquely specified by y. Thus the incomplete data y results from the 
existence of m + 1 sample spaces, the complete data space D and the m incomplete data spaces 
Yl>Y2,· .. ,Y m . We denote the product space describing the incomplete data vector Y = Y j X Y2 X ••. 

X Y m • 

The complete data x are a particular realization from D, and the incomplete observed data y are a 
particular realization from Y. Therefore, the many-to-one mapping h(x) taking D to Y specifies the subset 
D(y)cD in which the complete data x is an element, with D(y) given by the following relation: 

D(y) = ( x : h(x) = y} (2) 

The family of densities g (y;!j» describing the incomplete data are derived according to the following 
relation: 

g(y;!j»= J !(x;!j»dx 
D(y) 

(3a) 
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The conditional density of x given y is then 

k (x I XE D(y),<I» = f (x;<I» 
J f (x;<I»dx 

D(y) 

=0 

for xED(y) ; 

for xfiD(y) . 

4. Maximum-Likelihood Posed as a Joint-Maximization of the Entropy Function 
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(3b) 

By incorporating the complete-incomplete model of the measurements y=h(x) into the entropy 
formalism of (1) it follows directly that the density maximizing entropy E (q J) is identical to the 
conditional density k(x IXE D(Y),<I». Following the maximum-entropy approach given by (la,b) we find the 
density q maximizing E (q J) subject to the constraints determined by the data y? Since moment values 
on h do not exist, the solution of the incomplete data problem is different then that stated in (1). The data y 
determines the domain D(y) as given by (2) over which the complete-data arc defined. Therefore, rather 
than specifying moment constraints on hex) the data y specifies the domain D over which the maxent 

density has support, with the constraint given by J q (x)dx = 1 . From Jensen's inequality, the density q 
D(y) 

maximizing entropy E (q J) subject to the support constraint 

becomes 

J q(x)dx= 1 
D(y) 

4(x)== f(x;<I» for xED(y). 
J f (x;<I»dx 

D(y) 

This is precisely the conditional density denoted as k (x I XE D(y),<I» in (3). 

(4) 

(5) 

Now it follows directly that tlle MLE <p may be posed as a joint-entropy maximization. The MLE is 
obtained by maximizing the log-likelihood of the incomplete data log g (y;<I». Applying (3a,b) the log­
likelihood of y is given by 

log g(y;<I» == log f (x;<I» -log k(x I XE D(Y),<I» , (6) 

and evaluating the expectation of log g (.) in (6) with respect to the conditional density k (x I XE D(Y),<I» 
yields the following log-likelihood to be maximized: 

log g(y;<I»== J k(xlxED(y),<I»logf(x;<I»dx­
D(y) 

J k(xlxED(y).<I» log k(x IXED(Y).<I»dx . 
D(y) 

(7) 

Since the density maximizing E (q J) is precisely the conditional k (x I XE D(y),<)l). the log-likelihood to be 
maximized becomes the following: 

IOgg(Y;<I»=max{- J q(X)IOg[ q(~) ] dX} , 
(qj D(y) f (x.<I» 

with q a density over D(y); that is J q (x)dx==1. The MLE is then simply <p~arg--J maxE (q J (<1»)1. It 
D(y) {~L {qj :J 

follows that the MLE <p is given by the following coupled maximizer equations: 

<p ~ argm-J J q (x)logf (x;<I»d x} (8a) 
{oj u.A1 D(y) 
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q +- den--J - J q (X)IOg[ ~J dX} . (;}l. D(y) f (x;$) 
(8b) 

In (8a) "argmax" means the MLE $ is the argument which maximizes the expectation of log{ (x;$); the 
notation denmax means the density q maximizes E (q J). 

Because of the equivalence between the conditional and maxent densities, the incomplete-data log­
likelihood is simply the joint-maximum with respect to q,$ of the entropy function E (q J ($». This results 
in the estimation problem being expanded to what appears to be a larger problem in which both the 
parameters $ as well as density q must be estimated; this reformulation gives rise to an iterative solution of 
(8) by maximizing (8a) with respect to $ with q fixed, and then maximizing (8b) with respect to q with $ 
fixed. This is precisely the alternating maximization sequence we shall use for the constrained Toeplitz 
covariance spectrum estimation problem, and is an instance of an expectation-maximization sequence first 
described by Dempster et al. IS• 

5. Maximum-Likelihood Estimation of Toeplitz Constrained Covariances 

As first shown by Burg, when given exact values of some finite set of the autocovariances of a 
stationary time-series, but no values of the actual time series, the maximum entropy density becomes a 
multivariate Gaussian constructed by maximizing the entropy function subject t9 covariance 
constraints4•7•19• For the spectrum estimation problem. we now address, samples from the actual time 
series do exist, whereas the autocovariance values themselves are unknown. In order to apply the entropy 
theory, many investigators have generated second order statistics from the time series, from which moment 
constraints are assumed4•20• We instead derive maximum-likelihood estimates of the autocovariance 
parameters under the Gaussian model determined by the maximum-entropy rule. This involves the 
complete-incomplete data set-up in which the incomplete data correspond to the finite length measured 
sequence and the complete data correspond to the infinite duration sequence. 

We assume that we are given an observed series {Yo,' .. ;YG-J of length G, which is part of a larger 
stationary, zero-mean Gaussian periodic time-series of period N>G where YcFYN;Y!=YN+!" .. , and we 
wish to find the maximum-likelihood estimates of the Toeplitz covariance matrix K of the N -periodic 
sequence. The choice of the finite period of length N is arbitrary, and we can allow it to grow when 
modeling stationary non-periodic processes. We solve for the maximum-likelihood estimates K. The 
proper choice for the complete-data becomes the entire set of samples {Yo, ... ,YG-!,YG, ... ,YN-J from the 
N -periodic time-series. We denote this complete-data by the N-dimensional vector YN, consisting of the 
given G-dimensional vector YG corresponding to the set {yo,··· ,YG-J, augmented by the N-G 
dimensional vector YA corresponding to the set (YG,yG+!" .. 'YN-J. The many-to-one function h mapping 
the complete data YN to the incomplete data YG deletes all time series points corresponding to the 
augmented vecto~ of length N -G , and is given by 

(9) 

The complete-data density is 

(10) 

with t denoting hermitian transpose, det I I denoting matrix determinant, and K-! matrix inverse. We 
rewrite (10) as 

N-! N-! 
exp(- L Vk [Ly(m)/ «m+k>N)]) 

k=O m=O 
f (YN ;v) = = N-! N-! 

Jexp(- L Vk [Ly(m)y· «m+k>N)])dYN 

(11) 

k=O m=O 
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where < >N denotes modulo N, and * denotes complex conjugate. Equation II is derived by defining the 
. . I -I h . V ·th • • S· V . NxN circulant matrix V="2K w ose entnes are ij=Vj-i WI Vj_i=Vi_j' Vj-i=vN-U-i)' mce IS 

related to the inverse of K, finding the maximum-likelihood estimate of V yields the maximum-likelihood 
estimates of K. Applying (8a) to (11) yields the following equation which the maximum likelihood 
estimates of the Toeplitz covariances must satisfy: 

I N-J 
K(r)=-~E{y(m)y·«m+'t>N)1 YG,Kj . (12) 

N",=o 

The conditional expectation of (12) is with respect to the maximum-entropy density of (8b). Iteratively 
maximizing (12) using an iterative maximization of (8a) and (8b) yields the sequence of iterates 
(K(P)(t);p=I,2,' .. j given by 

IN-I 
K(P+I)(t) = - ~E{y(m)y·«m+'t>N)1 YG,K(P)j . (13) 

Nm=o 

We have proven in another paper21 , that all of the limit points of the algorithm of (13) arc stable, and 
satisfy the necessary maximizer conditions for a maximum-likelihood estimator. We have also shown that 
the performance of the ML estimator under the Toeplitz constraint is by far superior to conventional lag 
product estimators, and can from small segments of correlated Gaussian periodic processes (ones in which 
the spectra are fairly concentrated) yield estimates "as good as" estimators derived from complete data 
corresponding to full periods of the process. 
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THE CONCEPT OF EPOCH ENTROPY IN COMPLEX SYSTEMS 

K. L. Ngai 

A. K. Rajagopal 

S. Teitler 
Naval Research Laboratory, Washington, D.C. 20375-5000 

The concept of epoch entropy for relaxation processes is 
introduced and used to discuss relaxations in complex sys­
tems. Empirical rules for relaxation of many such systems 
are used in explicit evaluations of the epoch entropy. It 
is shown how by appropriate choices of scale factors the 
value of the epoch entropy may be the same for different 
conditions of relaxation. The relation of the empirical 
rules and the evaluations of epoch entropy to some existing 
models of relaxation are indicated. 

I. INTRODUCTION 
By way of introduction, we develop the concept of epoch 

entropy for relaxation in this first section. In the next section, 
after noting the empirical characteristics of relaxation in a large 
class of complex systems, we estimate the epoch entropy associated 
with relaxations in such systems. We also show how with appro-

choices of scale factors, the epoch entropy for relaxation 
particular quantity under different conditions can be made to 

priate 
of a 
have the same value. In the third, concluding section, we indicate 
how a class of existing models of relaxation in complex systems, 
some of which anticipated the empirical relations, provide a ration­
ale for choosing scale factors in such a way as to maintain the value 
of the epoch entropy. 

We turn first to the concept of epoch entropy. As shown by Bottcher 
and Bordewijk (1978), the relaxation function ~(t) characterizing a 
stochastic relaxation process which is unity at the initial time and 
zero at infinite time may be interpreted as a survival probability 
with correspo~ding cumulative probability PIt) = 1 - ~(t). A dimen­
sionless time t may be defined by dividing the measured time by a 
scale factor with the dimensions of time. Then the derivative of the 
cumulative probab~lity with respect to t is a dimensionless prob­
ability density fIt). The dimensionless entropy over the epoch of 
the relaxation or the epoch entropy is then defined by 

QO 

- f dt fIt) log fIt) (1.1 ) 
o 
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The epoch entropy is a differential entropy which is neither neces­
sarily_nonnegative nor invariant under a transformation of epoch para­
meter t. However, these properties, rather than being drawbacks, 
add a flexibility that can lead to interesting physical interpreta­
tions. For the moment, let us con~ider_the formal effect of a trans­
formation of epoch parameter from t to z. 

Here we use a tilde over the z to indicate that the scale factor used 
in formi~g the dimensionless z may be different from the one used in 
forming t. We write 

z = z(t) ( 1.2) 

and find 

(1.3) 

when z and t share the same scale factor, it is clear_t~at 
will be different for a nontrivial transformation z(t). 
when z and t have appropriately chosen different scale 

Sz and ST 
However, 

factors, the 
values of Sz and ST can be made to coincide. We shall consider such 
a possibil~ty in the next section as part of evaluations and a dis­
cussion of epoch entropy for relaxation in complex systems. 

II. RELAXATION IN COMPLEX SYSTEMS 
When considering relaxation phenomena, one typically thinks 

of linear exponential decay 

(2.1) 

Here Wand Ware respectively the dimensional and dimensionless 
constagt rel~xation rate. However, in many instances, the observed 
decay is not a linear exponential but rather a fractional exponential 
form ~K associated with the name Kohlrausch. 

l-n - - l-n 
~K = exp - (W*z) = exp - (W*z) , O<n<l (2.2) 

Here we have used z as the dimensionless epoc~ parameter both to 
indicate that z may be related as shown below to t by an epoch para­
meter transformation and that different scale factor may be employed. 

It has now been established by Ngai et al (1986) that many relaxation 
phenomena in complex systems obey the following three empirical 
rules. For a given relaxing quantity, there is a critical time tc 
such that: 

(a) !fa measured relaxation occurs for tit «1, the ob-
served relaxation function is of the c form ~E(t); 

(b) If a measured relaxation occurs for tit »1, the ob-
served relaxation function is given by ~ Kohlrausch 
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form 4> (t); 
(c) Th~ relaxation rates Wand W* are related by 

o 

W t = (w*t )l-n, O<n<l 
o c c 

365 

(2.3) 

This means that when 4>E(t) is observed, the relaxation process has 
run its course by the time t is reached, or in other words W t »1. 
On the ,other hand, when 4>KTt) is observed, there is only neg£i~ible 
relaxat10n before t and W t «lor by Eq. (2.3) W*t «1. Elsewhere 
(Ngai et al 1986), cwe hav~ galled such behavior res~ectively exponen­
tial and Kohlrausch dominated relaxation. Thus t plays the role 
of infinite time when the relaxation function is 4>E(t), and the role 
of zero time when the relaxation function is 4> (t). We can there­
fore extend the time domain to [O,~ 1 in the ~valuation of the epoch 
entropy for the empirical situation (a) and (b) above. 

For situation (a) when the relaxation function has the form 4>E(t), 
the epoch entropy is evaluated to be 

w Jdt{W t-log w I exp(- W t) 
000 0 1 - log Wo (2.4) 

o 

Similarly for situation (b), the epoch entropy is evaluated to be 

SK = 1 - log W* - log (l-n) - ny/(l-n), O<n<l (2.5) 

Here y = 0.57721566 ••• is the Euler constant. It is clear that both 
Sand S depend on the respective time scale factors chosen to make 
WE and K ~ dimensionless. For generality and later purposes, we 
a~low the scale factors to be different, i.e., TE and TK• Then the 
difference in the two entropies may be expressed as 

j [w /W*(l-n») 
o 

exp - [ny/(I-nJ)1 

(2.6 ) 

This difference is in general nonvanishing and depending on the 
empirical value of n and choice of TE/T~ may be positive or negative. 
However, we note that if we put the ch01ce of T IT aside, the differ­
ence is predominantly positive since by Eq.E(2~3) W IW*>1 for all 
O<n<l. Thus there is a mild paradox. The distributionof (z) corres­
ponds to a maximum entropy dis~ribution subject to two ~O~s£E~ints; 
namely, averages of both log z and fractional monomial (z) are 
taken as given. On the other hand, the linear exponential distribu­
tion corresponds to a maximum entropy distribution subject only to the 
first moment as given. Thus a maximum entropy subject to two con­
straints may be greater than one subject to only one constraint. This 
of course is not really a paradox because the theorem (Levine 1980) 
specifying that increasing constraints reduces the maximum entropy 
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requires the new constraints must be added to the already existing 
ones in a hierarchal manner. In the above example, the one constraint 
determining SE is not included in the constraints determining SK so 
the theorem does not apply. 

Another formal point already indicated above is SK may be obtained 
from SE by a transformation of epoch parameter. Thus consider 

(2.7) 

Then use of Eq. (1.3) will once again provide the equivalent of Eq. 
(2.6). Again the actual evaluation of the difference between SK and 
SE depends on the ratio W /W* consistent with Eq. (2.3), the 
empirical parameter n, and ~he choice of scale factors t and t • 

. . ·b·l·· h d· h E thKt An ~nterest~ng poss~ ~ ~ty ~s to c oose tE an tK ~n suc a way a 
the values of SE and S coincide. Using Eq. (2.6), we are then led to 
the condition K 

(l-n) exp [ny/(l-n)] W*/W , 
o 

We may renormalize the tK scale factor by defining 

t; = (l-n) exp [ny/(l-n)]tK 

(2.8) 

(2.9) 

Then t /t* is just the inverse ratio of the corresponding constant 
relaxationKrates. But the constant relaxation rates Wo and W* may be 
viewed as the "natural" reciprocal scale factors that cause the 
respective arguments of the relaxation functions to be dimensionless. 
These scale factors may be viewed as natural since a change in scale 
factor does not change the form of the relaxation function. Indeed 
the respective relaxation functions then take the form. 

- -
~(t) = exp - t 

-l-n 
~K(z) = exp - z 

(2.l0a) 

(2.l0b) 

Of course, if tE is taken to be w- l and t* is taken to be w*-l, then 
tE and t; are related by the equi~alent o~ Eq. (2.3) 

(2.11) 

Further insight into nature of scaling in relaxation processes may be 
obtained by considering the instantaneous decrement rate that enters 
into some existing models of relaxation in complex systems. We 
discuss this in the next section. 

III. MODELING CONSIDERATIONS 
To provide context for our discussion here, we introduce 
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the instantaneous decrement rate A(t). 

A(t) = f(t)/qI(t) (3.1) 

(l-n) -n 
For qI (t), A (t) = W while for, (z), AK(z) = (l-n)W* z. The 
corre~pondin~ dimensi8nless instanfaneous decrement rates are 

W 
o 

It may be noted that in general the expectation of the 
the instantaneous decrement rate is simply related to 
tial entropy. 

E[log >: (t) ] 1-8 

This follows because 

co 1 
Jdtf(t) log [Ht)] - Jdql log qI -1 
0 0 

(3.2) 

(3.3) 

logari thms of 
the differen-

(3.4) 

(3.5) 

This means our evaluations of the epoch entropy in the previous sec­
tion was tantamount to evaluations of the expectation of the logar­
ithm of the instantaneous decrement rate. These evaluations among 
other things depended on the respective constant relaxation ra!rs W 
and W*. whin the scale factors are chosen such that T = W an8 
T*K w*-, E[log AE] is zero trivially and E[log AK(;)~ is gade to 
have value zero. 

The instantaneous decrement rate has been particularly emphasized by 
Ngai and coworkers et al (1986) in their development of models of 
relaxation in complex systems. In such models, the decrement rate is 
constant up to a time t when, by a physical mechanism described in 
the particular model, it bgcomes time dependent so that overall 

A (t) 
-n (l-n)W (tit) , 

o c tit >1 
c 

(3.6) 

In these models, the dressing of W at t t leads to a Kohlrausch 
form for the relaxation function Sith W* preaicted to have the form 
given in Eq. (2.3). Furthermore if W is such that W t »1, then 
the observed relaxation function has tRe form qlE(t). ~hgs all the 
empirical features cited in section II are encompassed in these 
models. The discontinuity in the decrement rate at t = t indicated 
in Eq. (3.6) is the onset of the effect of complexity inCthe relaxa-
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tion. In the region beyond t t 
c 

d)' dt 
t>t 

). -nt', c 
(3.7) 

so that changes in the decrement rate are independent of time scale 
for the Kohlrausch situation. The scaling feature of Eq. (3.7) holds 
also when n = 0 which corresponds to the linear exponential situa­
tion. Thus the form of both the linear exponential and Kohlrausch 
relaxation should be independ~jt of ~Iale factors. This lends 
credibility to the choices of Wand W* as the time scale factors 
respectively for the linear °exponential and the Kohlrausch situa­
tions. With such choices, the value of the epoch entropy for relaxa­
tion is always unity and relaxation functions take their canonical 
form as in Eqs. (2.10). 

Further support for such a viewpoint is provided by experiments in 
which the constant relaxation rate in a particular relaxation regime 
is shifted by variation of thermodynamic variables such as the 
temperature T. Often the form of the relaxation function remains 
unchanged. When this is the case, the relaxation is frequently 
termed nthermorheological simple n in phenomenological and experi­
mental descriptions. Many relaxation processes though not all are 
thermorheological simple at least in some limited temperature range. 
On varying T, the relaxation process is the same except for a shift 
in the effective relaxation rate. It is gratifying to be assured 
that the epoch entropy continues to remain unchanged with temperature 
if the effective relaxation rate is chosen to be the inverse scale 
factor in the evaluation of the epoch entropy. 

It is tempting to reverse this development and require as a physical 
principle that the value of the epoch entropy to be unity in all 
cases and most particularly when the relaxation process is observed 

-1 -1 
to be thermorheologically simple. Then tE = Wand t* = W* are 
respectively the only choice for linear expon~ntial an~ fractional 
exponentiaL relaxations. In this way, the property of thermorheo­
logical simplicity is directly obeyed. 

K. L. Ngai and A. K. Rajagopal were partially supported by ONR 
Contracts N0001487WX24039 and NOOOl487WX24028 respectively. 
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Abstract. Inhomogeneous systems are modeled using maximum 

entropy methods so that only explicitly stated properties 

are taken into account, with no arbitrary assumptions. 

Sandstones are considered as an example. A phase diagram 

describes the evolution of one inhomogeneous system into 

another. Methods from statistical mechanics, including 

Monte Carlo simulation, series expansions, and the renor­

malization group should be useful as well for other maximum 

entropy problems involving many degrees of freedom. 

We consider the application of maximum entropy methods! to 
the study of inhomogeneous systems. 2 Typical examples of inhomogeneous 
systems include cermets (fine mixtures of insulating ceramic and con­
ducting metal), sandstones, vycor (a porous glass network), granular 
films, precipitates from solution, biological tissues, etc. 3 Both the 
structural and transport properties of inhomogeneous systems will be 
considered. 

The problem of inhomogeneous systems forms connections between maximum 
entropy methods and those of recent statistical mechanics that are not 
apparent in other maximum entropy work. These methods of statistical 
mechanics, including Monte Carlo simulation, series expansions, the 
renormalization group, and exact solutions should be useful in many 
other maximum entropy studies. 

The first section of this paper is a brief review of previous work on 
inhomogeneous systems. The second section describes the present theory 
(see also Ref. (2)), and the third contains a summary and conclusions. 

I. PREVIOUS MODELS FOR INHOMOGENEOUS SYSTEMS 
The most widely studied model for inhomogeneous systems is 

the percolation model. 4 In its simplest form, the percolation model re­
quires that the sites of an infinite lattice (for example cubic) be 
independently occupied, each with a probability p. Two occupied sites 
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belong to the same (connected) cluster if there is a path between them 
on occupied nearest neighbor sites. 

Some of the key results of percolation theory are the following: 
(1) The fraction o~ sites be*onging to the infinite cluster is propor­
tional to (p - p) as p ~ p. Here, p is the percolation threshold 
(equal to .59 fo? a square l~ttice), ana ~ is a critical exponent (equal 
to 5/36 in two dimensions). For p < p , no infinite cluster exists. 
(2) The largest diameter of finite clu~ters, with exponentially rare 
exceptions, is ~ ~ Ip - p I-V where v is another critical exponent 
(equal to 4/3 in two dime~sions).5 This formula applies as p approaches 
p from either side. (3) If occupied nearest neighbor sites are con­
n~cted by a resistor of res!stance R,+the conductivity of a large block 
is proportional to (p - p) as p ~ p. The static exponents ~ and v, 
and the transport exponent t are univ~rsal, in that they do not depend 
on the type of lattice (although they do depend on the spatial 
dimension). The percolation threshold p is not universal. 

c 

Percolation is perhaps the simplest example of a continuous phase tran­
sition. Others include the appearance of magnetism as the temperature 
is lowered through the Curie point, and the gas-liquid critical point. 
[Discontinuous transitions, such as ice melting, are perhaps more fami­
liar.] Continuous transitions have unusual properties, including fluc­
tuations on all length scales. To understand these fluctuations, 
consider an ordinary gas at atmospheric density. The density of gas in 
a box 1K on an edge at an instant in time would not be representative of 
the density of the entire system (it would contain either one atom or 
zero). A box of edge larger than about looK would, however, be repre­
sentative. At a continuous transition, any finite box, no matter how 
large, is too small to be representative. This is a statement that 
there are fluctuations on all length scales. The structure of the 
system is self-similar. If one defines the spatial dimension D of the 
system in a standard way (the Hausdorf dimension), gne finds that D is 
not an integer. These objects are called fractals. For example, the 
Hausdorf dimension of the infinite percolation cluster at p = Pc is 
1.896. 

Percolation is an adequate model for some inhomogeneous systems, but it 
fails to describe the properties of others. Percolation fails, for 
example, as a model of sandstones. Sandstones empirically have a perco­
lation threshold at or near zero; fluid can be forced through the pores 
of a sandstone even when the pore volume fraction is less than 0.01. 7 

In contrast, percolation models have the property that when p < P (p 
is generally near 0.3 in three dimensions), the pore space become~ c 
disconnected. 

Historically, the response to this failure has been to invent 
specialized models that have a percolation threshold at zero. One 
model, proposed by Sen et al.,8 starts with randomly packed spheres, 
puts smaller spheres in the interstices, yet smaller spheres in the 
remaining interstices, etc. A second model, proposed by Wong et al.,9 
begins with a cubic lattice of pipes. A pipe is chosen at random, and 
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its cross section reduced by a constant factor (e.g. 1/2). Another pipe 
is chosen at random (perhaps the same one), and its cross section 
reduced. As the process is continued, a zero threshold model eventually 
results. A third model has been proposed by the author and Weinrib. 10 

It is a type of continuum percolation model in which a random surface is 
created and then flooded to a constant depth. A two-dimensional 
realiza tion is shown in Fig. (1). 

Fig. (1) The figure is a realization of a continuum perco­
lation problem that has a percolation threshold at zero (see 
Ref. 10). (b) The black network connects arbitrarily 
distant points, in spite of the fact that its volume frac­
tion is small. (a) The volume fraction is essentially zero, 
corresponding to the width of a line, and yet arbitrarily 
distant points remain connected. 

(0 ) ( b) 

A problem with these zero threshold models for sandstones is that they 
seem ad hoc and arbitrary. It is not clear which, if any of them, forms 
an adequate model for sandstones. The problem is compounded by the fact 
that many other zero threshold models could clearly be proposed. 

These problems lead to the following question: Is it possible 
from an explicit list of given properties (e.g. p = 0) and to 
a unique model containing no additional arbitraryCassumptions? 
question appears to be wildly underdetermined and perhaps even 
ill-posed, but it does in fact have an answer in the context of 
entropy theory. 

to start 
construct 
This 

maximum 

II. MAXIMUM ENTROPY THEORY OF INHOMOGENEOUS SYSTEMS 
To implement the maximum entropy method, one assumption is 

required, which is the prior probability. 1 Perhaps the simplest way to 
dispose of this problem is to assume that the system has no structure on 
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a length scale smaller than b. Depending on the system, b may corre­
spond to the size of a grain, the size of an atom, etc. We will in fact 
make a somewhat stronger assumption and put the system on a lattice (for 
example cubic) of lattice constant b. The fundamental cubes of the 
lattice are occupied by either material A or material B. It is hoped 
that by universality the long distance properties will not be affected 
by the particular choice of lattice. The lattice contains a finite but 
large number of sites N. 

One may now ask, making no further assumptions (other than a two com­
ponenN lattice system), what is the generic inhomogeneous system? There 
are 2 different configurations. Maximum entropy theory assigns an 
equal probability to each. (To do otherwise would imply that additional 
arbitrary assumptions are being made.) This model can be recognized as 
the percolation model with p = 1/2. Note that p was unspecified, and 
that the maximum entropy method chose p = 1/2. 

The generic model can be compared to the particular system of interest. 
We will again consider a sandstone to have a specific example. One 
finds that the model fails. The most conspicuous failure is that the 
fraction of the volume occupied by the pores of a particular sandstone 
is perhaps 0.02, whereas the fraction occupied in the model (the A 
sites) is 0.5. 11 

One may proceed by adding the constraint that the model must haMe a 
volume fraction of A sites equal to q = 0.02. Now all of the 2 config­
urations that satisfy the constraint p = q are taken with equal proba­
bility. This model is recognized as percolation, but now with p = q. 
The new model is again compared with the system of interest. It now 
fails for a different reason. The pore space of the model at q = .02 
consists of tiny disconnected pockets, whereas that of a sandstone is a 
connected network capable of transporting fluid an arbitrary distance. 
A straightforward way to proceed is to add a second constraint: The A 
sites must form a single connected cluster. All configurations satis­
fying both constraints are now taken with equal weight. This model is 
not equivalent to percolation. It is the generic zero threshold 
model. 12 It correctly models some properties of sandstones. If it is 
found not to accurately model other important properties of sandstones, 
the response would be different from that discussed in Section I. 
Previously, one would hire more theorists to construct new models, 
hoping that at least one would work. In the present formulation, one 
returns to the experimentalist and informs him that there is an impor­
tant property of the system that has not yet been stated, and that a new 
model cannot be constructed until the property is specified. 

It is sometimes convenient to specify the Lagrange multiplier conjugate 
to a constraint, rather than imposing the constraint explicitly. These 
two procedures are essentially equivalent for large systems. (A 
familiar example is the study in statistical mechanics of eiNher t~e 
microcanonical or the canonical ensemble.) Now all of the 2 conf1gura­
tions are allowed, with a relative weight W given by 
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W = exp(-A n - An) 
s s c c 

375 

(1) 

where n is the number of sites and n the number of connected clusters. 
The Lag~ange multipliers A and A ar~ adjusted until <n > and <n > have 
the desired values. s c s c 

Any set of constraints and conjugate multipliers may be used, but they 
must all be expicit. 13 The nature of the inhomogeneous system changes 
continuously with the vector (A , A). One would like to understand the 
properties of an (infinite) inh3mog~neous system at a given point (A , 
A ), and in particular to know whether there are special points at wRich 
the structure changes qualitatively. (Special points do exist, as will 
be discussed below.) 

The problem is to determine the macroscopic properties from the micro­
scopic weights of equation (1). Several methods from statistical 
mechanics are useful, and may indeed help to understand other problems 
that are analyzed by maximum entropy methods. Only a brief description 
is given; references are provided for further information. 

A system whose properties are not understood is, if possible, often 
first studied in mean field theory.14 Mean field theory is simpler to 
implement than the methods described below, and will often predict 
correct qualitative features. Mean field theory does not, however, 
treat fluctuations correctly and does not quantitatively describe the 
nature of singularities (it gives incorrect critical exponents unless 
the number of spatial dimensions is large). The methods that follow, in 
contrast, do treat fluctuations correctly. 

One generally useful method is Monte Carlo simulation. IS From a 
starting configuration, one generates a proposed new configuration (for 
example by choosing a fundamental cube at random and changing the sub­
stance that occupies it.) The new configuration is accepted with pro­
bability WZ/W 1 if its weight Wz is less than that of the previous 
configuration WI. It is accepted with probability one if W2 > WI. It 
has been shown that this algorithm will generate an ensemble in which 
configurations appear with weight W. Some preliminary Monte Carlo 
simulations for the inhomogeneous systems weight CEq. 1) have been 
performed. 16 

The remaining methods have general applicability, but they are particu­
larly useful for studying continuous transitions. One may perform 
series expansions in one or more of the Lagrange multipliers about A = 0 
or about A = too, known respectively as high and low temperature series. 
These series, which in practice contain on the order of twenty or fewer 
terms, can be analyzed with Pade or partial differential approximants. 17 

The renormalization group is a method in <"'hich the system is coarse­
grained in steps. 18 For the inhomogeneous system problem, one version 
of the renormalization group would choose a single large cube to 
represent the configuration of several fundamental cubes. This process 
is repeated again and again, until the long distance behavior is 
apparent. 
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Methods of finite size scaling extract the properties of an infinite 
system by solving for the behavior of strips of increasing width. 19 

Monte Carlo renormalization group is a hybrid of those two methods 
discussed above. 20 

These methods should be useful for broad classes of maximum entropy 
problems involving many degrees of freedom. 

We return to the question of the nature of an infinite inhomogeneous 
system as a function of (A , A). One can draw a phase diagram with 
lines to separate regions 3f different qualitative behavior (see 
Fig. (2)). 

Fig. (2) The phase diagram for inhomogeneous systems is 
shown as a function of p and A. The connected and discon­
nected phases are labeled, wit6 ordinary percolation on the 
line A = O. A region with antiferromagnetic (checker 
board)corder is labeled AF. The shaded area is one of phase 
separation. This area would contract to a line if A , 

s rather than p, were plotted on the x-axis . 

a en 'k-----------------, 

connected 

o 
o 
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Some aspects of the phase diagram are speculative, and some are well 
understood. The vertical axis is the Lagrange multiplier A control­
ling clustering. When A ~ ~ the system has one connected ~luster, and 
when A ~ -~, the systemChas as many clusters as possible. On the 
horizoatal aX1S the volume fraction p of component A is plotted, which 
is somewhat more convenient than the conjugate Langrange multiplier A . 

s 

We first discuss the well understood regions of the diagram. In the 
upper left corner, labeled "a", the configurations are identical to 
those of a well studied problem known as lattice animals (see Ref. 4). 
There is a cluster connecting opposite faces of the system even when a 
vanishing fraction p of the sites are occupied. As discussed pre­
viously, the line A = 0 is identical to ordinary percolation. There is 
a second order phas~ transition at p = p , where large fluctuations 
occur in the cluster size distribution aad in the conductivity. The 
static critical exponents are known exactly in two dimensions and 
approximately in three dimensions. 4 ,5 An infinite connected cluster is 
present for p ~ Pc' 

The line A = -~ is also understood. For p < 1/2 the system can be 
shown to b~ equivalent to the lattice gas with infinite nearest neighbor 
repulsion. The equivalence follows from the fact that for p < 1/2 the 
maximum number of clusters n = n is formed if nearest neighbor occupa­
tion is forbidden. The knowa pro~erties of the lattice gas 2l allow the 
following description: For small p, the A sites form a dilute, nearly 
ideal gas. As p increases, the hard-core repulsion becomes more impor­
tant until a continuous phase transition occurs with "checker-board" or 
"anti ferromagnetic" long-range order for p > P2' (If A sites are 
identified with spin up and B sites with spin down, the system has 
antiferromagnetic long-range order.) The point p = P2 is labeled e in 
Fig. 2, with P2 = 0.371 for a square lattice. 2l At p = Pl = ~, labeled 
f, the entropy per site is zero and only the two equivalent antiferro­
magnetic ground states are allowed. If p is fixed between Pl and 1 and 
the limit A ~ -~ taken, the system is no longer equivalent to a lattice 
gas with sh6rt-range repulsion. In this region, the system becomes 
macroscopically inhomogeneous and phase separates into an antiferromag­
netic phase and a connected phase (one in which all sites are occupied). 
The phase separation can be seen most clearly by induction on the number 
of B sites. The region Pl < P < 1 is thus one of phase coexistence, 
characteristic of a first-order-phase transition (see Fig. 3). 

The remaining aspects of the phase diagram are speculative, although the 
diagram is constrained by several physical principles and guided by a 
tentative mapping to the Potts model. 2 The lines a-c and e-d mark 
continuous phase transitions with large scale (fractal) fluctuations and 
critical exponents. To the right of line a-c-f, it is possible to 
travel an arbitrarily large distance on a single connected cluster of A 
sites. The region just below and to the right of point "a" in the 
connected phase is expected to provide the best model of sandstones 
available in this plane. 

A quantity called the order parameter indicates which phase occurs; it 
is zero on one side of a continuous phase transition and nonzero on the 
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Fig. (3) The diagram illustrates the phase separation that 
occurs between points f and g of Fig. (2), at A = -00 The 
checkerboard phase floats in a connected phase. c If one 
moves slightly upward in the phase diagram (A > -00), the 
checkerboard develops defects and some uncolo~ed sites 
detach and form a dilute gas in the connected region. 

other. The fraction of A sites in the largest connected cluster, 
denoted Poo' is an order parameter that is nonzero to the right of a-c-f, 
and indicates that the fluid contained in A sites can move an arbi­
trarily large distance. There is a second order parameter, m (the 
staggered magnetization), that is nonzero in the antiferromagRetic, or 
checkerboard phase. 

III. SUMMARY AND CONCLUSIONS 
A general model for the structural and classical transport 

properties of inhomogeneous systems has been proposed. It requires as 
input an explicit list of specified properties of the system, and makes 
no further arbitrary assumptions. The behavior of an inhomogeneous 
system with two specified properties (the number of sites and the number 
of connected clusters) has been determined in part, although further 
Monte Carlo studies will be required to resolve remaining questions. 

The ideas and methods of statistical mechanics should apply to many 
maximum entropy problems with a large number of degrees of freedom. In 
particular, there should be special points where the properties 
(including the entropy) are not smooth functions of the Lagrange multi­
pliers and qualitatively new properties arise. These special points, 
corresponding to continuous and discontinuous phase transitions, can be 
plotted in a phase diagram. Order parameters can be used to indicate 
the phase. Methods from statistical mechanics, including mean field 
theory, Monte Carlo, the renormalization group, and series analysis 
should be generally useful. 
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MAXIMUM ENTROPY AND CRACK GEOMETRY 
IN GRANITIC ROCKS 

P.M. Doyen 
The Rock and Borehole Geophysics Project, Stanford University, 
Stanford,CA 94305 

Abstract. The maximum entropy method is used to infer the 
dimensions of cracks in granitic rocks from measurements made 
under confining pressure of their hydraulic permeability and of 
their electrical conductivity. The fluctuations of crack dimensions 
are charac~erized by a crack spectrum which gives the frequency 
of occurren::e of cracks as a function of their cross-sectional length 
and aspect ratio in the absence of stress. First, using an effective 
medium approximation, the variations of the transport coefficients 
resulting from crack deformation under pressure are expressed by 
averaging the pressure-dependent crack electrical or hydraulic 
contributions over the unknown crack spectrum. Next, the 
maxim urn entropy crack spectrum in Westerly granite is 
determined from laboratory measurements of the transport 
coefficients. The predicted spectrum is comparable to the 
distribution of dimensions estimated from direct observations of 
cracks with a scanning electron microscope. The main features of 
the calculated spectrum are interpreted from a model of growth of 
the microfissures during cooling of the granite. 

Introduction 
The study of the electrical conductivity and permeability of 

water-saturated granitic rocks is important to understand the transport of 
current and that of fluids in the earth's crust. In laboratory experiments, rock 
samples saturated with a conducting brine are confined under different levels of 
hydrostatic pressure to restore the conditions prevailing in situ at different 
depths in the crust. Figures 1 and 2 (after Brace et al., 1965, 1968) show 
respectively the d.c. electrical conductivity a* and the hydraulic permeability 
'" * of Westerly granite measured at room temperature as a function of confining 
pressure p from 0 to 103 MPa. The large decrease of the transport coefficients 
by factors of 102 to 103 is typical of granitic rocks. As the minerals forming the 
granite are essentially insulating at room temperature, the variations of the 
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p (lOOMPa) 

Figure 1. Pressure dependence of the d.c. electrical conductivity 
of Westerly granite saturated with a conducting electrolyte of 
conductivity (7/ (after Brace et al., 1965). The o's are the 
experimental data used in the inversion. 

10 

p-(lOOMPa) 

Figure 2. Hydraulic permeability of Westerly granite measured as 
a function of pressure (after Brace et al., 1968). The o's are the 
experimental data used in the inversion. 
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transport properties with pressure are controlled by the connectivity and shape 
of the fluid-filled pore space. The porosity of granite reflects the presence of 
sheetlike microcracks occurring at the boundaries between the mineral grains. 
At low confining stresses, although the porosity of granite is usually very small 
(less than 1%), the large density of cracks and their large specific surface area 
guarantee that the crack assembly is interconnected and that the conducting 
fluid percolates across the rock. When a rock sample is compressed, the closure 
of flat cracks creates nonconducting paths in the pore space and a decrease of 
the transport coefficients results. However, at pressure as high as 103 MPa, the 
conductivity of the electrolyte-saturated rock remains several orders of 
magnitude greater than the conductivity of the dry rock. At high pressure, the 
fluid phase is still continuous and fills a residual subnetwork of stiff cracks 
which remain open. 

In this study, the variations with pressure of the transport coefficients of granite 
are interpreted from the elastic deformation and closure of cracks. In the first 
section, we introduce a crack spectrum which specifies the variability of crack 
dimensions in the absence of stress. Then, using an effective medium 
approximation (EMA) , the d.c. conductivity and permeability are expressed at 
each pressure in terms of the spectrum of crack dimensions and in terms of the 
pressure-dependent crack electrical and hydraulic conductances. In the second 
section, the inverse problem is addressed. For Westerly granite, the crack 
spectrum representing a condition of maximum entropy (ME) is inferred from 
the pressure-dependent macroscopic transport coefficients. The inverted 
spectrum is then compared with the distribution of crack dimensions estimated 
from scanning electron micrographs of the granite. Finally, the ME spectrum is 
interpreted from a simple model of crack growth. 

Transport properties 0/ granite under pressure 
The pore space of granite is modelled by a topologically disordered 

network of interconnected tubular cracks with approximately constant length, 
I, but variable cross-sectional dimensions (figure 3). In the absence of stress, 
the crack cross-sectional dimensions are described by two variable parameters: 
the half length and the half width, c and ac respectively. The aspect ratio a 
measures the ellipticity of the crack cross-section. The fluctuations of crack 
dimensions are characterized by a crack spectrum n (a,e) which gives the 
frequency of occurrence of cracks as a function of a and e . 

Locally, at the scale of a crack, the flow of current is controlled by the crack 
electrical conductance g. This local conductance is proportional to the fluid 
conductivity (7 f ' to the crack cross-sectional area s and to 1-1 (see figure 4). 
The conductance of a crack decreases as the confining pressure p is raised. 
This variation reflects the shortening of the crack cross-sectional dimensions 
under pressure. We assume that the cracks have a regular cross-sectional shape 
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Figure 3. In the absence of stress, the pore space is represented by 
a fully interconnected network of tubular cracks with 
approximately constant length, l, but variable cross-sectional half 
length, c, and half width, ac. The cracks deform elastically 
under pressure at a rate determined by the aspect ratio in the 
absence of stress, a. 

c 

Figure 4. The flow of current in a crack filled with an electrolyte 
of conductivity q I is modelled by an equivalent electrical 
conductance g • 

as shown in figure 4 and that they deform elastically under pressure. We also 
assume that the tubular cracks close uniformly over their length and we neglect 
the change of 1 with p. The crack electrical conductance at pressure p can 
then be calculated from the cross-sectional dimensions c and ac in the absence 
of stress, i.e., g = g (p ,a,c). Figure 5 shows that the aspect ratio in the 
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Figure 5. The electrical conductance g decreases when the 
confining pressure p is raised. This decrease refects the elastic 
closure of the crack under pressure. The rate of decrease of the 
conductance and the closure pressure are determined by the aspect 
ratio a of the crack in the unstressed state. 

unstressed state, a, cO:ltrols the rate of decrease of g and determines the 
pressure Pcl08ure at which a crack closes and ceases to conduct. A thin crack 
(a«l) closes at low pressure while a more equidimensional cavity (a:=:::::: 1) 
requires very high pressure of the order of the Young's modulus E of the 
crystalline matrix to deform substantially. It can be shown that the dependence 
of the closing pressure or the product aE is a general result, independent of the 
exact crack shape. It fOllows that the inverted spectrum of crack dimensions is 
relatively insensitive to the selected crack shape in the model (Doyen, 1987). 

At the scale of a laboratory sample containing many cracks, the flow of current 
in the electrolyte saturating the crack network is controlled by the spectrum 
n (a,e ) which specifies the crack dimensions in the absence of stress. If this 
spectrum is measured experimentally, a good estimate of the d.c. electrical 
conductivity can be obtained from an effective medium approximation (EMA) 
(Kirkpatrick, 1973). At each pressure p, the conductivity a* can be calculated 
implicitly from the following self-consistency condition: 
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E n (O,C ) __ 1_# (7_#....;(!.!..p....!.)_-....!g:....(~p.....:,_a~,c....!.) __ = 0 (1) 
Ot,C g (p ,o,c ) + (~ - 1) 1 # (7# (p ) 

where z is the average coordination number of the crack network and I # is 
some characteristic length of the topologically disordered crack assembly 
(Doyen, 1987). In the EMA, the electrical interactions between cracks are 
approximately accounted for by considering that each crack is embedded in a 
homogeneous crack assembly which models the average effect of all the other 
cracks. The kernel in (1) represents the conductivity perturbation resulting 
from the introduction of a crack with conductance g (p ,a,c) in the 
homogeneous network where all the cracks have the same conductance 
1# (7# (p ). The self-consistency condition (1) requires that the average 
perturbation vanishes when the average is taken over the spectrum n (a,c ). 
The pressure-dependent permeability It # (p ) can be calculated in a similar way 
from the crack spectruIr by considering the crack hydraulic instead of electrical 
conductances (Doyen, 1987). 

Maximum entropy crack spectrum in Westerly granite 
In the previous section, the pressure-dependent transport 

coefficients were calculat~d by averaging the crack contributions over the crack 
spectrum n (a,c). In this study, the spectrum is unknown and it must be 
estimated from measurements of It# and (7# made at different confining 
pressures. To each measurement of the permeability or of the conductivity 
corresponds a linear constraint like (1) on the unknown spectrum. The problem 
is that there is an infinite number of crack spectra that may give rise to the 
same response of the rock under pressure. Among the spectra consistent with 
the macroscopic averages, we select the one which has maximum entropy. 
Introducing Lagrange's multipliers Ap for the linear constraints (1), the well­
known formal solution for the ME spectrum n (a,c ) is (Jaynes, 1957): 

() [ ~" 1# (7# (p ) - g (p ,a,c ) 
n a,c a exp - ~ "p 

p g(p,a,c)+(~-I)I#(7#(p) 
2 

(2) 

where the summation extends over all pressures p at which the conductivity (7# 

is measured. In practice, additional terms appear in the exponential (2) when 
constraints corresponding to the permeability are included in the inversion. 

The ma-ximum entropy (ME) crack spectrum in Westerly granite is now inferred 
from measurements of the transport coefficients under pressure. The circles in 
figures 1 and 2 show the experimental measurements of (7# (p ) and It # (p ) used 
in the inversion. In addition to the permeability and conductivity data, 
measurements of the compressibility of the rock under pressure are also 
incorporated in the inve:""sion. (See Doyen, 1987 for more details.) Figures 6a-d 
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show the evolution of the ME spectrum when the number of experimental 
constraints is progressiv€:y increased, the data (J" (p ) and K" (p ) being added in 
the inversion in order of decreasing pressure. This sequence of crack spectra 
illustrates clearly the criterion of maximum uniformity underlying the maximum 
entropy method. With increasing number of constraints, the range of crack 
parameters compatible with the data narrows down, the entropy decreases 
monotonically and the crack spectrum departs more and more from the original 
log-uniform distribution (figure 6a) which represents the state of null 
information. The relative entropy s given in figure 6 is defined as the ratio 
between the entropy of the crack spectrum and that of the original uniform 
distribution. In figure 6b, all the experimental data correspond to pressures 
p ~200MPa and the ME spectrum is still uniform for all cracks with 
In (a)~ In( 200/ E ) ~ -2.5. This uniformity expresses simply equal 
uncertainty about the frequency of occurrence of cracks closing at 
Pcio8ure ~ aE ~200MPa. Indeed, the transport coefficients measured at a 
certain pressure level are not sensitive to the dimensions of the cracks that are 
closed at that pressure. In figure 6b, the maximum entropy method gives then 
naturally equal frequenc-r of occurrence to all the thin cracks and expresses the 
fact that their dimensions cannot be distinguished from the given data. Going 
from figure 6b to 6d, new modes develop in the spectrum at smaller a values. 
This evolution underlines the opening of the thinner cracks as the pressure is 
reduced. When the low pressure information is taken into account, a large 
decrease of the entropy arises and the crack spectrum becomes more sharply 
defined. The large decrease of s reflects the constraining nature on the 
spectrum of the large variations of (J" and K" at low stresses. 

The ME spectrum is now compared with direct experimental measurements of 
crack dimensions. Using scanning electron micrographs (SEM) of Westerly 
granite, Hadley (1976) estimated the crack length and aspect ratio distribution 
from a population of 344 cavities in an area of about 1 mm 2. Figure 7 shows a 
perspective contour of this experimental crack spectrum. Figure 8a shows a 
perspective contour of the inverted spectrum represented in figure 6d. Several 
remarkable similarities exist between the two spectra. The most striking 
common feature is the negative correlation existing between the crack 
parameters. The two distributions tend to be symmetrical and concentrated 
about a line inclined at 45 degrees, logae = loga + loge ~ est. The main 
modes of the ME spectrum (labelled 1 and 2 in figure 8a) occur at the edges of 
this diagonal feature. Mode 1 is also observed in the experimental spectrum. 
Mode 2 corresponds to very long flat cracks. Only the flank of this second 
maximum is apparent In the experimental distribution. As the area of the 
micrograph studied by Hadley (1976) is only Imm in diameter, the very long 
cracks corresponding to this second mode may have been missed. The maxima 
in the experimental spectrum are less pronounced than in the calculated 
spectrum. There are two reasons for this difference. First, the SEM study was 
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Figure 6a-6d. Evolution of the maximum entropy crack spectrum 
in Westerly granite as the number of constraints is increased. s is 
the relative entropy of the spectrum. The pressure range 
indicated is that of the experimental data used in each inversion. 
The underlying grid has (N 0= 65) x (Nc = 40) nodes. 
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based on a collection of only a few hundred cracks. If a great number of cracks 
were counted in Westerly granite, the magnitude of the maxima would be 
enhanced. Second, as a consequence of the small numb~r of cracks involved in 
Hadley's work, the crack parameter space was partitioned into much fewer 
classes. The SEM spectrum is then naturally smoother. 

The clustering of the two crack spectra about a diagonal line indicates the 
existence of an approximately constant crack width w = 2ac ~ O.lllm in 
Westerly granite. This clustering can easily be understood from a simple model 
of crack formation in granitic rocks. SEM observations (Sprunt et al., 1974) 
show that microcracks in Westerly granite occur mostly at the boundaries 
between quartz grains and other minerals. The thermal expansivity contrast 
existing between quartz and other grains is believed to be responsible for the 
creation of microfissure~. The microcrack growth is driven by intergranular 
stresses that are produced by the cooling which arises when granite, formed at 
depth in the earth, is progressively uplifted to the surface (Nur et al., 1970; 
Bruner, 1984). The occurrence of a constant crack width, w, suggests that a 
crack, initiated by the separation of two grains, propagates along the grain 
boundary without changing its aperture. It can be shown that the crack 
aperture is determined by the average grain diameter in the granite (Doyen, 
1987). It is now clear that the diagonal trend in the crack spectrum represents 
the path of evolution of cracks during cooling as they extend along grain 
boundaries and coalesce with other cracks (figures 8a and 8b). The initial small 
microfissures have lengths of a few micrometers close to the main mode in the 
spectrum (mode 1 in figure 8). They then possibly grow from the tips to a 
maximum length 2c of the order of the grain diameter (mode 2 in figure 8). As 
not all the cracks extend during cooling, the spectrum shows cracks at different 
stages of evolution ran&ing from short round openings (type 1) to very long 
sheetlike cracks (type 2). 

Figures 1 and 2 show that at low confining stresses, the decrease of the 
transport coefficients is very pronounced while at pressures exceeding 100 or 200 
MPa, the decrease appears more gradual. The dramatic decrease of the 
transport coefficients at low pressure is controlled by the closure of the long flat 
cracks which are the most conducting. The constancy of the crack aperture 
implies in particular that the crack electrical conductance is inversely 
proportional to the aspe ~t ratio (g ~w 2/ a ~cst / a). The sheetlike cracks with 
a « 1 are squeezed closed at low pressure and the most conducting paths in 
tte crack system are destroyed. At higher pressure, the closure of rounder and 
less conducting cavities affect less the transport properties. 

Conclusion 
The maximum entropy method is useful in obtaining information 

about the pore space microstructure from measured bulk properties of rocks. 
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Figure 7. Contouring of the experimental spectrum measured by 
Hadley (1976) in Westerly granite. The original data divided into 
9x7 classes were interpolated on a 65x40 grid to allow comparison 
with the inverted spectrum. 

logo: 
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Figure 8a-b. (a) Contouring of the inverted crack spectrum in 
Westerly granite. This figure represents the same spectrum as 
figure 6d. The contouring interval is 0.005. (b) During cooling of 
the granite, cracks of type 1 may grow, merge with others and 
produce very long cracks of type 2 extending over a large portion 
of the grain boundary. 
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a~O.l 

(b ) 

The maximum entropy crack spectrum is the most conservative estimate of the 
actual distribution of crack dimensions in the sense that it is the most uniform 
distribution compatible with the data. Departure from uniformity indicates the 
sensitivity of macroscopic measurements to a particular range of crack 
dimensions. The ME crack spectrum in Westerly granite was inferred from 
measurements made under confining pressure of compressibility, conductivity 
and permeability. It was found in good agreement with the spectrum estimated 
from SEM observations. The wide variability of crack length and aspect ratio 
contrasts with the existence of an approximately constant crack aperture in the 
cavity population. The form of the crack spectrum underlines the path of 
propagation of the microfissures as they extended along grain boundaries during 
cooling of the granite. The large sensitivity of Westerly granite to confining 
pressure, stems from the closure of the long thin cracks which are the most 
conducting and compliant cavities in the rock. 
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Abstract: 

MAXIMUM ENTROPY ANALYSIS OF LIQUID DIFFRACTION DATA 

John H. Root, P. A. Egelstaff, B. G. Nickel 
Physics Department, University of Guelph, 

Guelph, Ontario, Canada, NIG 2Wl 

A maximum entropy method for reducing truncation effects in the three 
dimensional inverse Fourier transform of Seq) to g(r) is described in 
detail. The failure of a naive approach, maximizing the entropy of 
g(r) subject to a chi-square statistic on the Seq) data is 
demonstrated. Subsequently, a method is described which yields better 
results, by restricting the spaces on which g(r) and Seq) are defined, 
and allowing a tail to form beyond the original range of the data. 
Our algorithm is tested using a PY hard sphere structure factor as 
model input data. An example using real data on the structure of 
light and heavy water is presented. It is seen that the maximum 
entropy method can greatly enhance our ability to distinguish 
physically meaningful structure from that arising from noise and the 
truncation effects of traditional Fourier transform methods. 

Introduction 

The pair correlation function, g(r), is of central importance in 
modern theories of the liquid state, and links the microscopic world 
of intermolecular potentials to the macroscopic world of pressure, 
compressibility, and other thermodynamic quantities. It is related to 
the probability that two sites (e.g. atoms or molecular centres) will 
be found separated by distance r. It is not a probability 
distribution itself, since it approaches a finite value of unity as r 
--) 00, and hence is not normalizable. In a diffraction experiment on 
a liquid, one measures the intensity of scattered particles (e.g. 
photons or neutrons) as a function of scattering angle, G. After a 
number of correction and calibration procedures, this can be reduced 
to a structure factor, Seq), which is related, by Fourier 
transformation, to g(r). Bere, q is the magnitude of the scattering 
vector, A is the wavelength of the incident radiation, p is the fluid 
particle density and: 

q 4rr/A sin(G/2) 

seq) 1 + 4 7f p/q f dr r sin(qr) [g(r) - 1] 
o 
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Equation (2) has been integrated over angular variables, given that 
g(r) depends on the magnitude of r only. 

What is desired is to obtain g(r) from experimental data on the 
structure factor. However, inverse Fourier transformation of (2) is 
not possible because there is a limit of q, denoted 0, beyond which 
data either cannot be collected (eg. e < ~), or is of low quality, 
rendering it useless. Simply calculating: 

g(r) 
Q 

1 + 1/(2n2pr) J dq q sin(qr) [Seq) - I} 
o 

(3) 

incurs a truncation error unless Seq) = 1 for all values of q > O. In 
figure la, we show the inverse Fourier transform (1FT) of some 
structure factor input data, F,(q), calculated for the PY hard sphere 
fluid with reduced density pa3 = 0.5, according to a standard formula. 
(For the PY examples in this paper, we shall use q and r for the 
dimensionless units qa and r/u commonly used in liquid state 
literature.) E(q) is calculated on a grid of points with spacing 
~q=0.2, to a maximum value 0 = 14, and thus is a discrete, highly 
truncated sample of the complete structure factor, but is otherwise a 
set of perfect data. T\I"e also show, for comparison, the 1FT of a data 
set which is identical, except that Q is extended to a range such that 
truncation errors are minimized. The 1FT of E(q) exhibits rippling 
throughout its range, and spurious structure like thIs prevents a 
diffractionist from making reliable conclusions about small details in 
the correlation functions of real fluids. (In liquid diffraction 
studies, the shape of g(r) is as important as the positions and 
magnitudes of peaks.) In figure 1b we show the forward Fourier 
transform, Seq), of the 1FT of E(q), including some points calculated 
for q > O. We see that Seq) = 1 for q > Q. This corresponds to the 
biased estimate of a tail on the input R(q), implied by calculating 
g(r) at values of r less than ~/Q in figure lao 

Naive Maximum Entropy Solution 

One might hope that a Maximum Entropy (ME) method could be 
readily applied to the problem of truncation effects in the 1FT of 
structure factor data. We begin, following the lead of ME image 
reconstructors [Frieden, 1972; Gull and Daniell, 1978; Skilling and 
Bryan, 1985}, by creating an entropy expression suitable for g(r), our 
underlying distribution function, and maximizing it subject to a 
mathematical constraint expressing "fit" to the structure factor data. 
For the entropy of g(r) we write: 

H (4) 



MAXIMUM ENTROPY ANALYSIS OF LIQUID DIFFRACTION DATA 397 

~ 

2.0 

1.5 

1.0 

0.5 r 
0.0 

-O.S 

Ug 1. The solid line shows the 1FT of 
PY E(q) wher. Q~70. The circles are the 
where Qa 14. The inset is a XIO expansion 
r > 2. 

Hg 2a The line is the 1FT of the PY E(q) 
where Q""-70. The circles show the "naive" ME~l 

g(r). The inset is a X10 expansion for r>2. 

1.5r----...----r--..... ----, 

!.O 

O.S 

1.5~---r--~~--..,_--_..., 

1.0 

0.5 

0.0 L-__ -'-__ --'-__ -L __ --l 

10 15 20 

Fig 2b The line is the FT of the "naive ll 

ME~t g(r), and the dots are the original data. 



398 1. H. ROOT ET AL. 

This form incorporates the fact that g(r) is a centrosymmetric 
function in three dimensional space where volume elements of equal 
magnitude are the reasonable states over which our distribution will 
be defined. In the absence of data (ie constraints), maximizing this 
entropy with respect to g(r) yields g(r) = 1 for all values of r. 
This is the most sensible prior estimate of g(r) for a fluid, given 
only structure factor informatlon as a constraint, since it 
corresponds to the correlation function for an ideal gas of point 
particles. We rule out the use of prior estimates which force g(r) to 
be zero for low values of r, as expected in an ideal liquid, 
preferring to take the vlew that the data measured on a liquid system 
will produce the properties of a liquid without such forcing, If the 
algorithm will allow it to do so. Any deviations of g(r) from 
expected behaviour are either due to lack of information In the data, 
or systematic errors therein, and thus are useful guides regarding the 
improvement of an experlment. 

The entropy of g(r) (4) is maximized subject to the commonly used 
chi-square constraint expressing "fit" to the input E(q), of the 
output S(q), obtained from g(r) through equation (2): 

N 
lIN ~ (E(qk) - S(qk»2/ak2 

k=l 
1 (5) 

Division by the point-by-point variance of the data (if available) 
allows freedom to use data of quality that varies over the range of q 
studied. ToTe can solve this maximization problem, using an 
undetermined Lagrange multiplier, A, to obtain an expression for the 
g(r) with maximum entropy that fits the structure factor data, E(q), 
as judged by the reduced chi-square statistic: 

g(r) 
N 

exp [A l «E(qk) - S(qk»/ak2)(sin(qkr)/qkr)] 
k=l 

(6) 

All that remains is to solve equation (6) for g(r), using various 
values of A until constraint (5) is satisfied. This is readily 
accomplished with a Newton-Raphson numerical method, which is 
appropriate given the typical numbers of data points involved in a 
liquid diffraction experiment, and given the assurance that the 
solution to the system of equations (2, 5, 6) is unique [Skilling and 
Bryan, 1985]. 

Before we plunge into numerical computation, let us study 
equation (6) and make some notes. 
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Hg 3a The line is the IFT of the PY E(q) 
where Q=70. The circles show the HEH g(r) 
when R = 2./Aq. 

Fig 48 The line is the 1FT ot the PY E(q) 
where Q>-70. The dots show th~ GRIT g(r). 
Th~ inset 1s a X10 expansion for r>2. 
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a) We are encouraged by the fact that at large r, the ME g(r) 
approaches the expected asymptotic value of unity. 

b) It seems good that g(r) is strictly positive for all r, which 
must be the case for an ideal fluid. Of course, in a real experiment, 
unknown systematic errors in the data may require some of the low r 
values of g(r) to be negative if the data is to be "fit" withf.n the 
predetermined error estimates. Since the ME g(r) cannot access 
negative values, this can result in spurious structure in other 
regions of r. 

c) The contributions to the summation which ultimately give 
the structure in g(r), are weighted by l/q. This may 
improvement over the 1FT, where contributions to the structure 
are weighted by q and data quality decreases as q increases. 

rise to 
be an 

in g(r) 

d) There remains in the ME g(r) a truncation error, since the 
summation still does not extend to infinite O. 

e) There is no indication in equations (5, 6) that Seq) is analytic, 
with continuous derivatives at all values of q. Thus, the ME g(r) of 
equation (6) need not correspond to an Seq) that smoothly interpolates 
between the input data points, nor smoothly extrapolates beyond Q. 

f) There is probably a fundamental flaw in applying the ME principle 
to g(r) which is not a normalizable distribution on its own. 

The points d, e and f are important negative features of the 
"naive" ME solution to the problem of 1FT truncation error. Point b 
will be a problem for any ME solution if we are interested in 
applications to real data with unknown systematic errors. 

To demonstrate the unacceptability of the "naive" ME solution (2, 
5, 6), we show some graphical examples. Figure 2a shows the solution 
of equation (6) which fits the same PY E(q) as we used for the 1FT in 
figure la. For comparison, we show the "correct" 1FT also as i.n 
figure la. The ME g(r) has more spurious structure than was obtained 
in the 1FT of the truncated E(q). In figure 2b we show the Fourier 
transform of the ME g(r), including some values of Seq) for q > O. 
The input data has been fit, but the hehaviour of Seq) at Q is 
nonsensical, in view of our additional knowledge that Seq) is 
continuous, with continuous derivatives at all values of q. Of 
course, as noted, this knowledge is not a part of the constraint (5), 
so we should not be surprised if the "least-biased" g(r) does not 
correspond to the "smoothest" extrapolation of Seq). Nevertheless, 
the ME g(r) is less acceptable than the 1FT, at the moment. 

In figure 2, we calculated the ME g(r) on the same grid of points 
as we did for the 1FT, with the range of r, denoted~, limited to a 
value of u/~q. In reality, g(r) has an infinite range, and the ME 
principle contains no reason for limiting it. In Figure 3a we show 
the ME g(r) obtained when R = 2xu/~q. By doubling the range of r we 
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have halved the amplitude of g(r)-l. This nonsensical result may 
arise from the fact that g(r) is not a normalizable distribution. If 
R tends to infinity, as it should, g(r) will contain negligible 
structure, even though the constraint (5) is satisfied. In figure 3b 
we show the Fourier transform of the ME g(r) in figure 3a. At the 
data points E(q), the fit of Seq) is good, but between the data 
points, the ME Seq) tends to return to the base level of unity, rather 
than interpolate smoothly as we would prefer to see. It is possible 
that this unacceptable behaviour could be corrected by the use of a 
constraint containing functional information on Seq). (Chi-square 
treats every data point as an independent entity, averages the fit 
over the entire data set, and hence is too "blunt" to obtain a 
completely satisfactory ME solution to the truncation problem.) The 
search for such a constraint (or combination of constraints) is a 
matter of current study. 

Patching the Naive Maximum Entropy Solution 

Even though the foregoing "naive" Maximum Entropy solution 
exhibited unacceptable behaviour, we have pursued the method, since 
the underlying philosophy is so attractive to those of us who want to 
make the least biased conclusions about the "message" present in 
physical data. A few modifications to the above solution were tested 
to see if improvements in the ME results could be achieved. In 
essence, we have applied reasonable additional constraints on the 
maximization of the entropy of g(r). These constraints are 
incorporated into the numerical procedure used to solve the system of 
equations (2, 5, 6) rather than being cast into the form of Lagrange 
multipliers. 

The resulting algorithm for reducing the effects of truncation 
error on the inverse transformation of E(q) data to g(r) is described 
in the appendix to this paper. Eeyond the range of the data, Q, we 
define two more limits: 01 is about one additional wavelength beyond Q 
and 02 is about one additional wavelength beyond Q1. Pseudo-data is 
created for the region [Q, 02 1 by smoothly joining the current 
solution for Seq) for 01 < q < 02 to the input data E(q) with a 
polynomial fit to E(q) for the last wavelength before Q and the far 
region [01, 021. As numerical solution of (2, 5, 6) proceeds, the 
difference function (E(q) - Seq)) in (6) smoothly approaches zero at 
02' thus reducing the truncation error of note (d). furthermore, 
extending the data with a polynomial near Q is an indirect way to 
assert that Seq) is analytic for q ) 0, as required to address note 
(e). Tife restrict the range of g(r), requiring R ~ 111M. This is the 
allowed range of data in r-space, given a discrete set of points 
separated by ~q in q-space, according to the rules of Fourier series 
[Lado, 19711. The effect is to circumvent the normalizability problem 
of note (f). It is important to ensure that R is greater than the 
range of correlations in g(r), or one obtains a Fourier truncation 
error on the forward Fourier transform in equation (2). This may 
require interpolation of the data to reduce ~q. Interpolation is also 
required if there are gaps in E(q) grid of spacing ~q which would 
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otherwise yield results like those shown in figure 3. Preparing E(q) 
for analysis by interpolation is an assertion that Seq) is an analytic 
function, again addressing note (e), and so is a reasonable operation. 
(See also the notes in the appendix.) 

In figure 4a, we compare the result of our algorithm, GRIT, to 
the "correct" 1FT for long range Q. The input data was the same as 
for all other truncated cases shown so far. We see that spurious 
structure is greatly reduced in comparison to the 1FT of figure la and 
the "naive" ME solution of figure 2a. The remaining spurious 
structure is related to the order of the polynomial splice, the 
distance [Q,Ql]' the density of E(q) points, and the level to which 
Seq) is required to fit E(q). We have not optimized these conditions 
for this figure. The height of the main peak is underestimated by our 
ME algorlthm, but this is expected, since the Maximum Entropy priciple 
strongly restores g(r) to its baseline of 1 unless there is strong 
information in E(q) to the contrary. The truncated data set lacks the 
long q range information necessary to sharpen the first cusp to its 
true shape and height. Note that the low r behaviour of our ME g(r) 
came out to be nearly zero, without forcing the prior estimate of g(r) 
to be so. In figure 4b we compare the original truncated E(q) and the 
reconstructed Seq) which is the forward Fourier transform of the ME 
g(r). In the region q > Q, Seq) shows the behaviour expected of an 
analytic function and is greatly improved over similar regions in 
figures 1 through 3. 

Achieving success in the inverse transformation of PY hard sphere 
data is sufficient to demonstrate that our algorithm is robust for all 
practical cases in liquid diffraction data analysis. The PY hard 
sphere E(q) was an "acid test" because of the discontinuity in g(r), 
and resulting long range oscillations in Seq). Real liquid systems 
have continuous correlation functions and so, in principle, are easier 
to analyze. 

A Note on Systematic Errors 

Unfortunately, in all practical cases, there is a new difficulty 
to face -- the presence of systematic errors in E(q) of unknown 
magnitude. The results of not knowing, for instance, that we have 
underestimated the fluid density, p, by 3% are illustrated in figure 
Sa. To fit the data, with the lower density, we must have g(r) < 0 
for r < 1. Since, the ME g(r) cannot attain such values, there is no 
solution to equation (6) such that constraint (5) is also satisfied. 
The best reduced chi-square we can obtain is 9 (if the same error 
estimates on E(q) are used here as in the previous examples), and 
spurious structure is pronounced. The fact that we cannot find a ME 
solution that satisfies the constraint, indicates that there are 
additional physical effects not accounted for in our analysis [Jaynes, 
1978], and thus we are alerted to the presence of systematic errors in 
our data set. 

However, it is frightening to contemplate the possibility that a 
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systematic error in the data, in conjunction with the necessary 
positivity of g(r) might not be so severe as to prevent constraint (5) 
from being satisfied, but to result in spurious structure in g(r). 
The best solution to this problem is to gain a lot of knowledge 
enabling the minimization of systematic errors. In the meantime, our 
approach is to widen the error estimates on the data until the entropy 
of g(r) "levels out". That is, by studying the variation of the 
entropy of g(r) with the average level of crq , one observes a change in 
the behaviour as g(r) positlvity begins to contribute to the structure 
of the correlatlon function. T-le widen <cr> to slightly larger than 
this point, so the structure of g(r) predominantly arises from 
constraint (5), rather than the combination of systematic errors and 
the g(r) positivity condition. This seems to be the most conservative 
treatment of the data, in line with the underlying philosophy of 
Maximum Entropy methods. We are aware that some ME deconvolution 
algorithms use the positivity condition to produce "super-resolution", 
but remain wary of trusting E(q) data to the extent that the structure 
so generated is reliable. 

Application to Real Data 

A recent thesis [Root, 1986] studied the difference in the 
structure factors of light and heavy water. From a classical point of 
view, there should have been no measureable difference, because the 
forces between the molecules are identical. However, accounting for 
quantum effects in the molecular motions, there was a predicted slight 
difference for the two fluids [Kuharski and Rossky, 1985]. The 
experimental data contained low systematic errors due to the design of 
the diffractometer, but the statistical noise on the difference 
between the two structure factors (~Ex(q)) was relatively large, and, 
the data set was truncated. Ue began work on our Maximum Entropy 
algorithm because such conditions could easily result in spurious 
structure In the difference in correlation functlons, ~gX(r), leading 
us to make false conclusions about the small effect studied. 

In figure 6a we show the actual data collected. Interpolatlon 
provided values for ~EX(q) to reach the known asymtotic value of -0.09 
at q=O. To run this data with the present algorithm, a value of 1 was 
added to all values of ~Ex(q) and subtracted from all values of the 
resulting ~gX(r). Thus, in this case, the g(r) positivity boundary 
was never encountered during the numerical procedure. In figure 6b we 
show the 1FT of the data which exhibits a lot of spurious structure. 
It is difficult to say where the nodes of the difference are, and 
whether or not there is a significant feature near r = 1.7A. Two ME 
~gX(r)s are also shown, one using the complete set of data, and the 
other using only the data of higher quality for values of q < SA-I. 
In both cases, the spurious structure is greatly reduced, and our 
ability to distinguish the presence of "real" structures is improved. 
The loss of amplitude in the ME differences is due to the wide error 
bars on the data. This is the least biased ~gX(r) consistent with the 
data, and to increase the amplitude in this function would require 
more certain information in ~EX(q). 
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Summary 

We have described the truncation problem arising in inverse 
Fourier transformation of liquid diffraction data to obtain the 
underlying pair correlation function. A straightforward application 
of a Max:imum Entropy method using reduced chi-square as a single 
constraint on the maximization of the entropy of g(r) was shown to 
yield an unsatisfactory solutIon to the truncation problem. 
Modifications to this method approximately addressed the truncation 
effect remaining in the ME solution, the need to express the 
analyticity of Seq), and the need to express g(r) as a normalizable 
distribution. A very good solution resulted, indicating that future 
efforts of a more rigorous sort would indeed be worthwhile. We noted 
that unknown systematic errors in a data set might still result in 
spurious detail arising in a ME g(r). r-re presented an example of the 
use of our algorithm on real data in which it was important to 
distinguish the real physical structural effects from those arising 
due to noise, and truncation in the data. 

In conclusion, we are optimistic that a rigorous ME method 
eventually will be developed to reduce truncation effects in the 
analysis of liquid diffraction data, as we have done with the 
approximate solution described in this paper. To do this, a 
mathematical way to introduce the analyticity of Seq) as a constraint 
on the max:imization of the entropy of g(r) must he invented. The 
truncation error in the ME g(r) and the normalization question must 
also be addressed for this eventual solution to be successful. 

Appendix: GRIT 

This is a Maximum Entropy algorithm to minimize the truncation 
error incurred on Inverse Fourier Transformation of a structure factor 
of limited range, Q. 

1.0 Input E(q), o(q) and control parameters: FT prefactor, initial 
A, ~q, ratio Q2/Q, number of points to used to calculate polynomial, 
and range of data [0,01] to he replaced with splice. (See notes) 

2.0 Initialization 

2.1 Establish grid of r values for g(r) with ~r=~/02. 
2.2 Set E(q) = 1 and set o(q) = 0(0) for Q < q ( Q2. 
2.3 Set initial guess: S(q) <-- E(q). 

3.0 Smoothly join tail to E(q) by replacing E(q) for Q < q < Q2 with 
current values of S(q) and then replacing E(q) for Q < q < 01 with 
polynomial fit to points at either end of the region. 
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4.0 Find S(q) for current tail and value of A. 

4.1 
4.2 

4.3 
4.4 

4.5 

4.fi 

5.1 

5.2 
5.3 

Calculate g(r) from equation 2.6. 
F(qj) = S(qj)-l - 4~p/qj t ~/02 risin(qjri) [g(ri)-l] 

If F(qj) is small for all j, jump to step 5.0 
I -1 Mjj, = aF(qj) as(qj') and invert it giving Mjj' • 

-1 Improved guess: S(qj) (-- S(qj) - Mjj, of(qj') 

Repeat 4.1 - 4.5 until a solution is found. 

If S2 is within preset boundaries (1 +1- ll/NQ) or if 
has not changed much from previous value, jump to step 
If it is too high, increase A. Otherwise, decrease A. 
Jump to step 3.0. 

6.0 Output the final S(q), and corresponding g(r). 

Notes: 

it 
6.0. 

1) We have used this algorithm to perform transformations of 
truncated g(r) data (from computer simulations) to S(q), and the 
procedure works very well in this type of problem, as well. The only 
modification to the algorithm is to input the FT pre factor as l/2~2p 
and the program will put this wherever the prefactor 4~p was used in 
lines 4.2 and 4.4. One mentally interchanges vector labels: g (--> S 
and r (--) q, but the program itself does not distinguish between 
correlation functions and structure factors. Since S(q) does not 
equal zero for a range of low q values, the inconsistency between low 
cr and S(q) positivity is less often encountered than it is in the 
transformation of E(q) to g(r). However, since oscillations in S(q) 
often have a fairly long range, one needs to be careful to ensure that 
the spacing of points in r-space is sufficiently fine that Q 
truncation is minimized. (See note 4 below.) 

2) If you guess the right value of A at the outset, the algorithm is 
powerful enough to find a solution immediately (if one exists). 
Unfortunately, such a solution may contain the effects of polynomial 
fitting errors (arising as discontinuities at the junction points Q 
and Q1) and the original biased guess of the tail for E(q). It is 
usually best to start A low enough that a number of tail iterations 
occur before the procedure finishes. 

3) The spacing of data points obtained from a real experlment is 
usually less than the q-resolution of the diffractometer, and is 
normally much finer than the structure under observation. The q­
resolution function of an instrument varies with the value of q, 
generally in shape and magnitude. In our algorithm, we have not 
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attempted to treat the problem of q-resolution, though if one had 
knowledge about the machine response as a function of q, an obvious 
procedure would be to forward-convolute the FT of g(r) in line 4.2 (as 
well as the term "1") before calculating the difference function F(q). 
This would be better than attempting to deconvolute the instrument 
response function, using traditional methods before starting the 
procedure. 

4) The input value of ~q in line 1.0 of GRIT can be chosen larger 
than the spacing of data points, and it is advantageous to do so, 
since this effectively groups neighbouring points, and introduces the 
desired functional nature of Seq) into the algorithm. However, ~q 

should not be chosen so large that the range of g(r): R = ~/~q is less 
than the distance to which significant correlations extend. If this 
occurs, there is a Fourier truncation error on the forward FT in line 
4.2. 
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RANDOM ARRAY BEAMFORMING 
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ABSTRACT 

Conventional random array beam forming methods give sidelobe responses with 
magnitudes near [-10 log NJ db, where N is the number of receiving elements in the 
array, and it is found that conventional shading methods are ineffective in reducing 
the mean sidelobe magnitude. As a consequence, a low sidelobe requirement 
translates into a need for many receivers in the array (i.e. 100 receiver elements for a 
mean sidelobe of -20 db). 

This presentation shows that the high sidelobes of random arrays arise principally 
from the mishandling of 'absent' data. New random array beamforming methods 
are described that lead to greatly improved sidelobe characteristics. The new beam 
forming methods are applied in the element-separation/cross correlation domain 
(as opposed to the conventional spatial/signal domain) and care is taken to ensure 
that 'absent' signals are not (unintentionally) assumed to have zero amplitudes. 

Computer simulation results are presented for a partially filled uniform line-array, 
but the method is shown to be equally applicable for random arrays with linear, 
planar, or volumetric spatial extent. 

1.0 INTRODUCTION 

This paper describes signal processing methods for improving the directional 
response characteristics of an array of passive receiver elements when the spatial 
distribution of the elements is random. The work was performed as part of a 
Boeing independent research and development (lR&D) program which addressed 
potential submarine detection and tracking systems. Figure 1 -1 illustrates the 
deployment of a set of acoustical receiver sonobuoys which sense the acoustic 
vibrations originating at the target. The target direction is determined by 
beamform processing of the element signals. 
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• •• • s=-

------
AIR DEPLOYED 
RANDOM ARRAY 

""----
-------~----

Figure 1-1. Submarine Detection and Tracking System. 

The objective of the beamforming process is to develop a directional pattern which 
has maximum responsivity in the beam steer direction and minumum response in all 
other directions. For arrays of uniformly spaced receiving elements, methods are 
well known for suppressing the sidelobe response by factors in the range of 30 to 60 
dB (ref 1,2). When the spacing of the elements are not uniform, however, the 
conventional sidelobe suppression methods are no longer effective and the degree 
of suppression achievable then becomes dependent on the number of elements 
employed. Steinberg (ref 1,3) shows that the mean sidelobe response for an N 
element random array is [-10 Log N] db and that the peak sidelobe response is 8 dB 
greater. Thus; for a 30 element random array, the mean sidelobe level is about -15 
dB. In order to achieve a sidelobe level of -30 dB, to correspond with the 
performance achievable with a uniformly spaced array of 30 elements, the number 
of elements needed in the random array has been estimated as 1000. The increases 
in cost associated with the hardware and processing for this larger number of 
elements provides the incentive for the new sidelobe suppression described in this 
paper which improves sidelobe suppression without increasing the number of 
elements. 

The new beamforming method is applied in the element-separation cross 
correlation domain in a manner which exploits the available sensor information 
content. 
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For purposes of clarifying the fundamental issues, a conventional line array is 
analyzed first and the analysis is then extended to similar line arrays where some of 
the receiving elements are absent. Discussion is then extended to line, planar, and 
volumetric arrays in which the receiver element positions are totally random. 

Computer simulation results are presented for a partially filled uniformly spaced 
line array and the method is shown to be equally applicable to completely random 
arrays with linear, planar, or volumetric spatial extent. 

2.0 CONVENTIONAL LINE ARRAY BEAM FORMING PROCESSING 

The sensor array can be made responsive to signals from a selected direction by 
compensating each sensor signal to correct for the propagation time difference 
between the source and the individual sensors. The sum ofthe compensated signals 
is maximum in the selected direction and is low for sources at other directions. The 
ideal beamformer employs time delay compensation. However, if the signal is 
narrow band, the time delays are well approximated by corresponding phase shifts. 
A wide band signal can be processed by phase shift beamforming if the signal is first 
filtered into a set of narrow bands and separate beamforming is done in each band. 
Furthermore, the process of forming the entire set of independent directional 
beams is mathematically equivalent to a Fourier Transform process from the space 
(element location) dimension to the direction of arrival (angle) dimension. (ref. 4). 

Figure 2-1 illustrates three different but equivalent methods of conventional line 
array beamforming: 

METHOD 1: Spatial Fourier transformation ofthe receiver signal vectors. 
METHOD 2: Fourier transformation ofthe spatial correlation function. 
METHOD 3: Solution of simultaneous equations. 

In each case, the beamforming algorithm achieves a responsivity pattern which is 
maximized in the main lobe direction and has a low response in all other (sidelobe) 
directions. The low sidelobe responses result from the alignment of the component 
signal phases into cancelling patterns and these sidelobes can be further reduced by 
known Fourier amplitude shading techniques. 

3.0 LINE ARRAY WITH MISSING RECEIVER ELEMENTS 

3.1 APPLICATION OF METHOD 1, FOURIER TRANSFORM OF SPATIAL VECTORS 

When some of the receiving elements are missing (or inoperative), see Figure 3-1, 
the orthogonality of the Fourier components is upset and the low sidelobe 
characteristic is no longer achieved. This results because the phase distributions in 
the sidelobe signals are poorly cancelled when the contributions of the missing 
sensors are not present (ref. 1,3). This condition also renders the normal sidelobe 
reduction shading methods ineffective since the needed compensation cannot be 
achieved in all beam directions. Figure 4-1 curve B shows typical results when the 
Fourier Transform of spatial vectors (Method 1) is applied to the array with missing 
elements. 

3.2 FOURIER TRANSFORM OF SPATIAL CORRELATION FUNCTION 

Some performance improvement is achievable by using Method 2 employing the 
spatial correlation method. 

Working in the spatial correlationl"element-separation" domain has two benefits 
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1) The number of absent se aration values is much less than the number of 
absent spatial positions, t ere y re ucing the seriousness of the absent data 
problem, see table I. 

2) The range of feasible shading functions is expanded. A shading function in 
the spatial domain always can be transformed to an equivalent shading function 
in the element-separation domain, but the reverse is not true. 

Having recognized the potential advantages of working in the correlation 
function/element-separation domain we define the following beamforming 
algorithm. 

Step 1 Compute the spatial correlation function C(M = 1: 5(n) 5(n + tl ) -------------(1) 
Step 2 Normalize the spatial correlation function by one of the following two 
processes to get C'(1I) 

A) C' A(lI) = C(lI) 
B) C' B(lI) = C (lI)!R(M 

Where R(lI) is a ratio equal to the number of receiver element pairs with 
separation ( 1I) divided by the number of element pairs with separation ( 1I ) if the 
array were full. However, if R (1I) = 0 then C'B (1I) is set equal to zero. 

Step 3 Perform the Fourier transform of the (Even Functioned) normalized 
correlation function. 

P(K) = 1/(2N-1) 1: C'( 1I) Cos 2 11 kn/N ---------- (2) 

When dealing with planar, or volumetric, arrays one can encounter high amounts of 
array"'thinning" which cause many ofthe separation values to be absent. For 
those circumstances the simultaneous equation beam forming method, described in 
the next section, is recommended 

3.3 SIMULTANEOUS EQUATION BEAMFORMING 

When the number of missing elements becomes too great, the quality of the direct 
interpolation used in Method 2 will eventually lead to performance degradation 
similar to that of Method 1. It then becomes more preferable to replace 
interpolation by the simultaneous equation beamforming method. 

This method forms the separate spatial correlation coefficients (C(lI) of equation 1 ) 
and equates each to the sum of elemental correlation terms arising from each 
unknown far-field source P(k) at angle 6. 

N-1 
C(lI) = 1: P(k)e-j21rdllCos 6k -------------------------- (3) 

K=O 

where Pk is the signal power from a far-field source at angle ek and (d) is the 
elemental element spacing in wavelength units. For convenience, we select our far­
field angles to correspond to the decrete Fourier transform parameter values K. 
This gives N discrete beam angles. 
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If there are (X) absent separations we will have (N-X) linear equations in (N) 
unknowns. Furthermore, the 'confidence factor' for each equation can be related 
to the number of element pairs that contributed to the C(f.) value considered and, if 
desired, shading can be included in the equation weighting process. Using 
standard computer programming a " least mean square error" solution can be 
derived for the under determined equation set and this is taken as the sensed 
angular distribution of far field sources. 

4.0 COMPUTER SIMULATION RESULTS FOR FILLED AND PARTIAL FILLED LINE 
ARRAYS. 

To illustrate the relative performances of the above defined beamforming methods 
a 32 element line array was evaluated; firstly with all elements present and secondly 
with 20 of the 32 elements absent. Table I indicates which spatial positions of the 
array were absent and also shows that, for the selected configuration, only 2 of the 
32 separation distances were absent from the analysis. 

4.1. SIMULATION RESULTS FOR THE SPATIAL FOURIER TRANSFORM (METHOD #1) 

With the line arrays steered broadside (& = 90degrees) the sidelobe response 
patterns are as shown in Figure 4-1. In all cases the equivalent of Hanning shading is 
applied. Curve 1 shows the desired low sidelobe values of a filled array, and curve 2 
shows the less than satisfactory sidelobe pattern when 20 of the 32 elements are 
absent. 

4.2 SIMULATION RESULTS FOR THE FOURIER TRANSFORM OFTHE SPATIAL 
CORRELATION FUNCTION (METHOD #2). 

Again with the line array steered broadside the beamforming sidelobe responses 
for processing methods A and B (described in Section 3.2 ) are depicted in 
Figure 4-2. As expected, curve A has the same high sidelobes as in Figure 4-1 curve 2, 
whereas the new curve B has improved sidelobes. 

5.0 EXTENSION OF BEAMFORMING METHODS TO FULLY RANDOM ARRAYS. 

The above analysis has treated a configuration in which the positions of the 
receiving elements are considered to be uniformally spaced along a line with some 
of the elements inoperative (or absent). If the receivers are free to take up random 
locations the processing methods should be modified slightly to allow for the non­
integer values of the elements positions and separations. 

For beamforming method # 1 it has been usual to perform the Fourier summation 
over the elements without concern for the specific randomness of position. 
Sidelobe patterns are found to be poor with the mean sidelobe level equal to 
approximately - 10 log N db, (ref 3). 

For the spatial correlation beamforming method (method #2) we suggest that the 
array separation values for a hypothetical uniform array (d = )./2) be defined and 
the correlation function 'count normalization' be performed in bands (± d/2) 
centered on those hypothetical separations. As explained before, when processing 
signals from thinned planar or volumetric array the simultaneous equation method 
is likely to be preferred, and in those cases the correlation function is again 
conveniently 'count normalised' in bands around the element separations of a 
hypothetical uniform planar or volumetric array. 
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Computer simulation results for a random line array are shown in Figures 5-1 and 
5-2 and for a random planar array in Figure 5-3. As expected, the results are 
generally in agreement with those derived for the partially filled line array reported 
in sections 4.1 and 4.2. 

The two curves in Figure 5-1 are for a line array in which 32 receiving elements are 
randomly distributed over a distance of 161., and the two curves in Figure 5-2 are for 
a similar 32 elements distribution over a distance 641.. In each case straight-forward 
discrete Fourier summation (curves1) is compared with count normalised and 
interpolated correlation function processing (Curves 2). It is seen that excellent 
sidelobe performance is obtained for the 16). array, but the 641. array has high 
amplitude sidelobes at angles widely separated from the beamsteer angle because 
the interpolat ion process does not support good estimation of high frequency 
Fourier components. 

The curve in Figure 5-3 shows results for a planar array with 32 receiver elements 
randomly d istributed over a planar square 16). x 16). . The processing method used 
was the (correlation coefficient) simultaneous equation method. It is seen that, 
despite substantial array thinning, good sidelobe characteristics are obtained . 

6.0 CONCLUSIONS 

The application of Fourier Transform techniques to random array beamforming 
involves processing characteristics which differ in key respects from the more usual 
time series signal waveform analysis. The combination of spatial and time 



420 K. H. NORSWORTHY AND P. N. MICHELS 

processing presents peculiar challenges in the treatment and formulations of 
constraints and performance criteria in terms of information content (or lack 
thereof). It is anticipated that the incorporation of entropy and cross-entropy 
concepts will lead to improved beamforming results for future random arrays. The 
significant performance improvements achieved by the innovations described in this 
paper serve only as an illustration of the opportunities that still exist. 
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DECISION MAKING WITH BARELY ANY INFORMATION: THE ROLE OF MIXED STRATEGIES 
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1. Introduction 
At the 6th annual Maximum Entropy Workshop Carlos 

Rodrigues presented an amusing problem in decision theory. 
In this problem the normal application of expected utility 
theory leads to an unacceptable conclusion. We restate the 
problem, and the ··paradox." We then give an "almost but not 
quite exactly unlike" formulation in which the paradox is 
resolved. We then pursue the new formulation to show how 
adopting a mixed strategy makes it possible to "certainly" 
gain while playing the game. We next show that in a suitable 
limit the "expected gain" goes to zero. Finally, we 
speculate on the possible application of these ideas to 
5i t,uations with .. great uncertainty." 

2. The Two Envelope Problem. 
You playa game. You are offered your choice of 

either of two envelopes. and are told (correctly) that each 
envelope contains a check made out to you. You are also 
told. correctly. that one of the checks is twice as large as 
t;he otJher. YOIl are permit,ted to select one envelope, and 
look inside it. Let us suppose that you find a check for 
$20. You are now given the following choice: you may either 
keep the $20 check. or exchange it for the one in the other 
flnvelope. 

You reason as follows. "I chose at random, so the 
chance that I chose the smaller envelope is 0.5. So the 
chance that the contents of the other are larger is 0.5. The 
expected value is then O.5x$10+0.5x$40 = $25. This is more 
than I have. So, by the expected utility theory, I should 
exchange for the other envelope(!!). 

But this seems absurd. How can it be that, once you 
look into t.he envelope. you become "convinced" that you 
could have done bett.er. when, in effect you chose at. random. 
In fact. you don't even have to look into the envelope. You 
can simply say: Let the amount in the envelope be Y. Then 
the expected value is O.5xY/2+0.5x2Y=1.25Y. So you should 
swap, without even looking. 

*Permanent Address 
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Bayesians seek to escape this problem by imposing a 
prior distribution on the contents of the envelope, inverse 
to the size of the check. This solution fails if, for 
example, you must playa game in which the sum in one 
envelope is (approximately) the square of the sum in the 
other, or the two sums differ by a fixed amount. 

Essentially we propose that the puzzle arises from 
an incorrect passage to an infinite limit. We describe a 
finite analog, and discuss its properties in some detail. 

3. The deck of cards problem. A finite analog 
Consider a deck of cards each of whose members has 

one number on one face, and double that number on the other 
side. Suppose further that, except for the lowest and 
highest numbers in the deck, each number appears on exactly 
two cards. Admitting fractions, we can, without 1055 of 
generality represent the cards as multiples of the smallest 
face value, as: 

1 1 1 1 2 1 1 4 1 1 8 1 :N/2: 1 1 1 1 1 1 1 1 
1 1 1 1 1 1 1 1 1 1 
1_ .. __ - I 1._. __ . I 1 

___ . ___ I 
'_._1 1 .• ____ , 

1 2 , 1 4 1 1 8 1 , 16 , 1 N 1 
1 1 1 1 1 1 , , 1 1 
1 1 1 1 1 1 , 1 1 1 1 _____ • 1 I __ . ___ ... I l ___ ._ I ' ___ I 1 ___ -__ 1 

In this version of the game, you are shown one side of one 
card (remember, you don't know the actual lowest and highest 
values) and asked whether you would like to exchange it for 
the other side. 

We might repeat the steps of the argument given 
above, to show that you should change. But of course that 
result must be wrong. [For example. we could run a money 
pump by showing the opposite sides of a card to two 
different people, and getting them to both pay us to receive 
whatever was on the other side of the card. 1 

A more careful calculation shows that the expected 
value of this game is a collapsing sum. There are 2xLog N 
faces that might be presented to you. We assume that each 
hi:("," c~ql..':0.1 probability, which we represent by Q=1/f2*Log2Nl. 
The expected gain by always choosing the other side [we call 
this strategy {Ill is given by the sum: 

E(Ol)= q 
+2q -q 
+4q - 2q 

[if you see "1"] 
[if you see 21 
[if you see 4] 

+qN/2-qN/4 [if you see N/21 
+0 - qN/2 fif you see N] 

The expected value is positive as we sum the series, 
right up until the last term, which is only negative. We 
then recognize that this is a collapsing series whose sum is 
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zero. Hence, as long as the game is played with a finite 
deck, no matter what the top and bottom values, the 
expectation value of the strategy "take the other side" will 
be zero. 

This is reasonable. When we consider the two 
envelope game we may think of it as an infinite limit of the 
deck game. We contend that the correct way to calculate the 
value of that limit is to pass to the limit of finite 
values. Since the expectation value is zero for all finite 
decks, the limit is also zero. 

4. A Mixed Strategy. 
Somewhat to our surprise, there is more to be said. 

We approached the question, up until now, by supposing that 
there is a definite correct decision. However, our opponent 
(Nature) is using a random strategy in choosing which 
envelope to give us (!). So perhaps we can do better with a 
random strategy. 

Let .... n-~, no, n~ , n.,. , ... n .... , . .. be a sequence of 
positive real numbers, extending infinitely in both 
directions, and having the property that: 

and: 
2n .... > n ......... ~ > n ..... 

lim n-.... =0 
k-) !D 

lim n ... = ex:> 
k-) CO 

The points n... divide the positive real line into an infinite 
set of non-overlapping intervals, which cover it, except for 
the point at O. Because the upper point of each interval is 
less than twice the lower point, whatever value shows on the 
face that we look at, the value on the other face cannot lie 
in the same interval. 

Next we form a sequence of decreasing numbers, all 
lying in the interval (0,1), and extending infinitely in 
both directJions: 

p--.l , po , p~ , p.,.. .... p ... , 
Now we adopt a mixed strategy. If the face we see 

lies in the interval whose upper endpoint is n .... , we will, 
with probability p ... , choose the other side. 

This modifies the expectert value calculated above so 
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that the terms of the series do not quite cancel. Call this 
strategy {p}. 

E({p}) = qp.l ~ z,J 
+2qp.l c:u 
+4qp.l ~:2',J 

[if you see "1"] 
[if you see 2] 
[if you see 4] 

+qp.l~H/:2',J-·qp.l~H/2,J [if you see N/2] 
+0 - qp.l~H,JN/2 (if you see N] 

=q(p.l ~z,J -P .... ~2,J )+2q(p.l ~2,J -P.l ~<4,J )+ ... +qN/2(p.l ~H/:2',J -P.l ~H,J). 
Since the sequence {Pk} is strictly decreasing, 

every term in this sum is positive, and so the sum is 
positive. Hence, by following any such mixed strategy we can 
expect to make some money by playing the game, above and 
beyond what is on the first face presented to us. 

5. A potentially realistic example. 
Suppose we are charged with protecting a basket of 

eggs from a marauding seagull who will drop two stones, one 
of which is twice as large as the other. We want to minimize 
the damage to the basket, which damage is assumed propor­
tional to the size of the stone. The small stone does damage 
X. Our shield is made of a light material, and will be 
completely destroyed, whichever stone it stops. We have 
sharp eyes, and can judge the size of the stone as it falls. 
BUT, we do not know how big the stones are to begin with. 
[We also don't know how big the gull is.] We see a stone 
falling towards us. What should we do? 

Clearly we'd rather stop the bigger stone. Our 
simplest strategy is to select an arbitrary cut point C. If 
the first stone is larger than C, stop that stone. If not, 
stop the other. If C falls between the sizes of the two 
stones, we do well, holding the expected damage to X. If it 
does not fall between the sizes, we expect damage 3X/2. Note 
that softening our strategy, using probabilities pL, (ps) to 
determine whether we stop the first stone if it is larger 
(smaller) than C. only weakens us. The expected gain drops 
to: 

3X/2 + X(ps-PL)/2. 
So the expected loss is minimized by the pure strategy pL=l, 
ps=o. 

But, of course, if our cut does not divide the large 
stone from the small, we gain nothing by any strategy. We 
can then move to a strategy similar to our discussion of the 
game with the deck of cards. A sequence of cutpoints will 
ensure us that we have a different strategy for the large 
and small stones. But, since all the probabilities must lie 
between zero and one, we cannot make any of the steps (that 
is, the drop in probability of responding, as we move from 
the high to the low side of the interval dividers) large. 
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6. Are we crypto-Bayesians? 
From the perspective of the sea gull game, we see 

that the key t.o a mixed strategy is to be good at guessing 
how big the stones are likely to be. A typical distribution 
for the values of {p} (remember now that we prefer to act if 
the value seems large) is: stop the first stone if it is 
larger than x, with probability: 

pIx) ~: O+tanhra*log(x-xo)l}/2. 
The parameter xois the "best locat.ion for the cut. The 
parameter a determines how sharply our strategy changes 
across that cut. Suo if we adopt some Bayes' prior f~r the 
size of the stone we will conclude that a specific 
distribution is best. 

BUT, without any such assumption. we are still 
assured that all strategies of the form described in the 
deck game wi]} improve our performance compared to. e.g. 
simply stopping the first stone. 

Can we believe in a uniform dhitribution? No. At 
least not if we want to implement it. because this would 
require that {p} rise uniformly from 0 to lover the real 
line. and there is no function that does this. Another way 
of saying this is that, as the size of the deck becomes 
infinite. if we believe the distribution is uniform, our 
strategy eventually drops in value to O. 

'7. So what,? 
It is not clear that. t.his disC"'llssion has any 

importance beyond the present examples. However, we (and 
others to whom we have described it) have found it 
surprising that in a reasonable finite model of the envelope 
problem, one can have a mixed strategy which "makes money." 
rCompared to just keeping the first envelope. 1 It suggests 
that one can gain some of the benefits of specifiying a 
prior distribution without actually specifying that prior. 

In con~lusion. we have accomplished the following 
desirable goals: 

(1) We have removed the paradox. 
(2) We have discovered a mixed strategy with non­

z.ero value. 
(3) We have provided an effective distinction 

between the case where one looks in the envelope and the 
case where one does not. The mixed strategy requires that 
one look into the envelope. Thus, the value of the game is 
improved if and only if we get more information than is 
provided in the rules of the game alone. The question of 
measuring the amount of information represented by the 
number on the check is beyond the scope of this paper. [cf 
KANTOR,77]. The question of the value of that information 
seems to depend upon the prior distribution of the size of 
the checks or stones. if one believes in such things. 
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(4) We have accomplished all of this without 
claimin~ to adopt any belief about the "distribution in 
Nat.ure" of t.he size of checks, stones or sea gulls. 
Conceivably, this becomes important in real conflict 
situations, where one cannot, with any real conviction, 
place a prior distribution on the array of threats. 
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Abstract. Suppose we have a hypothesis H and two evidential vari­
ables A and B. Suppose the conditional probabilities P(~A) and 
P(!"IlB) are known to lie in specified intervals. We compare tlie inter­
vals for the combination PCHIA,B) given by the Bayesian method and 
the Dempster's method. We show that the width of the interval 
given by the Dempster rule is narrower than that of Bayes. We dis­
cuss the one-J!ided cases, i.e., when we are given bounds on P(HlA) 
and P(iIJB), H being the negation of H. Finally, we mention the sen­
sitivity of the combination rules to small deviations of the members, 
especially when these values are near zero. 

1. INTRODUCTION 

Evidence is used to support hypotheses. Evidence is better described 
by its impact on the belief on hypotheses than by its physical reality, espe­
cially in the context of evidence combination. Also, we orten restrict ourselves 
to independent pieces of evidence. Independence is a subtle concept and usu­
ally can only be defined by its consequences on combination. According to our 
point of view, independence is the most expected situation under ignorance of 
dependence. Because the meaning of independence is never unique, under 
different belief representation systems and different implications of indepen­
dence, the combination rules are different. There are many ad hoc rules of 
combination available. In this paper, two major families of combination rules, 
that of Bayesian probability and that of Dempster's theory, are considered. 

In section 2, we discuss the intervals for the combined probability P(HtA,B) in 
terms of the members P(HJA) and P(HJB) when the latter are specIfied by 
intervals, using both the Bayesian and methodology. In section 3, we consider 
the one-sided cases, i.e., when the intervals of the members are of the form 
[0,0'] or [.8,1]' i.e., one of the bounds is 0 or 1. In section 5, we discuss the non­
robustness or sensitivity of the two combination formulae. 

2. TWO-SIDED INTERVAL-VALUED CASES 

The problem of combining evidence can be stated as follows: given 
probabilities P(HlA) and P(HJB), where H is a hypothesis, and A and Bare 
two independent pieces of evidence, find P(HJAB). Following the Bayesian 

+This work was partially supported by the Office of Naval Research under contract 
N00014-85K-0611 and the National Science Foundation under the grant IST-84-05052. 
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Theorem, or the definition of conditional probabilities, undEl! the assumptions 
of conditional independence of evidence given both Hand H, the formula for 
combination is 

(1) 

If there is no prior information about the preference between H and iI, a rea­
sonable assignment is P(H) = 0.5. In this case, Equation (1) becomes 

_ P(HI A)P(HI B) 
p(HI AB) - I-P(HI A)-P(HI B) +2P(HI A)P(HI B) 

(2) 

Denoting P(HjA), P(HjB), and P(HjAB) by ll', 13, and 1, respectively, we have 

_ ll'{3 
1-

1-ll'-j3+ 2ll'j3 
(3) 

Since 

(4) 

1 is an increasing function of both ll' and 13. Hence, when P(HjA) and P(HjB) 
take interval values lal,~J and Ib1,b2j, respectively, P(HjAB) wIll take interval 
value 

In the very year, 1764, when Bayes proposed his theorems for conditional pro­
babilities (Shafer, 1982), Lambert proposed his rule to combine independent 
evidence (Shafer, 1978). The major difference between these two approaches is 
that for Bayes, two pieces of evidence being independent means the probabil­
ity of their conjunction is equal to the product of two individual probabilities, 
while for Lambert, it means the probability of the hypothesis that they sup­
port together is the product of those supported by only one of them. 
Although both of these approaches have convincing interpretations from fre­
quency counting, Lambert's approach needs renormalization. 

Dempster's rule of combination (Dempster, 1967), is based on the same fre­
quentist interpretation as Lambert's. For the case of one hypothesis and its 
negation, they are the same. Lambert's (and also Dempster's) result for two­
side interval-valued probability combination is 

(6) 
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We will show that the interval given by the Dempster rule is narrower or 
crisper than that given by Bayesian method. 

Theorem 1. s < u < v < t. 
Proof. We first provev ~ -t and this is equivalent to 

This is true because 

To prove s ~ u we only need to notice that the interval values for P(H/AB) 
are 
[1-t, I-s] and [I-v, l-u], respectively, according to (5) and (6). Hence, (l-t) < 
(I-v), or v ~ t. 

Theorem 2. v-u ~ min{aZ-al,bz-bl}. 
Proof. From (6) we know that 

Thus, in order to prove v-u ~ bz-b l, we only need to prove 

This is true because 

Similarly, one can prove v-u ~ aZal' 

Other properties are: 
l. If s=t the u=v. The reverse is not true. 
2. If al=aZ or bl=bz, then u=v. 

• 

• 

3. If al =0 or bl =0, the s=O. Similarly, if az=1 or bz=l, then t=l. This 
is not true for u and v. 
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9. ONE-SIDE INTERVAL-VALUED CASES 

The lower bound of an interval value of probability is usually inter­
preted as "degree of belief." And the results after combination are also given 
in (5) or (6) by letting some of al and bI take the extreme values. When two 
pieces of evidence give lower bounds a and b to a hypothesis, the combined 
lower bound from Bayesian approach (5) is 

P(HIAB) > ab 
- l-a-b+2ab 

(7) 

and that from Dempster's approach (6) is 

P(HI AB) ~ a+b-ab (8) 

The latter was proposed by James Bernoulli in 1713 (Shafer, 1979), although 
based on different philosophy than Lambert's and Dempster's. 

Another situation is that 8.:!=1 and bI =0. In this case, one piece of evidence is 
in favor of till! hypothesis and the other is in favor of its opposite. Let P(HlA) 
~ a and p(HI B) ~ c, i.e.~we have one positive evidence favoring H, and a 
negative evidence favoring H. From (5) and (6), we have: 

Bayesian method: p(HI AB) E [0,1] (9) 

I a-ac I-c 1 Dempster: P(H/AB) E --,--
I-ac I-ac 

(10) 

Notice that the new lower bounds in both (9) and (10) are less than the lower 
bounds in (5) and (6), i.e., 0 :$ sand a-ac :$ u. In other words, there is 

I-ac 
some sort of cancellation of the positive and negative evidence. In the Baye­
sian approach (9), no matter how weak the negative evidence is, the positive 
evidence is completely cancelled, while in Dempster's approach (10), no matter 
how strong the negative evidence is, as long as it has not reached I, the posi­
tive evidence cannot be cancelled. If the quantity a is small, the combined 
lower bound is small, whatever may be c. This means that a weak lower 
bound does not give much information for the hypothesis. A better represen­
tation for positive and negative evidence is to let the lengths of the intervals 
be less than one half. However, by Theorem 2, the combined result will be a 
narrower interval around 0.5, and there is no cancellation back to the interval 
for total ignorance, [0,11. 

The situation of giving lower bounds for two mutually exclusive hypotheses 
from two pieces of evidence is similar. If the lower bounds of P(HI/ A) and 
PC!!21 B) are given as a and c with HI n H2 = <p, then the lower bound for 
P(HI B) is also c and the combination results are still (9) and (10). 
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4. POINT-VALUED CASES 

Let us consider cases when intervals shrink into points, or 

In this case, both (5) and (6) become 

ab 
p(HI AB) = l-a-b +2ab 
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(11) 

For two mutually exclusive hypotheses HI and H2, p(H2 1 B)=c implies 
p(H11 B) E [c,ll. This corresponds to the case of 

Now (5) becomes 

p(HI AB) E 10, a(l-c) I 
a+c-2ac 

for Bayesian approach and (6) becomes 

p(HI AB) = a-ac . 
l-ac 

(12) 

(13) 

For n mutually exclusive and complete hypotheses, both Bayesian and 
Dempster's approaches give 

P(Hd AB) = p(Hd A)P(Hd B) 
n 

(14) 
EP(Hd A)P(Hd B) 
i=1 

Equation (11) is its special case when n=2. 

5. INDEPENDENT POOL AND SENSITIVITY TO ZERO 

Equation (14) is called an independent opinion pool by Berger (IQS5). 
One of its properties is reinforcement [Berger (lQS5)] or unidirectionality 
[Dempster (lQ82)1. The property is such that if every piece of evidence pro­
vides the highest degree of belief on the same hypothesis, then the belief on 
that hypothesis after evidence combination is even higher. 
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Another property of independent pools, the sensitivity of the combination to 
small deviations of the individual members when these values are near zero or 
one, is illustrated by Zadeh's paradox (Zadeh, 1984 and Prade, 1985). The 
combination formula (14) from both Bayesian and Dempster's approaches give 
entirely different results for a slight change of probabilities from 0 to 0.01: 

HI H2 H3 
J\ 0.9 0.1 0 
B 0 0.1 0.9 
Combined 0.00 1.00 0.00 

HI H2 H3 
J\ 0.89 0.1 0.01 
B 0.01 0.1 0.89 
Combined 0.32 0.36 0.32 

The following is a study on the sensitivity to zero. First let us consider the 
case of two alternatives with point-values. When P(HII B) is relatively small 
comparing with I-P(HII J\), 

P(HII J\)p(HII B) P(HII J\) 
I-P(HIIA)-P(HIIA)+2P(HIIA)P(HIIB) '" I-P(HIIA) p(HIIB). (15) 

For example, if P(HII B) changes from 0 to 0.05 and P(H11 A) = 0.9, then 
P(HII.AB) will change from 0 to 0.32. 

The more alternatives the hypothesis has, the more sensitive to zero (14) will 
be. Suppose we have uniformly distributed probabilities for hypotheses other 
than the first one from both sources and (} and f3 ar still used to denote the 
probabilities for the first hypothesis. Then, from (14) we have the combined 
probability for the first hypothesis as 

/ 
P(HII A)P(HII B) 

P(H1 J\B) = -------'-~...--'-.::..!.--'------.-
p(H11 A)P(HII B)+(n-l) I-P(H1/ A) I-P(HII B) 

n-l n-l 

_ P(HII A)P(H11 B) 
- (n-l) I-P(HIIA)-P(H1IB)+nP(Htl A)P(HI/B) (16) 

where n is the number of mutually exclusive hypotheses under consideration. 
When n -+ 00, the limit for (16) is 1. For small n and small P(HII B), (16) 
becomes approximately 
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(17) 

For example, if P(H11 A) = 0.9 and P(H11 B) changes from 0 to 0.05, then 
p(H11 AB) will change from 0 to 0.49. 

6. GONGL UDING REMARKS 

In this paper, we have compared two approaches of combining evi­
dence, Bayesian and Dempster's, for one or more than one hypothesis, for 
two-sided or one-sided interval-valued cases, and for point values. In general, 
Dempster's approach gives narrower interval-valued results and for point 
values they turn out to give the same result. The result is so-called indepen­
dent opinion pool and has the problem of sensitivity to zero. Regarding the 
one-sided interval-valued case, there is the partial cancellation of positive and 
negative evidence. In general, one-side intervals are not appropriate represen­
tations for positive or negative evidence. A better way is to consider the 
difference or ratio between P(HJA) and P(H). This has been done in expert 
system MYCIN in the definition of measures of belief and disbelief, and the 
formula for certainty factors can better handle the presence of both positive 
and negative evidence. 
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